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By applying higher powers of the Bogoliubov transformation operator bt = v*a+ p*a’ to the two-photon coherent

states (or minimum uncertainty squeezed states) we construct a new type of quantum state which we call the generalized

excited two-photon coherent states. Analytic expressions for the quantum statistical properties are derived, and through

numerical computation the phase space quasi-probability distributions are found. These states can exhibit highly

nonclassical behaviour depending on the degree of excitation m and other parameters. For particular values of two

parameters A and p, these generalized states reduce to other classes of coherent states formerly reported. Our theory

thus presents a much broader approach to these types of quantum states.
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1. Introduction

Many different types of nonclassical states in
quantum optics have been created and discussed in
the past years, and they continue to be of great in-
terest due to their scientific significance as well as po-

[1=4] Some of these states

tential application values.
were obtained by finding the eigenstates of certain
operators,®1% and some by exciting other quantum
states.['1=14] In recent years superpositions of quan-

[15] [16] have

tum states'™?! and multimode quantum states
been investigated as important types of nonclassical
fields. Squeezed states,'” Fock states,'8) and vari-

(19]

ous coherent states derived from them!*”! have already

been realized experimentally, while schemes to gener-
ate other quantum states have been proposed.!20=23l
These states are of special interest since they exhibit
quite significant and unusual physical properties. In
particular, the generation of large quantum states is
a new and important part of quantum optics since
they manifest highly nonclassical behaviour and yet
begin to approach the realm of mesoscopic physics.

Through a more general theoretical treatment we de-

fine a new class of quantum states that is broader
than the excited two-photon coherent states.['3] They
are obtained by repeated application of the Bogoli-
ubov transformation operator bf, also known as the
quasi-creation operator, on its eigenstate (these min-
imum uncertainty squeezed states were called two-
photon coherent states by Yuen[G]), to obtain what
we shall call the generalized excited two-photon co-
herent (GETC) states. Two-photon coherent states
can be generated by two-photon parametric down con-
version processes in media with second-order optical
nonlinearity.?4) In Sec.2, we first give the necessary
mathematical formulae for their derivation. We then
make use of the photon number matrix elements of
the correlated two-photon coherent states, and obtain
expressions for their quantum properties. In Sec.3 we
discuss the characteristic properties such as squeez-
ing and sub-Poissonian distribution. We also examine
the nonclassical behaviour of several quasiprobability
distributions, and introduce a set of combination pa-
rameters p’ and v/ to distinguish between these GETC
states and other nonclassical states in Sec.4. Our re-
sults show that this new class of quantum states ex-
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hibits remarkable nonclassical characteristics different

from those of previously known states.[5:6:11,13]

2.Generalized excited two-

photon coherent states

For a single mode radiation field, the minimum
uncertainty two-photon coherent states |5, u,v) are
defined as the eigenstates of the operator b(u,v)
with the eigenvalue 3, that satisfy the eigenvalue

equation!®!

b(p, )|B, py v) = BB, p,v). (1)

The Bogoliubov transformation operator b is a linear
transformation of the annihilation and creation oper-
ators, defined by

b="0b(pu,v) = pa+ va, (2)

where a(a') is the boson annihilation (creation) op-
erator and the complex parameters p and v obey
lu> = [v|* = 1, u,v € C. The basic operators b and
bt satisfy the same canonical commutation relation as
a,al, ie.

[0k, ), BT (1, v7)] = 1. (3)

The Bogoliubov transformation operator b was first

(25]

used by Bogoliubov in solid state physics!“®! and later

by Yuen to derive his two-photon coherent states. We
now reconstruct a modified Bogoliubov transforma-
tion operator b by replacing p with ¢/ and v with v/,
so that
b, V') = pla+val, (4)
with
W'? = VP =1,V €C. (5)
The Hermitian adjoint operator b'(y/, ") is the quasi-

creation operator
b (', V") = v a + pal, (6)

and the canonical commutation relation is also satis-
fied:

b0, b (", )] = 1. (7)
Defining the parameters A and p such that
A=pp" =v'vp=pw' —p'y, (8)

and
A2 = 1pl* =1, 9)

from Eqgs.(4)—(7) we rewrite Eq.(4) as

b(:ula V/) = Ab(u, v) + pr(u*a V), (10)

while the commutator in (7) is still invariant.

We now apply the Bogoliubov transformation op-
erator b (u/*, '*) m-times to the two-photon coherent
states based on the above representation and obtain
a new type of quantum state, the generalized excited
two-photon coherent states |3, m, u', v )gerc. This
may be written as

|67 m, Mlu V/>GETC
_ bTm(MI*aV/*)|57N7V> (11)
VB v b (i V)T (V)| B, i, v)

where m is a non-negative integer. It is easy to see
that the GETC states for any complex numbers ' and
V' encompass quite a broad class of radiation states.
When p/ = p and v' = v, corresponding to A = 1 and
p = 0, the state reduces to

|ﬁu m, /1'/ =, V/ = V>GETC
_ b ()| B ) 12
VB, g, Vo™ ()0 (0, v*) (B, p, v)
which is just the excited coherent state (see Ref.[13]).
When ¢/ = 1,/ = 0, the state |5, m, u', v )grrc is

reduced to the excited two-photon coherent statel'?!

|ﬁu m, /1‘/ :17 V/ = O>GETC
") g
VB, s vlamat ™3, p,v)

When ¢ = 1,v = 0, corresponding to A = u/,p =
v/, and relabelling p/ and v/ as g and v, the state
|8, m, 1/, v )arTC reduces to the generalized excited
coherent state.[1?!

Considering Eq.(11) for the GETC states, we
first need to derive some necessary mathematical for-
mulae and numerical quantities for later discussion.

From Eqgs.(8), (9) and (10), and the method used in
Refs.[11,13,26], we obtain

bTm (/14/*7 I//*) :[p*b(ﬂa V) 4 )\*bT (/14*7 V*)]m
]

where dffj y(p*, \*) is a c-number factor defined by

B 0" N) = TN — 3 =

« (p*)%(meJrN)()\*)%(erMfN)

(15)
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We utilize the matrix elements of the two-photon co-  where

herent states
p! B LI (—a*8),q > p,

:<a7M7V|bn(MI7yl)b£(M7 V) qu(ﬂ,()&*, —04*6) =

An,m(a*, ﬁ) . - B
5’” A e PILy ™ (~a"B)a <.
X b (,UJ v )b (:u v )|6,/L, V>7 (16) (19)
where £ and 7 are non-negative integers, and m o 5 1 [p
R (A 7p76):( ) (S) i X H; R Fﬁ )
Az’;(ﬁ*, Q) = (Ag)’:]”(oz*,ﬁ))*. (17) o)

For convenience we hereafter denote Aj'y™ (3%, 8) sim-

ply by A™(53). From Eqgs.(14)—(16) and (1) we obtain

t
n 1
st =2 ) (y5) (5
(21

Anﬂn *7 = ) )
en (@7 F) =(a 1, v|B, ) In deriving Eqgs.(19)-(21), we have employed the asso-
. . 1 (k) .
« Z Z F:jr-zn (8,0, —a* ) ciated Laguerre polynomial Ly, () and Hermite poly-
5—0 1=0 nomial H,,(x) of order m, and the normally ordered

x RN, p*, B)SE (A, p, ), (18)  expression of the operator

m * *\pl+n—m
nlmz b (", v (M’V),nzm
bn('u V)bTm(‘u* I/*) _ 1=0 $(1+_ l)l)ll(l—l-n —lm)! (22)
! Z b (=, )b (p, v)

-l +m—n)l "=

The scalar product of two GETC states is given by

AT ¢
mgere = —00 @8

Ar(a)A™()

GETC <Oé, TL|6,

Below we shall discuss the statistical properties of
these states.

3. Non-classical statistical prop-
erties

To discuss the quantum properties of the GETC
states we consider the phase quadratures x and y of
an arbitrary state | @) of the quantum field

1, . : 1
x = §(ae‘¢ +afe™®) y= E(ae —afe™?), (24)
i
and their variances (Az)? = (2?) — ()? and (Ay)? =

(v*) = (v)*.

(at and bT) are mutually convertible through a unitary

We also note that the operators a and b
transformation. The phase quadratures satisfy the
commutation relation [z, y] = i/2, and the uncertainty
relation of quantum mechanics (Az)?(Ay)? > 1/16.
We say that the state is squeezed in the quadrature
x (or y) if (Ax)? < 1/4 (or (Ay)? < 1/4)). For the
GETC states the mean-square fluctuation (Az)? of =
(or (Ay)? of y) in the state |3, u,v) as a function of

| 8] can be expressed analytically as

1
4(Am(B))
x {eX¢[Byg" (5", B)A™(B)
- (Biném(ﬁ* 5))%]
+e BBy (6%, B)A™ (8)
—(Bénlm(ﬁ 5))%]
+2[By5" (87, B)A™(B)

— BTy (ﬁ B - (A

(A$)éETC =

™(8))7}.(25)

where the functions B(f) are a set of the sums of the
matrix elements A™(3):

Bﬁém(ﬁ*vﬁ) = M*Aﬁém(ﬁ*vﬁ) - VAg?im(ﬁ*vﬁ)v (26)

Bgfl’m(ﬁ*vﬁ) = (B;%m(ﬁ*,ﬁ))*, (27)

By (8%, 8) =(n*)* A3 5" (8%, 8) + v Ag3™ (87, B)

— 2 VAT (B, B) + v AT(6), (28)
Bys™ (6%, 8) = (Byy™ (8%, 0))", (29)
BY™(6%,8) = — (uw)" A5 (6%, B)
— (u)Ag3™ (67, B)
+ (2[v* + 1) AT (6%, 6)
— [vPA™(B). (30)
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Figure 1 shows the results of numerical compu-
tation of (Az)4pre as a function of |3| for different
values of the parameters m,u,v,y’ and v/ for vari-
ous phase values such that ¢ + arg@ = m, where
¢ = %arg%, and argp’ = We see that,
putting m = 0, v = v/ = 0 we return to a coherent
statel’)). We also see that the values of (Az)4 gy for
m =5 in the cases of v = v/ = 0 become the same as
those of the photon-added coherent states of Agarwal

—argv/'.

and Tara.'l For v/ =0, v = —0.4, and m = 0, Yuen’s
two-photon coherent states are recovered. When we
take m = 5, v/ = 0 and v = —0.4, we obtain the same

results as Xin’s excited two-photon coherent states.[!?]
Plots are also shown for the cases when v/ # 0 and
v # 0 which correspond to the new GETC states.
For m = 5 and v = v/ = —1.0, and another general
situation with m = 5, = —0.4 and v/ = —1.0, we
see that the corresponding values of (Az)4prq vary
over a wider range of |8|; for 0.5 < || < 2 the fluc-
tuations of the field quadrature x are more strongly
squeezed than for the two-photon coherent states,!®!
the photon-added coherent states,'*) the excited two-
photon coherent states or the generalized excited co-
herent states.['® We also note that for given m and
v, with proper choice of the parameters v/ and p’, the
position of the dip for the GETC states can be moved
towards the variance axis. That is, the squeezing de-
gree increases as |V/| increases, and the solid curves
associated with the GETC states not only represent a
very broad class of nonclassical states but also exhibit
remarkable squeezing effects.

T T
1)
| \
| \ m=0, v=v'=
] B e
\ \
\ \ -
0.20 v m=5, v=v'=0_-""
o \ \ _ - -
H ' \ -7
&) \ \ 7
a9 o15f v v 7
8 \ \ \ 4
N m=0, v=-0.4, v'=0
0.10 m=5, v=-04, v'=—10 —m
m=5, v=-0.4, v'=0- -
0.05F m=5, v=v'=-1.0
0 2 4 6 8 10

8]

Fig.1. Variance (Az)Zpro of the GETC states as a
function of |B] for m=0, 5. Solid curves: v = —0.4,
vV =-1.0and v =1 = —1.0.

To examine the photon-number distribution of

these states we calculate their ) parameter according
to the definition below (equivalent to the Fano factor
used in some earlier papers):

(Wl(a'a)?[y) — (($la'al$))?

Q= 31
(latal) (31
For the GETC states we thus obtain
1

O = R BT () — AT (D)
x {A™(8)Bys™ (8", )
= By{"(6%, B)[A™(B) + By (87, B)1}-(32)
We note also the relationship between By'™ (3%, ()
and AJ";™ (8%, B):
By (8%, 8) =((uv)*)? AT™ (8%, B)
+ () A7 (8%, )
+ (6" + 6|v* + 1) AT (5", 8)
—2(2v? + 1)[(uv)* A7 (5", B)
— (W) A7 (87, B)]
+ (6]v]* + D[ ()"
+ () Ags™ (6%, 9)]
= 2[v*(5|v[* + 3)AT{"™ (67, B)
+ P2 + 1)A™(8).

a0 (B B)

(33)

Figure 2 shows the values of Qggrc for various
values of v and v/ with m = 0 and m = 5. The phases
of p,v and i/, are chosen to be the same as those
mentioned above when m # 0,v # 0 or v/ # 0. It
is evident that rich sub-Poissonian statistics exist for
the GETC states, and the value of Qggrc is always
less than 1. This is a significant quantum effect.

QGETC

3

181

Fig.2. Qggrrc parameter for m = 0,5 in the GETC
states as a function of |3|. Solid curves: v = —0.1,
v =-02and v =0 =—-0.1.
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4. Quasiprobability distribution

functions

The quasiprobability distribution functions are
extremely useful in the mathematical description of
quantum mechanical systems and in displaying the
quantum nature of the nonclassical field. They in-
clude the P function, the @ function and the Wigner
function which are closely related to the mathemat-
We shall first
consider the quasiprobability distribution function

ical description of physical systems.

Pagrc associated with the GETC state representa-
tion. The quasiprobability distribution function is ob-
tained through the density matrix of the state p =
lf]—’(z)|z,,u,1/><z,u,1/|d27;, where |z, u,v) is Yuen’s
‘grwo—photon coherent state. Using the double-Fourier
transform,2” we have

2 _ 2
Perrc(z) :%@)w')
X DRI 0% B)ST (A p, B7)
e 82m—s—t
x (—1)5* 52(z — B). (34)

azm—saz*m—t

0.25

0.00

Qgerc(z)
S

I
o
oAl
=)

QgeTc(z)

From the double § function we see that Porrc(2) be-
comes extremely singular, which is a typical character-
istic of a nonclassical quantum state. Obviously, for
V' =0 and p/ =1, the distribution function Pgrrc(2)
is reduced to Peg(z) which is the P function of the ex-
cited two-photon coherent states.['3] The quasiprob-
ability @ function, which is given by the diagonal
element of the density matrix p associated with the
GETC states in the Yuen’s state basis, is

_|zPmexp(—]z — B1%)
Qarrc(2) = A 5)

XZ Rs ()\713 7ﬁ)St()\7p7ﬁ>
0

= . (35)
s=0 t= z Zt

It may be seen that the form of Qgrrc(z) is no longer
centred at z = 3, which is a signature of the nonclas-
sical radiation states.

We note that the squeezing properties of the
GETC states can be seen even more clearly by pro-
jecting the three-dimensional plot of Qgrrc(z) onto
the two-dimensional plane.[?®! Figures 3(a)-3(c) show

QgeTc(z)

Fig.3. The Qgrrc(z) function of the GETC states at 81 = —2, $2=0, v/ = 3, v=5 and
argr = argp, arg v’ = —argy’ for (a) m=1, (b) m=2 and (c) m=5.
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the distribution of the Qgrrc(z) contours for different
m. Since Qarrc(z) is a function of a complex number
z = x + iy, we see that as m increases, the contours
are squeezed in the y direction when v/ = 3,v = 5
and § = —2 with argy’ = —argy/,argpu = argv.
Specifically, we observe that at m = 1 the contours
are deformed to an oval shape (over the range of
—4.6 <x<0.8,-25<y <25), and at m = 2 have
begun to split into two peaks. As m increases further,
the two peaks are quite distinct and separated, as can
be seen in Fig.3(c) for m = 5, with squeezing in the y
direction in both peaks.

The Wigner function in the Bogoliubov state ba-
sis is also a useful measure for studying the non-
classical features of radiation fields. It is expressed
through the density operator p associated with the
representation!(6:29]

2 2
W(2) =552 [ B(-6. m.vlpl, 1)
x exp[2(5*z — B2%)]. (36)
Using the Fourier transformation in the complex num-

ber region and after the integration, we derive the ex-
pression for the Wigner function to be

xp(—2|z — B|?

X Z Z{Gmfs,mft(2z - 6)

s=0 t=0
x R (X", p*, B)S; (A, p, %)}, (37)

where G, 4(#) is given by
| >
| (38)

Exact analytical expressions for the GETC states
when p/ and v/ are varied can be obtained as spe-
cial cases from expression (37). Let us look at the
special case of argy’ = —argy’, argp = argr and
arg @ = arg(f1 + 102) = 7, corresponding to §; = —2
and 2 = 0. In Figs.4 and 5 we give three-dimensional
plots of Wagrc(2) for selected values of m, p/, v/, u, v
and |B]. We see in Fig.4(a) that Wagrc(2) has the
shape of a volcanic peak with a deep dip in the cen-
tre, corresponding to the rise and collapse of the wave
packet, for m = 1, v/ = 3 and v = 5. However, we
observe in Figs.4(a) and 4(b) that for a given v/, v

and | 3], as the degree of excitation increases (m > 1),
the peak of the Wggrc(z) function begins to split
into two wave peaks which then move in opposite
directions, and many oscillations occur between the
two split peaks, with some dips becoming negative
even. The greater the value of m, the farther the
distance between the two peaks. These features are
very pronounced and narrow. Furthermore, from the
plot of WagTc(2) for a fixed m but decreasing v’, the
structure is seen to collapse and split into two peaks.
The results of numerical computation of Wagrc(2)
for various values of m, 1,02, and v are demon-
strated in Figs.4 and 5, where we see that Wagrc(2)
of the GETC states is a function of a complex number
z = x + iy, and in a certain region of (z,y), the func-
tion is always negative. Obviously, these results are
all completely different from a Gaussian distribution.

QgeTrc(z)

0.50}

0.25

Qgerc(z)

0.00 =

-0.25

Fig.4. The Wigner function WggTc in the case of
B1 = —2, 2=0 and v=>5, /=3 for (a) m=1 and (b)

m=o.
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Qgerc(z)

Fig.5. The Wigner function WggTc in the case of
B1 = —2, B2 =0 and v=5, v'=3 for m=5.

5. Discussion and conclusion

We have constructed mathematically a new type
of quantum state, the generalized excited two-photon
coherent states, generated by allowing Bogoliubov’s
pseudo-creation operator bf = v"*a + p*al to act m
times on the two-photon coherent states, where p’ and
v/ are variable parameters. From numerical computa-
tion we see that, with proper choice of m, v, v/ and

their phases, in a certain region these states can ex-
hibit a very high degree of squeezing, together with
significant sub-Poissonian distributions and other non-
classical properties.

For limiting values of the parameters the GETC
states reduce to the two-photon coherent states, ex-
cited two-photon coherent states, excited coherent
states, and coherent states. The quasiprobability dis-
tribution functions P, @ and Wggrc(2z) also reveal the
nonclassical properties of the GETC states. In partic-
ular, the dependence of the Wigner function on the
m, v and v/ parameters is clearly demonstrated; the
splitting and oscillation of the peaks are the results of
quantum interference which indicate the nonclassical
nature of the quantum state.

To realize the GETC states experimentally we
first need to prepare the two-photon coherent states,
then replace a and a' by the Bogoliubov transforma-
tion operators b = p'a + v'a’ and b’ = v"*a + p'*af,
respectively, in the interaction Hamiltonian operator
of the atom-field system.[!%3% With the rapid devel-
opment of sophisticated ion and atom trapping tech-
nology it is conceivable that the GETC states may one
day be realized experimentally through excitation of
multilevel ions or atoms in a high field optical cavity.
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