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The synchronizing problem of a chaotic system is investigated based on the observer design. The nonlinear section

is assumed to satisfy the Lipschitz condition. Firstly, the normal observer is designed based on the known Lipschitz

constant and the results are given in linear matrix inequality (LMI) form. Then a fairly simple adaptive observer is

designed with the Lipschitz constant unknown. Simulations on synchronizing the Lorenz system are investigated and

the results show the validity and feasibility of our main results.
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1. Introduction

Chaos, as a complicated nonlinear phenomenon
in dynamic systems, has aroused much interest in the
last two decades. Chaos has many applications in
many areas, such as signal generator design, secure
communication, etc. On the other hand, chaos is un-
desirable in many cases for causing irregular oscilla-
tions. Many research efforts have focused on the chaos
control2 and chaos synchronization® 18] in physical
chaotic systems.

Synchronization in chaotic systems has received
much attention since 1990.0] In the last few years,
synchronization of chaotic systems has been exten-
sively investigated. Based on the nonlinear H, the-
ory, Suykens et all¥l proposed the master-slave Hoo
synchronization for chaotic Lurie systems. Based on
the backstepping method, Wang and Ge [%! considered
the synchronization of a class of nonlinear systems in
the strict-feedback form. Guan and Hua %! and Yue
and Jun ['8] investigated the synchronization problem
using an adaptive fuzzy method. Based on the ob-
server method, the chaotic synchronization problem
has been intensively investigated in Refs.[9-17].

As we know, synchronization is used to design
a system whose states synchronize with the states of

a former system in limited time. In the existing lit-

erature, the synchronization problem is often investi-
gated under the condition that the states of the former
system are completely known, such as in Refs.[6,7,9—
16]. But the states are often partly known in practical
systems. Therefore investigating the synchronization
problem of chaotic systems under the latter condition

will be more significant.

In this paper, we investigate the synchronization
problem of chaotic systems based on the observer de-
sign. Different from the literature, we only require
that part of the states can be obtained. For the
nonlinear section, the Lipschitz condition is assumed.
Firstly, we design the normal observer with the Lips-
chitz constant known and the sufficient condition for
observer to exist is given in the form of linear matrix
inequality (LMI). Then with the Lipschitz constant
unknown we introduce a fairly simple adaptive ob-
server. Computer simulations are performed to verify

the validity of our main results.

This paper is organized as follows. The problem is
formulated in Section 2. Main results are given in Sec-
tion 3, including normal observer design and adaptive
observer design. Simulation examples are provided to
illustrate the performance of the proposed methods
in Section 4. Some concluding remarks are made in

Section 5.
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2.System formulation and as-

sumptions

Consider the following general chaotic system as

the drive system:

{ z(t) = Az(t) + Bf(z),

y = Cu,

(1)

where x € R"™ is the system state, y € R" is the out-
put including the part states, f(z) is nonlinear func-
tion vector, and A, B and C are known matrices with
proper dimensions.

As we know, many chaotic systems investigated
are in the form (1), such as the Lorenz system, Chen
system and Arneodo system. In this paper the prob-
lem of synchronizing chaotic system (1) is investigated
based on observer design.

For system (1), we assume that the following con-
ditions hold.

Assumption 1 Nonlinear function f(z) satisfies
the Lipschitz condition: that is, there always exists a

positive scalar § such that

[ (21) = flz2)ll < Bllz1 — 22| (2)
Assumption 2 There exists matrix H and pos-
itive matrices P and @ satisfying the following equal-
ities:
P(A-HC)+(A-HC)TP = —qQ, (3)
BTp=CC. (4)
Remark 1 Since the states of chaotic system
are bounded, Assumption 1 is easily satisfied. As-
sumption (2) is a strictly positive real condition. If
the following system:
2 =(A— HC)z + Bu,
y =Cu,
is strictly positive real, Assumption 2 will hold.

For system (1), we will design the following ob-

server (a response system):
Z(t) = AZ(t) + Bf(Z) + w1 + Buy, (5)

where H is a matrix satisfying Assumption (2).

From (1) and (5), we obtain the error system

é=(A— HC)e + B(f(z) — f(@))
— (u1 + H(CZ — y)) — Buy, (6)

where e = £ — T is the error.

Our aim is to make z-system and Z-system syn-
chronize: that is, to render error e — 0 as time t — oo.
In this paper, we will consider the following two cases.
One case is that the Lipschitz constant § is known: in
this case we will design u; with ugs = 0 to render error
system asymptotically stable. The other case is that
[ is not known: in this case we will design u; and us
with the help of the adaptive law.

Remark 2 In some quoted literature investigat-
ing the synchronization problem of chaotic systems
based on observer, the controller is related to all the
states of the drive system. The aim of observer design
is to reconstruct the state of the former system by us-
ing the output of the system which contains the part
state. In this paper, synchronizing a chaotic system is

investigated in the two cases.

3. Main results

In this section, we will investigate system (1) un-

der Assumptions 1 and 2.

Theorem 1 For system (1) satisfying Assump-
tions 1 and 2, the response system (5) with the con-

troller

up =—-H(CZ—vy), u2=0

will synchronize the drive system (1) where H =
P~'K, while the positive matrix P and matrix K sat-
isfy the following LMI:

PA— KC + ATP — CTKT +¢82I PB

<0,
BTP

—el
(7)
where € is a positive scalar.

Proof For error system (6) we define the follow-

ing Lyapunov function:
V = eT Pe. (8)
Taking the derivative of (8), we have

V =eT[P(A—HC) + (A— HC)TPle
+2¢" PB(f(z) — f(2)). (9)

By using Assumption (1), the following inequality
holds:

2eTPB(f(z) - f(Z)) < %eTPBBTPe—I—Eﬂ%Te. (10)

Substituting (10) into (9) and let H = P~'K, we ob-
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tain
V <eT[P(A—HC)+ (A— HC)"Ple
+ %eTPBBTPe +eB%Te
=T |PA+ATP-KC - CTK"
+ éPBBTP + B |e; (11)
if

PA+ ATP—KC - CTKT
1

+ -PBBTP +¢4%I < 0, (12)
£

the derivative of V' is negative. Since (12) is equivalent
to (7), we obtain V < 0. Based on Lyapunov stabil-
ity theory, the error system is asymptotically stable.
That is to say, the response system synchronizes with
the drive system.

In Theorem 1, the sufficient condition for the con-
troller to exist is given in the form of LMI, which can
be solved by Matlab tool box directly.

In most cases estimating the Lipschitz constant 3
is not easy. So we will investigate the synchronizing
problem of system (1) and system (5) with 8 unknown
in the following, and corresponding adaptive feedback
controller will be proposed. In addition, we will give
a more simple adaptive observer.

Theorem 2 For system (5) with controller

1-
u; =0,uy = 59(y —cZ),
9 =ll|y — ca|]?, (13)

where [ is a positive scalar, the constructed observer
will also succeed in synchronizing the drive system (1).
Proof From (1), (5) and (13) we obtain the fol-

lowing error system:
é=(A—LC)e+ B(f(z) — f(z)) — Bua + LCe. (14)
Choose the Lyapunov function
V =eTPe+ %FIP,

where § = 6—6. Taking the time derivative along (14),

one can obtain

V =¢T[P(A— LC) + (A— LC)™Ple + 1-'66
+2¢"PB(f(z) - f(Z))
— 2¢T PBuy + 2¢T PLCe. (15)

Using Assumptions 1 and 2, we have

V =—¢eTQe+1160 + 2T PB(f(z) — f (7))
— 2¢TPBuy 4 2¢TPLBT Pe
— 2
<—eTQe+17106 + ﬂ—||BTPe||2 +eee
151

1
—2¢TPBuy + ;||BTPe||2 + plleT PL||.(16)

2
1
Letting 6 = ﬂ— + — and using the following in-
e p

equality:
wl|eTPL||?> < pAmax(PLLTP)eTe, (17)

where Apax(PLLTP) is the maximum eigenvalue of

matrix PLLT P, one can obtain

V < —eT(Q— el — pAmax(PLLTP)I)e
+ 6] BT Pe||?
+17166. (18)

Substituting adaptive law (13) into (18), we obtain
V < —e"(Q — eI — pAmax(PLLTP))e.  (19)

The parameters ¢ and g can be selected small

enough to let
Q — eI — pAmax(PLLTP)T > 0. (20)

One can obtain that the closed-loop error system is
asymptotically stable. So the slave system succeeds
in synchronizing with the drive system.

The idea of synchronization based on observer de-
sign can be applied to controlling two coupled systems.
If the two systems have the same structure with dif-
ferent initial values, we can apply the controller de-
signed above. Particularly, the precise mathematical
model needs not be known when using the adaptive

controller.

4. Simulation investigation

In this section simulation on synchronizing Chen’s

chaotic system will be investigated.

Consider Chen’s chaotic system

¢ =Az + Bf(z),
y =Cu,
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Since the state is bounded, we can estimate the
. . 10
Lipschitz constant 8 = 10. Based on Theorem 1, the 1
observer is designed as ¢ 0
-10
. -20
z=(A—- HC)z+ Bf(z) + Ly, 5
—40 L . ,
here 0 5 10 15 20 25 30
w t/s
0 0 O . ..
Fig.3. Error curve of ez of synchronizing results.
H=|0 5 0
0 0 O 30
20
It is easy to see that when P = I,e = 1, LMI (7) is 10
satisfied. The chaotic behaviour of Chen’s system is
shown in Fig.1. The synchronizing results are shown ¢ 0
in Figs.2—4. Here e, e and eg are three states of error 10
e, namely e = [e1, ez, e3]. The controller is added to
system in 15s. From the error curves, we can see that 20
the error system is stabilized quickly by the added -30 .
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Fig.1. Chaotic behaviour of Chen’s chaotic system.

Fig.4. Error curve of e3 of synchronizing results.

We will verify the validity of Theorem 2 in the

following. The following observer is designed:

& = A% + Bf(Z) + Buy, (21)

where the adaptive controller

Ug zig(y —cZ),
0 =|ly — cz|*. (22)

The simulation results are shown in Figs.5-7 (the con-

troller is also added to the system in 15s).
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Fig.5. Curve of error e; of simulation results.

Fig.7. Curve of error e3 of simulation results.

From the error curves of Figs.5-7, we can see the

adaptive feedback controller renders the synchroniza-

In this paper, the synchronization problem of

chaotic systems has been investigated. Normal ob-

server and adaptive observer have been designed. The

controller can render the error closed-loop system

asymptotically stable. Simulations have shown that

observers and the controllers are valid and feasi-
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