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A theoretical research on the variation of the absorption and dispersion profiles and population distribution of

each level in a ladder-four-level system driven by two coherent fields has been made. Whether the variation occurs or

not depends on the effect of quantum interference, the detuning of the upper coherent field and the separation of the

two intermediate levels. A dressed-state analysis is introduced to explain the numerical results.
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1. Introduction

In resent years, quantum interference between
dipole transitions of multi-level atom systems has
become one of the hottest problems. Many in-
teresting physical phenomena are ascribed to quan-
tum interference processes, such as lasing without

[1=7] enhancement of the refractive index

[8—10]

inversion,

quenching of spontaneous
gl14-18]

in transparent media,

emission,'=13] coherent population trappin

and electro-magnetically induced transparency(!9:20]
etc. Zhou and Swain have studied the quantum inter-
ference between two excitation paths in V-type four-
level system that gives rise to narrow resonance, gain
without inversion and dark transitions.?'=23! In addi-
tion, Narducci and Scully have found that the res-
onance fluorescence spectrum can be controlled by
the applied field.?4l Li et al have investigated the
relationship between quantum interference and reso-
nance fluorescence in the quasi-V-type four-level atom

system. (25]

In this paper, we calculate the absorption and
dispersion profiles and population distribution of each
level numerically by making use of density matrix mo-
tion equations. When the quantum interference effect
is small or omitted, the absorption and dispersion pro-
files are normal. In contrast, when the interference ef-

fect is taken into account, variation of the absorption
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and dispersion profiles occurs. Under certain condi-
tions, the profiles become thoroughly inverse. In this
instance, gain without inversion appears in the ab-
sorption profile. A clear analytical explanation for our
numerical results is presented through a dressed-state

theory.
2.Theoretical model and motion

of density matrix

The model under consideration has four levels as
shown in Fig.1. The transitions from the upper level
|4) with energy hw, to a pair of intermediate levels |2)

with energy hws and |3) with energy Aws are driven

[4)
wo2
[3)
42 A v 4s
R
41 L)
wo1
1)

Fig.1.
tem, wo1,wo2 are frequencies of two coherent fields,
A;(i =1,2,3,4) are detunings of each level.

Schematic diagram of four-level ladder sys-
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by a coherent field with frequency wge while the tran-
sitions from the two intermediate levels to the ground
level |1) with energy Aw; are driven by another co-
herent field with frequency wp;. All transitions are
also coupled by vacuum modes. We assume the vac-
uum modes that couple |3) to |1) and |2), |[4) to |2)
and |3) are the same. Meanwhile, we assume that the
transition from |4) to |1) is dipole forbidden.
Therefore, we can write down the Hamiltonian of

our system in the interaction picture:
Hy =Vor + Var, (1)
where
Ver =h2iexp(iAst) |2) (1]
+ hfqexp(idat) |3) (1]
+ hf2zexp(iAst) |4) (3]
+ hf2gexp(iAqt) |4) (2| + Hec.,

Var =h ) _[gMagexp(idigt) 2) (1]
q

+ 9P agexp(izqt) 3) (1] + Hee]

+1 > g arexp(idit) 4) (3|
k

+ 9P arexp(idait) |4) (2| + Hel  (2)

We define A1 = wo3 — w; —wpr and Az y = wy —
w32 — Wo2 as the detunings. ;5 = hilEmp%’l ey
and 234 = h71E02u4’32 - €2 are Rabi frequencies of
the lower and the upper coherent fields, and Eyq,02 and
é1,2 are complex amplitudes and basic vectors of the
two coherent fields, respectively. The complex vectors
fioz1 = (2,3 — er|1) and fis 30 = (4| — er|3,2) corre-
spond to the matrix elements of electronic dipole mo-
ments of the transitions from |2, 3) to |1) and from |[4)
to |2,3), respectively. a4(a}) is the annihilation (cre-
ation) operator for the gth vacuum mode which cou-
ples the transition from |2, 3) to |1) while ax(a}) is the
annihilation (creation) operator for the kth vacuum
mode which couples the transition from |4) to |2, 3).
Alq,2q = w23 — W1 — wqand Alk,2k = Wqg — W32 — Wg.

g((11,2) and gl(€1,2)

vacuum modes and the atomic transitions.

are the coupling constants between

According to the generalized reservoir theory with
the Weisskopf-Wigner approximation[?®! and the ro-
tating approximation, we can derive the equations of

motion for the reduced atomic density matrix elements

Vol. 13
as follows:[27:28]
Pag = — (73 + 14)paa — 123€"42 p3q — 10244 pyy
+ i.Q3e_itA3p43 + ig4e_itA4p42a (3)

. 1 1 .
P43 = — 5(7”2 + 73+ 14)paz — pYal VT1T2€ %% pyg
+ ipe™ 4251 4 16142 pyy

— 102543 p33 — 1024e' 44 pos, (4)

. 1
P12 = — 5(7“1 + 73 + 74)paz

1 : . s
~ 5P VTr2e ¥ pys +ifie 4 py

+ 1024644 pyy — 1024644 pyy — 10236142 p3s, (5)
pa1 = — %(7‘3 + 74)par + 102174 pao + 256142 pyg

— i23e!4% p3; — 124644 oy, (6)
P33 = — T2p33 + T3Pa4

1 . .
— 5P V2?3t p3g + €932% pos)

C o —itA - O it A
+if29e "2 p31 + 123" 73 p3y

— 1eltA2 gy — i 1A% p g, (7)

i 1 1 iw
P32 = — 5(7“2 +71)p32 — yP1Vriree 2 (33 + paz)

fwsat o itA
+ P2+/T374€ % pyy — 162 p1g

—itAs —itA;

—if2ze paz +if21e P31

+ 1024e4% gy, (8)
- 1 ]' iwsot
P31 = — 57”2931 - §P1 VT1T2€ P21

+ 10214 gy + 1026142 p3s
— 1025e™42(1 — pog — p33 — pas)
— ifge s pyy, 9)

P22 = — T1p22 + T4p44

1

~ 5P Vrir2(€923 pag + €932 py3)

+ 12167 py) 4 102461144 poy
- iﬂleitAlpu — iﬂ4efim4p42, (10)

. 1 1 iw
Pa1 = — =T1pa1 — =P14/T172€** p3;

2 2
+ 102164 pog + 1022642 pyy
— 1211 (1 — pag — p33 — paa)
—iye tAep,, (11)
P11+ p22 + p33 + paa = 1.
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Here, 7;(3 = 1,2,3,4) are spontaneous emission
rates corresponding to the transition from |2) to |1),
|3) to|1), |4) to |3) and |4) to |2), respectively. Because
both the two couple transition pathways are coupled
by the same vacuum mode, there exist two cross terms
M3y - Poy(wa,s — wi)® and Kz - Pyg(wa,3 — “’1)3. I

3meghc® 3meghcd
the following calculation, we assume A = w3z — wo,

n

which is much smaller than wy 3 — w;. Thus, we can
replace the cross terms with p;,/ri72 and pa/r374
which reflect the magnitude of the quantum interfer-
ence. The parameter p;(pz) is named as alignment of
the dipole moment matrix elements pt5; (f45) and o,
H31-Ha1 < y = H4a3-H4a2

K1 | - |3l B2l )
It is clear that as long as pi(p2) # O, the sponta-

(#«42), given by p; = |

neous emission rates r1(r3) and 72(r4) cannot be in-
dependent, that is to say, the decay pathways |2)-|1)
and |3)-|1) (]4)-|3) and |4)-|2)) are correlated and in-
teractive. Thus, the decay from |2)-]1) (]4)-|3)) may
influence the decay from |3)-|1) (|4)-]2)) of the atom
and vice versa. In other words, there exists quantum
interference between different pathways. We will dis-
cuss in detail the effects of the quantum interference
Due

to the quantum interference, the absorption and the

on the absorption and dispersion profile later.

dispersion profile may present very interesting results.
In order to remove the time-dependent factors

from Egs.(3)-(11), we take the following transforma-

tion:
U1 =paze 4% Wy = page A
/A :p4lefit(Az+A3); U, = p3267itA;
Uy :p3leiitA2; Ug = Pad;
U7 =pss;  Ws=pas;  Wo = psae™;
Uyg =poseitds; Wy = pyyeitlA2tas);
ng :p23eitA; y713 — p13eitAz;
Uiy =pgre” P4 Uy = praett. (12)

After substituting Eq.(12) for Egs.(3)—(11), we
rewrite these equations in the compact vector form
as

d ~

—U=LU+1] 13
p” +1, (13)

where ¥ is a column vector whose ith component is
¥;; L is a 15x15 matrix, and the inhomogeneous term
I is a 151 column vector. Hence Eq.(13) has the for-

mal solution

Ut+7) =L P@)+ L et — )i, (14)

and in the steady-state, we have

A~

U(o0) = —L 1. (15)

3. Numerical results

We can numerically calculate absorption and dis-
persion profiles and population distribution of each
level by using the steady-state solution.['5] The ab-
sorption and dispersion profiles between |3) and
|1) can be obtained by plotting Im|[pi3(c0)] and
Re[p13(00)] versus the detuning Ay (for simplicity, we
set 1y = rg = r3 =14 = r = 1, and the Rabi frequen-
cies and detunings are scaled by the spontaneous rate

T).

3.1. Not taking p; into account (ps; = 0)

As the upper coherent field is located at the mid-
dle of level |2) and |3), and the lower coherent field
conducts a large-scale scanning, i.e. A = 0.2,A3 =
—0.1, A4 = 0.1, it is clear that the absorption profile
evolves into a dispersion one gradually, and vice versa.
With the increasing of parameter p;, a dip and a peak
occur between the two absorption peaks. Especially
when p; = 1, the absorption profile evolves into dis-
persion completely and a super-narrow negative ab-
sorption peak appears, as shown in Fig.2. Under this
condition, the population distribution is p;; = 0.375,
pag = 0.323, p33 = 0.300 and pyy = 0.002. Because
p11 > ps3, this is gain without population inversion.
Therefore, quantum interference plays a critical role

in the variation of the profiles.

Figure 3 shows the population distribution of each
level when p; = 0 and p; = 1. The other parameters
are the same as in Fig.2. In the case of p; = 0, the
majority of the population stays in the ground level
[1). But in the case of p; = 1, the population distribu-
tion becomes completely different. Level |4) is almost
empty and the population is all trapped in levels |1),
|2) and |3).
profiles of the absorption and dispersion the popula-

Corresponding to the variation of the

tion distribution also has a dramatic change when the
lower coherent field is tuned to the middle of the two
intermediate levels. This gives us the information that
quantum interference affects the population distribu-
tion and the variation of the profiles is closely related

to the population distribution.



1254 Li Yong-Fang et al Vol. 13

p, =0.00 0.05 p,; =0.00
0.06
0.00
0.03
-0.05
0.00
6 4 2 0 2 4 6 6 4 2 0 2 4 6
0.05
0.06 p;=0.80 p;=0.80
0.04
0.00
0.02
w 3
‘5’ 0.00 E
: 6 4 2 0 2 4 6 > 0T 0 2 4 6
2 £
8 2 o004
S~ . —_
= 008 = p,=0.95
= < 000
E 0.04 o
-0.04
6 4 2 0 2 4 6 6 4 2 0 2 4 6
p,=1.00
0.12 0.00
0.00]-- -0.15
6 4 2 0 2 4 6 6 4 2 0 2 4 6
4y /m Ay /m1

Fig.2. Absorption and dispersion profiles of probing transition from |3) to |1) versus A; under the
condition. A =0.2, Ay = A+ Ay, A3 = —0.1, Ay = A+ As, 91’2 = 0.1, .!'23’4 =1.
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Fig.8. Population of each level versus the detuning Ajunder the condition. A = 0.2,
Ag = A+ Ay, Az =—-0.1, Ay = A+ Az, 91’2 =0.1, p1 = 1.
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Figure 4 shows the variation of absorption pro-
file of |3) — |1) with the alteration of the separation
between level |2) and |3). When p; = 1, the greater
the separation is, the wider the line-width of the pos-
itive absorption peak becomes, but the negative peak

drops. If the separation exceeds 8, the gain peak van-

0.08. A=0.0, p;=0.0
0.04
/
0.00 -
-6 —4 -2 0 2 4
0.2

0.1

0.0{ — ——

Im[p,,]/arb. units
\
\

016 A=8.0,p,=1.0
0.08
0.00 -~ TT—
-10 -5 0 5 10
A/

ishes. The increment of the separation leads to the de-
crease of the correlation between level |2) and |3). We
can derive this conclusion from Eqgs.(3)—(11). When A
is very great, the density matrix elements will oscillate

rapidly which can wipe out the correlation between

level |2) and |3).

0.15{ 4=0.2, p,=1.0
0.00{ —— T
-0.15

A=4.0,p,=1.0

0.16

000] — \U —
0 -5 0 5 10

0.24 A=100, p;=1.0

0.16

0.08

0.00} — — — —_—
15 .10 -5 0 5 10 15

Ay /1

Fig.4. Absorption profiles probing wi3 versus the detuning Aj;with various values of A. The
parameters are Ag = A+ A1, A3 = —0.1, Ay = A+ A3z, 1,2 =0.1, 234 =1.

3.2. Taking p; into account (p; # 0)

In the above discussion we do not consider the
alignment of the dipole moment matrix elements p,.
From Eqgs.(3)—(11), we can clearly see that only Eq.(8)
contains ps. Therefore, we can conclude that the ef-
fect of pq is related to the population of |4). However,
the population of |4) is always small as shown in Fig.3.
Figure 5 gives us the profiles of absorption and disper-
sion, where solid and dotted lines correspond to the
situation ps = 0 and py = 1 respectively. When the
lower coherent field is tuned to the middle of the two
intermediate levels, p, has no effect. On both sides of

the resonant position, the effect of ps is relatively evi-

dent. This is related to the population of |4) as shown
in Fig.3.

4. Dressed state explanation

Many experimental and theoretical results
demonstrate that quantum interference effect is asso-
ciated with the coherent population trapping. To un-
derstand the origin of these numerical results, we anal-
yse the population distribution in the dressed-state
representation.

In the rotating frame, the Hamiltonian of the sys-
tem can be written in the form of

H=H+V+V}, (16)
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where
Hi =hA;|2) (2] + hA, |3) (3
+h(A2 + As) |4) (4], (17)
V! =ha(|2) (1] + [2) (1)) + A (1) (3] + [3) (1)
+ hi25(14) (3| + 13) (4])

+ ha24(14) (2] + 12) (4]), (18)
Vi =h Y o [gfa, |2) (1]
q
+9Pag|3) (1] + Heel
+h Y el gay |4) (3
k
+ 9P ay|4) (2] + Hell. (19)
—hG, h had
K A, — KG, 0
h 0 hAy — hGy
0 hi2, hi2,

On condition of two-photon resonance, the detun-

A A A A
_5A2 = _:A3 = __;A4: 5

For simplification, we assume that 2} = (4, 25 =
29,028 = (23,02F = (24and ps = 0. According to
Eq.(21), the eigenvalues of the dressed-state can be

ings satisfy Ay = —

given as

G] :Gg = 0,
1
Gs =— 5\/A2 + 807 + 802,

1
e :5\/4\2 + 802 + 802, (22)

We define G = \/A2 + 8022 + 8022, and the normal-

ized eigenvectors of the dressed-state can be given as

£ K
I 1) + 4); (23a
A 28
= = 1) - ——2__|2
l2) /32 + A2 g /8022 1 A2 2
242
—— 3); (23b)

_|_ -
V802% + A2

Now V! and H, ¢ are time-independent. The eigen-
vectors of I;fl') are the bare atomic state, i.e. |1), |2),
|3), |4) define the bare atomic representation. The
eigenvectors of H, P+ V! build the atomic dressed-state

representation:
(Hy + V) |#o) = hGo |9) , (20)
where

|(;0¢7> = Ca’l |1> + C¢72 |2> + Ca’3 |3> + Ca’4 |4> .

The matrix form of Eq.(20) can be written as

0 Cal
e C,
g > [ =o. (21)
1y Cos
(A3 + Ag) — hG, Coa
20 A+G A-G 202
=22 - 2 202 1y,
lpa) ==~ 1) = 5~ 120 + 55— 1B) + == 14);
(23¢)
20 A-G A+G 202
=22 - 2 22 gy
lpa) == 1) = g 120+ 5 B+ = |4)
(23d)

In this basis, we can numerically calculate the
population distribution of each dressed level (pg,,,
Posas Pesss Ppas) @s shown in Fig.6. Corresponding
to p1 = 1, population is trapped in the dressed state
|p2) thoroughly which is similar to the results that
Zhou and Swain(?¥ and Li et all®® realized in the V-
type and quasi-V-type four-level system. Whether two
dipole moments are parallel or not obviously plays an
important role in quantum interference processes. On
the other hand, the dressed state |ps) is the super-
position of bare atomic states |1), |2) and |3), so the
population trapping effect is independent of |4). In
addition, when Ay = —As = A3 = —Ay = —% and
p1 = 1, the absorption and dispersion profiles have
nothing to do with the upper coherent field and ps,

which is shown in Fig.5.
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Fig.5. Absorption and dispersion profiles, solid lines corresponding to p2 = 0 and dotted

lines corresponding to p2 = 1.

0.004 0.06 1.00
0.05 0.991
0.003 0.981
0.041
T . a8 0.97
- ] - ] S
g 0.002 S 003 < 0961
Q
0.02 0.95 1
0.001
0.011 0.94 1
0.93
0.000 1— T 0.00 11— T T T
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
Dy D, Dy

Fig.6. Population distribution of each dressed-level (py;;; Pposs Pesss Pess) versus the values of p under

the condition A = 0.2, Ay = A+ Ay, A3 =—-0.1, Ay = A+ Ag, 01,2 =0.1, po = 0.

5. Conclusion

This paper has discussed the variation of the ab-
sorption and dispersion profiles and the population
distributions of each level. We find in theory that the
correlation between two dipole moments e, 4, and
M43, Mao (which indicate the magnitude of quantum
interference between the different spontaneous emis-
sion pathways, respectively) play a very important
role in the variation process. If the two coherent fields

are two-photon resonant with |[4) — |1), and simulta-

neously p;=1, the amplitude of the upper coherent
field and p, do not affect the profiles and the popula-
tion distribution. Contrarily, the effect of the upper
driving field and ps cannot be neglected. The magni-
tude of the separation of two intermediate levels also
influences the absorption and dispersion profiles when
other parameters are fixed. In the dressed-state repre-
sentation, the population distribution of the dressed-
state exhibits a coherent population trapping which
is the origin of the previous results in the two-photon

resonant excitation ladder-system.
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