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Another algorithm for chaotification of any given linear time-invariant discrete-time systems is presented. The

new chaotification algorithm uses the decentralized control and the continuous sawtooth function, which can generate

discrete chaos with an arbitrarily desired amplitude bound. Based on the Marotto theorem, we mathematically prove

that the controlled system is chaotic in the sense of Li and Yorke. Finally, a simple example is used to illustrate the

effectiveness of the proposed theory and method.
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1. Introduction

There have been increasing interest and rapid
development in the research area of controlling and
synchronizing chaotic dynamical systems in the last
decade.[?l In particular, chaotification (also called
‘anticontrol of chaos’) by means of making an orig-
inally non-chaotic dynamical system chaotic, or en-
hancing and retaining existing chaos, has attracted
some special attention lately due to the great poten-
tial of chaos in some novel time- and/or energy-critical
applications.[’2] Chaos, under appropriate monitor-
ing, can provide a system designer with a variety of
special properties, richness of flexibility, and a great
many opportunities.!"2 Dynamical systems (maps)
with chaotic and bifurcate behaviours have been re-
ported to be very useful in some practical applications,
such as secure communication.®~71 This provides a
strong motivation for the current research on chaoti-
fication of the discrete-time dynamical systems(2-8—10]
and the continuous-time dynamical systems.[!?:12] In
the algorithm of Chen and Lai,’®® mod-operation is
used in order to keep the motion confined to a compact
region of state space. In practical implementations,
reproducing the modulus function in a chaotic map
circuit may not be easy because the modulus func-

tion is discontinuous. In this paper, the discontinuous
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modulus function is replaced by a continuous sawtooth
function. Based on the Marotto theorem, 3! we math-
ematically prove that the modified Chen—Lai feedback
anticontrol method yields chaos with an arbitrarily de-
sired amplitude bound in the sense of Li and Yorke.['4]
Finally, a simple example is used to illustrate the ef-

fectiveness of the proposed method.
2.Description of the problem

Consider a time-invariant linear state transfer:
T — T4l = A.’Ek. (1)

Clearly, z* = 0 is a fixed point of the state transfer
(1). The chaotification problem under investigation
is to design the state-feedback control input sequence
{ur}reo that will be added to the right-hand side of
formula (1) with the form

up = By, (2)

where {Bj} are n X n constant matrices to be deter-
mined, and the state transfer F' : R™ — R™ such that

the composite state transfer
T — Tyl = F(Amk + uk) (3)

behaves chaotically. Apparently, if the state transfer
F : R® — R"™ is linear, the composite state transfer

(1) is impossible to produce chaotic state series.
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To obtain chaotic state series, Chen and Lail®9]

suggested to first design the control variable u; =
Bz such that all the Lyapunov exponents of the
state transfer (3) without F' are strictly positive, and
then to employ the mod transformation, i.e. F(y) =
y(mod 1). The Chen-Lai anticontrol algorithm!®:*]
can be described as follows:

Step 1 Design a positive feedback controller
ur = Brxr = okTk, (4)

with positive number o, = N + €°, ¢ > 0 for all
k=0,1,2,..., where |4, < N.
Step 2 Then, apply the mod-operation and ob-

tain the composite state transfer:
zp+1 = (Azy + Brzg)(mod 1). (5)

Wang and Chen'®! have proved that the algorithm of
Chen and Lail® can generate chaos in the sense of Li
and Yorke.['¥ In this paper, instead of the discontin-
uous modulus function, we use a continuous sawtooth

function to realize F'. Therefore, Step 2 is modified as

follows:

Tpt1 = CQ(A.’L‘k + Uk), (6)
where ®(y) = [p(¥1),--.,0(yn)]T, for any y =
[Y1,---,Yn]T € R". ¢ : R — R is a continuous saw-

tooth function defined as

e(y) = (=1)™(y — 2me)
for 2m—1)e <y < (2m+ 1)e,
m=0, £1, £2---.
.,Cn) € R™ ™ ¢; # 0 is a constant
diagonal matrix designed such that in each dimension

the state variable of the system (6) has the desired

amplitude bound. Later, we will apply the Marotto
(13]

C = diag(eq, ca, ..

theorem
with

to prove that the controlled system (6)

Uy = 0Ty, (7

where o > 0 is a constant to be designed, is chaotic in
the sense of Li and Yorke.['4

3. Verification of chaos in the

sense of Li-Yorke

In this section, we apply the Marotto theorem[!3]
to prove that the controlled system (6) and (7) is

chaotic in the sense of Li and Yorke.

3.1. Chaos in the sense of Li and Yorke: the

Marotto theorem

To introduce the Marotto theorem, consider a
general n-dimensional discrete-time autonomous sys-

tem of the form

Trt1 = g(Tk). (8)

Let g* denote the t times of compositions of g with
itself. A point, z*, is said to be a p-periodic point of g
if gP(z*) = z* but g'(z*) £ z* for 1 <t <p. Ifp=1,
that is, g(z*) = z*, z* is called a fixed point. Let
Dg(z) and det(Dg(z)) be the Jacobian of g at point
z and its determinant, respectively, and let B,.(z) de-
note a closed ball in R™ of radius r centred at point
T.

Definition"® A fixed point z* of Eq.(8) is said
to be a snap-back repeller if

(a) there exist real numbers r > 0 and s > 1
such that g(z) is differentiable and expanded in the
neighbourhood of the fixed point z*, in the sense that

Vz,y € B.(z");
(9)
(b) there exists a point 20 € B,(z*), with 20 #
z*, such that gM(2%) = z* and det(DgM (z°)) # 0 for

some positive integer M.

l9(z) = 9l > sllz — vl

The following theorem of Marotto is of central
importance in this paper.

Theorem (Marotto)® If system (8) has a
snap-back repeller, then the system is chaotic in the
sense of Li—Yorke:

(a) there exists a positive integer N such that for
every integer p > N, system (8) has p-periodic points;

(b) there exists a ‘scrambled set’ (an uncountable
invariant set S containing no periodic points) such
that

(b1) g(S) C S,
(b2) for every z,y € S with z # vy,

klim sup ||gk(93) - gk(y)H >0,
—r00

(b3) for every =z € S and any periodic point
Yper Of system (8)

lim sup [|g"(2) = g (gper)|| > 0;

(c) there exists an uncountable subset Sy of S

such that for any z,y € Sg,
lim inf ||gk(a:) — gk(y)H =0.
k— o0

3.2. Verification of chaos in the designed con-
trolled system
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Theorem 1 The controlled system (6) and (7) and
is chaotic in the sense of Li and Yorke, if Dg(z) = C(A+ o). (18)
-1 —1] . —1|2
0 > Al O AVAIC - Al +1E e b 0, we have
(10)
Remark It is surprising to note that o is inde-
lg(z) — 9(v)ll o
pendent of €.
Proof In the controlled system (6) and (7) one =[C(A+oD)(z - y)llo
-1
has > |ca+on)?|  xle-yl..  (9)
Thy1 = CO(Azy + o xp) = g(21); (11) ~
apparently, z* = 0 is a fixed point of the controlled Let s be chosen such that
system. Condition (10) implies that A + o I are in- a—|A|
T o)
vertible matrices. Let b = [ 11 --- 1 and let l1<s< IC—1. (20)

20 =2e(c I+ A)"H(C oI+ A)~'b). (12)
In what follows, we prove that
€

Al + 0
and s > 1 such that g(z) is differentiable and ex-

(a) There exist constants 7, 0 < r <

panded in the neighbourhood of the fixed point z* =

0, in the sense that

lg(z) —gW)lloe > sllz—yllo, Va,y € B.(0).

(b) g?(z°) = 0=z* and det(Dg?(z?)) # 0.
Proof of (a) Note that

2 =20 I+ 07t A) o ICTH T 4+ 07 A) ).
(13)

Since ||071A||OO < 1, it follows from condition (10)
that

12°]|, =ll2e0™ (I + 071 4)7
X (07107 (I + 07" 4) 1) |

- el
o o C o

<2
=l A 1—0 1[4l

oty e,
(0 —1[All)?* " Al +o
Let 7 be chosen such that
L <r<—° (15)
I < < a7
Then z° € B,(0) and for any z € B,.(0)
[Az + olz||, < [|A+ ol ||zl
€
<Al +0) = = (16)
Al + o

Therefore, it follows from the definition of g that, for
any = € B,(0)

g(z) =C(Az+oz)=C(A+ o)z (17

Then, g(z) is expanded in the neighbourhood of the
fixed point z* = 0, in the sense that || g(z) — g(v), >
s ”"I" - y”oo s ‘v’a:,y € BT(O)

Proof of (b) Observe that

z' = g(2°) = CH((A+al)z") = 2¢(A+al) . (21)
We only need to prove g(z!) = 0. Note that
(A+ o)zt =2(A+0)(ol + A) b= 2b. (22)

Therefore, according to the definition of g, we can ob-

tain
g(z!) = Co(Az' + oz') = CH(2b) = 0. (23)
Moreover, g2 is differentiable at z° with

det(Dg?(z%)) = det(Dg(z")) x det(Dg(z'))
= — (det(A + o)) x (det C)* # 0. (24)

Thus, based on the Marotto theorem, (a) and (b) to-
gether imply that the controlled system (6) and (7) is
chaotic in the sense of Li and Yorke.

4. A simulation example

Consider a three-dimensional discrete-time sys-

tem described by

T, 01 2 03 T}

a2, | =Aze=| -02 1 01 z?

TR, 04 2 03 z}
(25)

Since ||A]|,, = 0.7645 < 1, the uncontrolled system
(25) is stable. Based on the system (25), we use the
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proposed method to construct a chaotic state transfer
described by

Ti g c19(0.1z} + 222 + 0.3z3 + oz})
x3 cop(—0.2z; + 22 + 0.123 + oz?)
o c3p(0.4z) + 223 + 0.3z3 + ox3)

(26)
We expect that the amplitude bound of z}, 23, z3 are
0.1, 0.4, 0.8, respectively. When ¢ = 1 in function
©(+), we obtain ¢ = diag(0.1, 0.4, 0.8) and know from
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Theorem 1 that the composite state transfer (26) is
chaotic if o > 7.1351. In the simulation, we choose
o = 10. Figure 1 shows the simulation results. In
Fig.1, (a), (b) and (c) represent the evolution of the
states zj, =2 and z3, respectively; (d) shows the max-
imum magnitude of the control input, and (e) shows
the strange attractor of the controlled system. We
can see that the controlled system displays complex

chaotic behaviours.
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Fig.1. Simulation results.

5. Conclusions

The theory and experiment have demonstrated

that the proposed method can make a linear time-
invariant system chaotic in the sense of Li and Yorke

and have an arbitrarily desired amplitude bound.
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