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1. Introduction

It is well known that many dynamic problems in
physics and other fields are usually characterized by
nonlinear partial differential equations (NLPDEs) of
evolution.'l' To understand the physical mechanism
of these problems one has to study the solutions to
the associated equations. Looking for analytical solu-
tions to nonlinear physical models has long been a
major concern for both mathematicians and physi-
cists since they can provide much physical informa-
tion and more insight into the physical aspects of the
problem and thus lead to further applications. Much
work has been done over the last years on the subject
of obtaining special solutions of a nonlinear partial
differential equation(PDE). Some of the most impor-
tant methods are the inverse scattering transforma-
tion (IST),!?! bilinear method,!® Backlund and Dar-
boux transformations,!* ¢! tanh method,[”! sine-cosine
method,® extended tanh-function method®~1° and

SO on.

In 1992, Conte and Musette!! presented a new
method to seek more new solitary wave solutions of

NLPDESs that can be expressed as a polynomial of two

elementary functions which satisfy a projective Ric-
cati equation.[*2 The method has been applied to find
many solitary wave solutions of many equations.[1:13]
Recently, Yan!'¥ improved this method and obtained
more types of solutions which include not only the re-
sults obtained by using the above-mentioned method
but also other types of solutions such as singular soli-
tary wave solutions, periodic wave solutions and ratio-
nal solutions. More recently, Fu et all'5! gave a more
detailed discussion on this method, and obtained a

large number of new kinds of solutions.

In this paper, we further generalize this method,
and apply it to (241)-dimensional nonlinear evolution
equations. By using the generalized method, we de-
rive some new travelling wave as well as non-travelling

wave solutions to the equations.

This paper is organized as follows: In Section 2,
we describe briefly the further generalized projective
Riccati equation method. In Section 3, we apply the
method to the (2+1)-dimensional modified dispersive
water-wave system and bring out many new travel-
ling wave as well as non-travelling wave solutions to
the equations. In the last section, we summarize our

results and give some comments and discussions.
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2.The further generalized projec-

tive Riccati equation method

Here we briefly describe the further generalized
projective Riccati equation method.

For a given nonlinear evolution equation in three
variables z, y, and t,
=0 (1)

E(uaut;uzauyauzz;uzt:uzy: e

we seek the following formal solutions of the given

equation by the ansatz,

AO+ZFZ 1

A + B;, #0, (2)

where n is an integer to be determined by balanc-
ing the highest order derivative terms with the non-
linear terms in Eq.(1), while 4g = Ao(z,y,t), A; =
Ai(z,y,t),B; = Bi(z,y,t), (i = 1,2,...,n), and
& = &(z,y,t) are all differentiable functions, and F, G
satisfy

F'(§) = pF(§)G(8), 3)

G'(€) = ¢+ pG*(&) — rF(§), (4)

where p # 0 is a real constant, g and r are two real
constants. When p = —1 and q = 1, Egs.(3) and (4)
reduce to the coupled equations given in Refs.[11,13],
and when p = +1 and ¢ > 0, Egs.(3) and (4) reduce
to the coupled equations given in Ref[14].

For Egs.(3) and (4), there is a relation between F’
and G,

1 25
G =~ lg—2F+ %zﬂ], (5)

where § = +1.

Eqgs.(3) and (4) have the following general solu-
tions:

Case 1. ¢ #0, pg <0

B q
Fl(f) _7" 4 smh(\/——pqﬁ)’
1 y/—pgcosh(y/=pgé)

GO == sty

1), (6)

_ q
7+ cosh(y/—pg¢)’

_ 1 /—pgsinh(y=pg€) .
G2(§) = p %t cosh(y/=pg6) | (6=-1).(7)

Case 2. ¢ #0,pg >0

- q
(8 T4 sin(\/_ﬁ) ’

_ \/_cos(\/_g) _
Gy ) (=1, ®
Fy(¢) :7“4—{— cos(\/_g)’
Cu = . VPasin(y/pgé) (6= —1). ©)

p r—{—cos(\/_&)

Case 3. ¢ =0
1
F) =g
"© %524'61154—00
G5(£):—1 o préta (10)

T
PoEetag+a

It is easy to see that the ansdtz (2) is more gen-
eral. By using this further generalized projective Ric-
cati equation method, one can derive the travelling
wave as well as non-travelling wave solutions to the

equations.
3.New solutions to the (2+1)-
dimensional modified disper-

sive water-wave system
Let us consider the (2+1)-dimensional modified

dispersive water-wave system!1°!
Uyt + Ugzy — 2V — (u2)zy =0,
UVt — VUgz — 2(UU)E = 05 (11)

which was used to model the nonlinear and dis-
persive, long gravity waves travelling in two hor-
izontal directions on shallow water of uniform
depth, and can also be derived from the celebrated
Kadomtsev—Petviashvili (KP) equation by the sym-
metry constraint.'”) It is worth mentioning that the
system has been widely applied in many branches of
physics, such as plasma physics, fluid dynamics, non-
linear optics, etc. So a good understanding of more
solutions of system (11) is very helpful, especially for
coastal and civil engineers to apply the nonlinear wa-
ter model to harbour and coastal design. Meanwhile,
finding more types of solutions of system (11) is of

In Ref.[18],

abundant structures of the localized solution of this

fundamental interest in fluid dynamics.

system was obtained by using the variable separation
approach.
To solve the (2+1)-dimensional modified dis-

persive water-wave system, we take the following
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Bécklund transformations of Egs.(11):

u = f—fz + ug(z,t),v = Joy _ Jaly (12)

oo

which can be obtained from the standard Painlevé
truncation expansion with ug(z,t), an arbitrary func-
tion of z,t.

It is easy to deduce from (12) that
V= Uy, (13)

which leads to a simple transformation from u to wv.
Substituting (13) into system (11), we can change sys-

tem (11) into a single differential equation:
Uyt — (U2)zy — Uggy =0, (14)
which is equivalent to
Ut — Ugy — 2uuy, = R(z,t), (15)

where R(z,t) is an arbitrary function of the indicated
variables. In what follows, we only consider the case
R(z,t) = R(t).

It is easy to find that solutions of Eq.(15) are
also solutions of Eq.(14), so we can find solutions of
Egs.(11) by solving Eq.(15).

To seek for the solutions of Egs.(15), according to

the method described in Section 2, we assume that

u(z,y,t) =f(y,t) + A(y)F[¢(z,y,1)]
+ B(y)G[¢(z,y, )], (16)

where AO("I:: Y, t) = f(y; t); Al ((E, Y, t) = A(y):
Bl(m:yat) = B(y)7 g(may: t) = H(y)x_*—K(y;t) Sub-
stituting (16) into (15) along with (3)—(5), we have

Up — Uy — 2uty, — R(1)

={(4AHB + 2pAH?)(6 + 7"2)}N?3

MN?

+ {(2HB? + 2pH*B)(6 + r*) — 2pqH A*}
— {qrABH + (BK,; — 2fBH)(6 + r*)

N2
+ 3pgrAH? } —

q

— {2pfAH — pAK, + 2rB*H + prBH*} M N
+ {pgAH? + rBK; +2¢BHA — 2rfBH} N
+ fi — R(t) =0, (17)

which leads to a set of first order ordinary differential

equations:

(4AHB + 2pAH?)(§ + %) = 0,

(2HB? + 2pH?B)(8 + r?) — 2pgHA* = 0,

qrABH + (BK; — 2f BH)(6 + %) + 3pgrAH? = 0,
2pfAH — pAK, + 2rB*>H + prBH? = 0,

pgAH? + rBK, + 2qBHA — 2rfBH = 0,

fi— R(t) =0. (18)

Solving this set of equations, we choose B(y), Fi(y),
Fy(y) as arbitrary functions and find that:

For § =1,

K(y,t) =/—4wdt

_BWRW b B = B,

) =2 Vol + DB()

Ay ,
pq
B(y)

H(y)=-2 P

Fu.t) = / R()dt + Fi(y). (19)
For § = —1,

_ [ _,Bly) [R(t)dt
K(y,t) —/ 4—p dt
4 BO)R©)t + F2(y), B(y) = B(y),

Ay =+ VY —ap(r? — 1)B(y)

Y

g
B(y)

H(y)=—2 P

f(y,?) :/R(t)dt+F1(y). (20)

Substituting (19) and (20) into (16) and using (13),
(6)—(9), we derive the following solutions of system
(11):

Case 1. pg<0,6=1

Ull(a:; Y, t) :f(y’ t) + r—+ 51?11111((3/)—_%15)
_ B(y) y v/—pgcosh(y/—pgé)
» T+ sinh(y/=pg€) ’

’011(37,y,t) :ully(m:y:t)ﬂ (21)

where {(z,y,t) = H(y)z+K(y,1), f(y,1), A(y), B(y),
H(y) and K(y,t) are determined by (19).



1380 Li De-Sheng et al Vol. 13
Case 2. pg<0,0=-1,|r| >1 Forr=0, §d =1,
_ Ay) K(y,t) =2H(y) / / R(t)dtdt
u21($, Y, t) _f(y: t) + 1
o+ cohly=pad) +2H(y) Fi(y)t + Fa(y),
_ B(y) v —pgsinh(y/—pqf) v—apH(y)
D r + cosh(y/=pg€) ’ Aly) ==+ T 2g
021 (2, ) a1y (2.3, 1), (22) Bly) = - 5pH(),
pg>0,0=-1,0<|r| <1 fy,t) :/R(t)dt+Fl(y)>
won (2 _ 7A(y) H(y) =H(y); (27)
22( 2 Y, t) f(y7 t) + r+ sm(\/p_qﬁ) and
B(y) , vPacos(v/pet)
» v + sin(ypee) K(y,t) :2H(y)//R(t)dtdt
V22 (.’L‘, Y, t) :U22y($a Y, t)’ (23) * 2H(y)F1 (y)t * F2 (y),
Aly) =
- gA(y) B(y) = - pH (¥),
u23($5y5t) _f(y:t) + T—|—COS(\/p_q€) f(y,t) :/R dt+F1( )
B(y) ., vPasin(yPE) H(y) =H(y). (28)

—+

P 7 + cos(/pgé)’
V23 (I7 Y, t) :U23y(.’17, Y, t)7 (24)

where {(z,y,t) = H(y)z+K(y. 1), f(y,t), A(y), B(y),
H(y) and K(y,t) are determined by (20).

In addition, when we take r = 0 in (17), we have

— 2uu, — R(?)

Ut — Ugy

N3
={20(4AHB + 2pAH?)} —
q
MN?
+ {6(2HB? + 2pH’B) — 2pgHA*} ——
q

_ {5(BK, -2 fBH)}N?2
— {2pfAH — pAK,}MN
+ {pgAH? + 2¢BHA}N
+ fi — R(t) =0, (25)

and a set of first order ordinary differential equations:

20(4AHB + 2pAH?) = 0,

§(2HB? + 2pH?B) — 2pgH A? = 0,

§(BK, —2fBH) =0,

2pfAH — pAK; = 0,

pgAH? +2gBHA =0,

fi — R(t) = 0. (26)

Solving this set of equations, we choose H(y), Fi(y),
F»(y) as arbitrary functions and find that:

Forr =0, § = —1,

K(y,t) =2H(y) / / (t)dedt

+ 2H (y)F1(y)t + Fa(y),
VapH (y)

2q
B(y) = - %pH(y),

£ = [ RO+ Fify),
H(y) =H(y); (29)

K(y,t) =2H(y) / / (t)dedt

+2H (y)F1(y)t + F2(y),

Aly) ==

and

Aly) =

B(y) = —pH(y)

£00) = [ RO+ Fifw),

H(y) =H(y). (30)

Substituting (27)-(30) into (16) and using (13), (6)—
(9), we derive the following solutions of system (11):
Case 3. pg<0,7=0, 6=1

uz1(z,y,t) =f(y,t) + qA(y)sech(v/—pgf)
- %B(y)tanh(v—qu),

U31($,y,t) :u31y(m,y,t), (31)
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where {(z,y,t) =
H(y) and K(y,t) are determined by (27);

H(y)z+K(y,t), f(y,t), A(y), B(y),

wsa,,0) =frt) — YW (=)
vaa(z,y,t) =usey(z,y,t), (32)

where {(z,y,t) = H(y)z+ K(y,1), f(y,t), B(y), H(y)
and K(y,t) are determined by (28).
Case 4. pg<0,7r=0, § = -1

wn(ev.t) = £(0.0) - YW coth(y/ =),
va1(2,y,t) = a1y, (33)

where {(z,y,t) = H(y)z+ K(y,t), f(y,t), B(y), H(y)
and K (y,t) are determined by (30).
pg>0,r=0, §=—

usz(z,y,t) =f(y, 1) + qA(y)esc(v/pgk)
- YPI) corpe),
V42(T, Y, t) =Ugny, (34)
ugs(z,y,t) =f(y,t) + qA(y)sec(v/pgk)
+ V) ),
V43(T, Y, t) =Ugsy, (35)

where {(z,y,t) = H(y)z+ K(y. 1), f(y,t), A(y), B(y),
H(y) and K(y,t) are determined by(29).

waa(o,,0) =10, 0) - P cor( ),

v44(2, Y, t) =Usay, (36)
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V/PaB(y) —
Ugs (I7 Y, ) f(ya t + p ta‘n( E)
Vg5 (I7 Y, t) ZU45y, (37)

where {(z,y,t) = H(y)z+K(y,t), f(y,t),
and K(y,t) are determined by(30).
Obviously, the solutions (32)-(37) can be ob-
tained by the method given in Ref.[19]. But the other
solutions presented in this paper cannot be obtained
by the methods in Refs.[2-15] and [19], these solu-

tions are new types of non-travelling wave solutions.

B(y), H(y)

In addition, when we take the coefficient functions in
the ansdtz (16) to be constant, we derive the solu-
tions that can be obtained in Refs.[11, 13, 14, 15]. By
the generalized method, the travelling wave as well as
non-travelling wave solutions to the equations can be

derived.
4. Conclusion and discussion

In summary, in this paper, we introduce a further
generalized projective Riccati equation method and
apply it to solve the problem of (2+1)-dimensional
modified dispersive water-wave system. Many new
types of travelling and non-travelling wave solutions
are obtained for this system. It is obvious that
our method can be also applied to other (2+41)-
dimensional or (3+41)-dimensional nonlinear wave

equations.
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