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Global synchronization of Chua’s chaotic dynamical networks with coupling delays is investigated in this paper.

Unlike other approaches, where only local results were obtained, the network is found to be not linearized in this paper.

Instead, the global synchronization is obtained by using the linear matrix inequality theory. Moreover, some quite

simple linear-state-error feedback controllers for global synchronization are derived, which can be easily constructed

based on the minimum eigenvalue of the coupling matrix. A simulation of Chua’s chaotic network with global coupling

delays in nodes is finally given, which is used to verify the theoretical results of the proposed global synchronization

scheme.
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1. Introduction

Synchronization of complex networks of dynam-
ical systems has received a great deal of attention
from the nonlinear dynamics community in the past

decade.

synchronization of chaotic dynamical systems, partic-

Special attention has been focused on the

ularly the large-scale and complex networks of chaotic
oscillators.[!=4 Recently, synchronization in the dif-
ferent small-word and scale-free dynamical network
models has also been carefully studied.>~11! In these
studies, a common approach is to linearize the nonlin-
ear dynamical nodes around the network synchronized
state, thereby obtaining some local synchronization
and stability results. This approach will fail if the dy-
namical system at the node is unknown or uncertain,
since linearization cannot be done in such cases.

In this paper, a direct approach without using lin-
earization is proposed and investigated for global syn-
chronization of Chua’s chaotic delay network. More-
over, by using the linear matrix inequality theory,
some quite simple linear-state-error feedback con-
trollers for global synchronization are derived, which
can be easily constructed based on the minimum
eigenvalue of the coupling matrix. A simulation is

finally given to verify the theoretical result of the pro-

posed global synchronization scheme.
2.The network model

Chua’s chaotic circuit is described by

1 =p(—z1+ 22 — f(21)),
g = 21 — Ty + T3,

T3 = —qxa, (1)
where
1
f(z1) = moz1 + 2 (m1 —mg) (Jz1 + 1| — |z1 — 1))

with mg < 0 and m; < 0.

We use Chua’s chaotic circuit as a dynamical node
in network, and obtain a dynamical network consist-
ing of Nidentical nodes with coupling delays, in which
each node is a three-dimensional dynamical system.

The network is of the form

T -p p O Zi1 —pf (zi1)
T |=] 1 -1 1 T |+ 0
.’ftig 0 —q 0 I;3 0
N
—I—Zcijmj(t—'r)—{—vi,i:1,...,N, (2)
j=1
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where z; = (.’Ei:[,l'iz,mi:;)T € R® represents the state
vector of the ith node, and v; € R%,i = 1,2,..., N,
are the controllers to be designed. In this model, it is
required that the coupling coefficients satisfy

N
D ey =0,¢; 206 #4),i,5 =1,2,...,N.  (3)
j=1
This ensures that the synchronized state z; = 2o =
= zy = s(t), as t — oo. Here, s(t) =
( s1 Sy S3 satisfies Chua’s circuit (1).
The objective is to find the controllers such that
the solutions of network (1) globally asymptotically

synchronize with each other, in the sense that

tlim ||z (t) —z; ()| =0, foralli,j=1,2,...,N.
(4)
To proceed, define
ei (t) =z (t) — s (1),
e,(t—71)=z;(t—7)—s(t—-7), i=1,2,...,N.

We have the dynamical error equations

é; =Ae; + Bf (z:1,51)

+ZC’JeJ (t—7)+v,i=1,...,N, (5)
Jj=1

where
-p p O -p
A= 1 -1 1|, B= 0 ,
0 —q O 0

f(zi,8) = fzan (t) — f

3. The main result

(s1(t)),i=1,2,...,N.

The main result of this paper on global synchro-
nization of network (1) is derived in this section.

Let

i1 C12 C1N
C21 Cog '+ C2N

C= , : (6)
CN1 CN2 CNN

If there is a connection between node 7 and node
J(j #1), then sign(c;;)=sign(c;i)
sign(c;;)=sign(c;;)=0. If the degree d; is defined as

1, otherwise,

the number of connection of node ¢, then

N N
g sign(c;;) = g sign(cj;) =d;, 4,j=1,...,N.
=1 i=1
Jj#i Jj#i

(7)

It follows from Eq.(5) that
é(t) = Ae(t) + BF (e(t)) +e(t—7)CT+V, (8)
where

e(t)=(e1(t),e2(t),...,

e(t—1)=(e1(t—7),e

en (1)),
t—71),...,en(t—1)),
F(e(®) = (£ (@in,s1).

V:(’Uhv?;'--:vN)'

a.f(mNI,Sl)) )

Since C = C7 is a real symmetric matrix with Eq.(3),
there exists a unitary matrix U = (uj,us,...,un)
such that

C=UAU",

where UTU = UUT = I, A = diag(\1, A2, ..., AN),
0= X1 > Ay > -+ > An, which will be determined
later.

Now, introducing a transformation Y (t) =
e(®)U, Y (t—7) =e(t—7)U along with Eq.(8), we

have
Y (t) = AY (t)+ BF (e(t) U+Y (t — 1) A+ VU, (9)

where Y (t) = (y1,- ..
That is,

JYUN), Yk € R®, k= 1,...,N.

Uk (t) = Ayg (t) + BF (e(t)) ur + Axyr (t — 7) + Vg,

k=1,2,...,N. (10)

Theorem 1 If controllers

1
Vg = o (—pimax (AT + 4) + 0dn) 4k (1),
k=1,2,...,Nor (11)
v; = % ( HMmax (A + A) + O[AN) €i (t)a

i=1,2,...,N (12)

satisfy the following condition:

a>N+1, and Ay < (13)
then the network (1) synchronizes in the global
sense of formula (4), where v = |mg| + |m1 — mo|,
Pmax (AT —I—A) is the largest eigenvalue of matrix

AT + A,
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Proof Firstly, note that the eigenvalues 0 = A; >
Ag > -+ > Ay of coupling matrix C. For system (10),

choose a Lyapunov function of the form

N A
V=Y yp (t)y (t)—An Z/yg (t — s)yp (t — s)ds.
k=1 k=17
(14)
The time derivative of Eq.(14) along the trajectory of
systems (10) is

| A T

= Z(yk (A" 4+ A)yr — Anyy (D y(t)
k=1
+ 2y (t) BF (e(t))up,

+ 2Xyi (D)y(t — 7))

+ ) (2u )V + Anyg (E— Tyt — 7))

< (e A™ + A) = ) [ (D)

— 22N [y (Ol llye(t — )l

+ 2[lye (I BF (e(t) Jurl|)
N

+ >yl Vu + Ayt — 7). (15)
k=1

Since there exists a nonnegative constant v such that

the function f(z) in network (1) satisfies

|f(zi1) — f(s1)] < 7lzir — 81, for all
xil(t)asl(t) €R5i21525--'5N5 (16)

where v = |mg| + |m1 — my|, then we have

N N N
IF(e()ur] <Y Aleal <Y lleall < llwill-
i=1 =1 i=1

(17)
Substituting Egs.(11), (16) and (11) into Eq.(15) we

have

N
dv
<3 ((@rn — )l ®)?
k=1
— 22 lyeO)lllly(t — Il + Anllya(t — 7))
N N
+> 29pllyell D Iyl (18)
k=1 j=1
The right-hand side of Eq.(8) is quadratic in terms of
a1 N2 -5 llyn (1],
lya (& = 1)l w2 =7, - lun (=7,
which can be rewritten as
dv 1
— < ——¢™M 19
¥ < L5, (19)
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where
¢ =(llya @), - -, lyn (D),
lya(t =) llyw(t = T)IDT
and
sT+S D
M = :
DT —2AnT

which is an 2NV x 2N matrix, with elements in matrix
ST + S given by

Sij: ( ) 7= (20)
—2’719, i#ja@j:laza'“aNa

and D is an N x N matrix:

22N 2)N 2N
0 0O --- 0
D=1 . : |- (21)
0 0 0
Choosing
2vpN
v < 222 o>, (22)

we obtain the linear matrix inequality about Ay,
S+ST>o.

Since the linear matrix inequality about Ax

ST+5 D
M = >0
DT —2An1

is equivalent to the following two linear matrix in-

equalities:

S+S8T>0, and S+ ST+ DDT >0, (23)

2N

the linear matrix inequalities (23) hold if & > N + 1,

2ypN

d
and A\y < It then follows that d—‘: <

0. Hence, the soluti%ns of the system are globally
uniformly asymptotically stable about y, = 0,k =
1,...,N.

Consequently,

lim ||z;(t) — 2;(t)]] =0, 4,j=1,2,...,N.

t—o0

The proof is thus completed.

Remark: (a) Since

VU =V (uy,ug,...,un)
1
:5(—umaX(AT + A) + aln)Y
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and select the parameters as p=10, ¢=14.7, my = —0.68,
vuT =1, my; = —1.27. Simulation has confirmed the theoretical
we obtain results, as shown in Figs.1-3.
1 20
V == (—pmax(AT + A) + aAN)YUT
2( u ( ) ) 15 —:B,‘l(t)—:c,'.*.l'](t),‘i=1,2,'--,N—1
1 .
:5(—umx(AT + A) +adn)eUU™. ‘
It follows that
1
vi = 5 (—tmax(AT + A) + @Av)ei(t), i =1,2,..., N,
(b) The controller (12) is constructed in terms of
the minimum eigenvalue of the coupling matrix which -15¢
depends upon the inequality (13). Therefore, when -20 —
. . . 0.00 0.01 0.02 0.03 0.04 0.05
there exists an error in the controller, Theorem 1 still Time
holds.
4. SimUIation Fig.1. The error states of z;1(t) — z;41,1(t),7 =

1,2,..., N — 1 with coupling delays.
Now, we verify the scheme proposed in Sec.3. In

simulation, we assume that Chua’s chaotic dynam- 20

— ziz(t)—zit1,2(¢),1=1,2,--- ,N-1

ical network, with coupling delays, is globally con- 15¢
nected, namely all elements of the coupling matrix
C are nonzero: c¢;; # 0(2 # j),4,5 = 1,2,...,N; then

the matrix C becomes

e
N-—-1 c c
_ c - z
2 2 2
C
C = 2
: -20 . A . . . . . L )
c c N -1 0.00 0.01 0.02 0.03 0.04 0.05
5 5 T 2 ¢ Time

It can be easily verified that the eigenvalues of this

matrix C are Fig.2. The error states of z;3(t) — z;41,2(t),7 =
1,2,..., N — 1 with coupling delays.

0:P1>P2:"‘:PN:_§N; AN(C) = —

According to Theorem 1, we have An(C) <

2vpN 4
%, if we choose ¢ > *

N + 1. One can construct the needed controllers as

—2;3(t)—m;+1,3(t),i =12,.-.,N-1

follows:

v; = %(—umax(AT + A) + a/\N(C))e,-(t),

1=1,2 N.

gLy ey

According to the theoretical results, the network (2)

0.04 0.05

globally synchronizes in the sense of formula (4). —28.00 T oo o003
RK4 method is used for the simulation with time Time

step equal to 0.0002. In simulation, we take the num-

ber of nodes N=30 and delay time 7 = 0.004. To Fig.3. The error states of @is(t) — zit1s(t)i =

ensure the chaotic behaviour of Chua’s circuit (1), we 1,2,...,N — 1 with coupling delays.
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5. Conclusions

Differing from the common approach, where lin-
earization is a necessary step and only local results
were obtained, a nonlinear and large-scale Chua’s de-
layed network is studied in this paper without lin-
earization. Global synchronization and asymptotic
stability of Chua’s network with coupling delays are

investigated under a simple sufficient condition, which

has been derived based on the linear matrix inequality.
Moreover, some fairly simple linear state-error feed-
back controllers for global synchronization and stabil-
ity have been designed for Chua’s network, which can
be easily constructed based on the minimum eigen-
value of the coupling matrix. When Chua’s network
with global coupling delays in nodes are known, the
theoretical results of the proposed global synchroniza-

tion scheme can be verified.
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