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is given to illustrate the application of the result.
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1. Introduction

There is a close relation between the symmetry
and the conserved quantity in a mechanical system.
The study of the theory and application of the sym-
metry and conserved quantity of a mechanical system
is an important topic in mathematics, mechanics and
physics. There are mainly the Noether symmetry,!]
the Lie symmetry[?l and the Mei symmetry (or the
form invariance) proposed by professor Mei recently. (3]
A series of important results have been obtained on
the study of the Noether symmetry, the Lie symme-
try and the Mei symmetry for classical mechanical
systems.[*~16] Recently, the Lie symmetry of the rota-
tional relativistic Hamilton system has been studied in
Ref.[17]. The Mei symmetry and Lie symmetry of the
rotational relativistic variable mass system have been
studied in Ref.[18]. The form invariance and Lie sym-
metry of the relativistic mechanical system has been
studied in Ref.[19]. In this paper, we study the Lie
symmetry and the Mei symmetry of a rotational rel-
ativistic system in phase space. The definition, crite-
rion and conserved quantity of the Lie symmetry and
the Mei symmetry of the rotational relativistic system
in phase space are given. The relation between the Lie
symmetry and the Mei symmetry is found. An exam-

ple is given to illustrate the application of the result.

2.The dynamical equation of the

system in phase space

We consider a mechanical system consisting of N
particles. We suppose that, at time ¢, the particle ¢
rotates about the fixed axis oz with angular velocity
wj; its limiting angular velocity is I, classical moment

of inertia is Iy; and relativistic moment of inertia is

Toi .
L= —=% ___ (;=1,... N). 1
i h W

Suppose that the configuration of the mechani-
cal system is determined by n generalized coordinates
gs(s =1,...,n). With the ideal holonomic constraints
or without any constraints, the Lagrange equations of
the rotational relativistic system are as follows:(20]
d 0L, OL,
dt 84, g,

=Qs(t,q,q) (s=1,...,n), (2)

where @, is the non-potential generalized force, and
L, is the generalized Lagrangian of the rotational rel-

ativistic system

N
Ly=) Inl2(1—4/1-w?/T?)-V. (3)
=1
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Introducing generalized momentum p; and Hamilto-

nian H, we have

oL,
ps=5.- H(ta,p)= Zpsqs— -
ds

(s=1,...,n). (4)
We can obtain the canonical forms of Eq.(2) as follows:

. _9H .  8H
q8_8p87 ps = X

where Qs = Qs(taqap) =

3.Lie symmetry of the system in

+ Qs,

(s=1,...,n), (5)

Qs(t,q,4(t,q,p)).

phase space

From Egs.(5) we can obtain

(s=1,...,n).

(6)

‘js - hs(t7q,P)7 1'75 - as(t7q7p)a

Introduce the infinitesimal transformations

t* =1+ At,
q:(t*) = qs(t) + Aqs:
pi(t*) = ps(t) + Aps, (7)

the corresponding expanding forms are

t" =t + EfO(ta q:p)a
q:(t*) = qs(t) +e&s (t7 q,p),
P: (t*) = ps(t) + 5773(75; Q;p): (8)

where ¢ is the infinitesimal parameter, &, & and 7
are the generators of infinitesimal transformations.
Introduce the generator vector of infinitesimal

transformations

0) —
X £oat+253

+ Z 77.9 s (9)

and its first extensions

8
X0 X0+ Y6 - 0

S

.2, 0
Ms — Psﬁo) 8_ (10)
P
s=1
Definition 1 If Egs.(6) remain invariant under
the infinitesimal transformations (8), then the invari-
ance is called the Lie symmetry of the rotational rel-

ativistic system.

Criterion 1 For the rotational relativistic sys-
tem (5), if the infinitesimal generators &y, & and 7

satisfy the following relations:

és —(}séo :X(O)(hs(t;q:p)): (s: 1. n)
1 — pséO = X(O) (as(taqap))a , , ,

(11)
the corresponding symmetry is the Lie symmetry of
the system.

Proof According to the invariance criterion of
the differential equation, the invariance of the differ-
ential equations of motion (6) under the infinitesimal

transformations (8) can be written as

XM (g, — hy) =0
XY (p, —a,) = 0. (12)

Using Egs.(9) and (10), we can obtain from Egs.(12)
X0 = ha) =X O (g, — )
o .
+ Z qst aq - (gs — hs)
+ Z

=— X(O)(hs)

0
s .s_hs
Pfo ap (g )

(é-s - q.séO) =0,
so we have
€ — dsbo = XO(hy).
Using the same method, we can obtain
- pséO = X(O)(as)a
then Egs.(11) have been proved.
4. Mei symmetry of the system in

phase space

Under the infinitesimal transformations (8),
H = H(t,q,p), Qs = Qs(t:q:p) become H* =
H(t*7q*,p*)7 Q: :Qs(t*,q*7p*)

Definition 2 If the canonical equation (5) of the
rotational relativistic system keep their form invariant
under the infinitesimal transformations (8), i.e.

OH* OH*

- - *
9s = 75— DPs = — + Qs7
9qs

(s=1,...,n),
(13)
then the invariance is called the Mei symmetry of the
rotational relativistic system in phase space.
Expanding H* and Q! under the infinitesimal

transformations (8), we have
H* =H + (X (H)) + O(¢?), (14)
Q: =Qs +(XV(Q,)) + O(e?). (15)
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Criterion 2 For the rotational relativistic sys-
tem (5), if the infinitesimal generators &y, & and 7,

satisfy the following relations:

: 0

58 :a_ps(X(O)(H))’

= 5 (X0 + XOQ), (s =1,0..m)
(16)

then the corresponding symmetry is the Mei symme-
try of the system.

Proof Computing the time derivative of g, we
obtain ¢} = ¢s + eés, substituting this equation and
Eq.(14) into the first equation in Egs.(13), and ignor-

ing €2 and higher infinitesimal terms, we have

7]

: o0H
is +ebs = — + e—(XO(H)).
ot el = 5+ e g (XO(H))
T 0H .
Substituting ¢, = 3. into above equation, we can

prove the first equation in Egs.(16). The proof of the
second equation in Egs.(16) is similar to the first equa-
tion in Eqgs.(186).

5.Relation between Lie symme-
try and Mei symmetry
From Egs.(11) and (16), it can be seen that the

Lie symmetry is generally different from the Mei sym-

metry. Using Eqgs.(5) and (6), we can write Eqs.(11)

as
. O0H
= (0)
3 xo(51),
. O0H O0H
 — — (0) (0)
io=in( = 90 +Q.) - x50 ) + XO(@.),

(17)

‘We can prove

0 OH
5 S(X(O)(H)) X(°)< 3 >+

OH 0¢&
ot Op,

aqk 3p = apk ap,’

0 OH OH 9¢&
(0) (0) gz
g, X () =X <aq)+6t 94,

qu Bq Bpk dq,’

so there is a theorem as follows.

Theorem 1 If the rotational relativistic system
(5) is Lie symmetrical under the infinitesimal trans-

formations (8), and satisfies the following equations:

. OH _ 9H 3¢, OH &, OH s,
%8p, ot dp, Z dqy Ips Z dpr, Op,’

. oOH _
50( 9gs Q)

OH 98¢ OH 08¢,
ot 9q; Z

o0H Bnk
18
Z Ay, 8q; (18)

then the system is also Mei symmetrical, and vice

versa.

of Lie

symmetry and Mei symmetry

6. Conserved quantities

The Lie symmetry and Mei symmetry of the rota-
tional relativistic system in phase space do not always
The con-

served quantities of the Lie symmetry and Mei sym-

have corresponding conserved quantities.

metry are given by the following theorem.

Theorem 2 If the rotational relativistic sys-
tem (5) is Lie symmetrical under the infinitesimal
transformations (8), and there exists a gauge function
G, = Gr(t,q,p) satisfying the structure equation
n
> ( s +ps£s) — Hé - XO(H)

1
n

2

s=1

S

— 4:€)Qs + G =0, (19)

then the system has the Lie symmetrical conserved

quantity as follows:

I = psés — Héo + G, = const. (20)

s=1
Proof
I, O~ . .
d—tL :Z (psé-s ‘I'psfs) - H£0 - HfO
s=1
", 9H . .
_Z( Ms +ps£s)+H£0
s=1 aps
xOm) -3 6 - Heya, e
s=1
oH "\ 0H
- E&) - 2 a—qsﬁs

+XOH) = 0.

"\ 0H
_;aps
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Theorem 3 If the rotational relativistic sys-
tem (5) is Mei symmetrical under the infinitesimal
transformations (8), and there exists a gauge function
Gy = Gu(t, q, p) satisfying the structure equation

n
Z( Tls ‘|‘ps€s) _Hfo_X(O)(H)
=1

n

2

s=1

S

qs£0 Qs + GM = 0 (21)

then the system has the Mei symmetrical conserved

quantity as follows:
Iy :Zpsfs — H&y + G = const. (22)
s=1
The proof is similar to Theorem 2.

7.Illustrative example

The generalized Lagrangian of a rotational rela-

tivistic system is
L, =1,*(1

—V1-¢2/1?) - (23)

where the non-potential generalized force Q = 0, po-

tential energy V is constant. Now study its Lie sym-
metry and Mei symmetry in phase space.
We can obtain
BL'I" _ qu

P %8¢ — i@
H =pg— L, =T?*/I34+p2/T% - I,T* 4V,

. _OH _ p
" ap VIZ +p2/T?
0H
)= — — =0. 24
p 9q +Q (24)
Taking
50 = ]-: 5 = ]-5 n= 05 (25)

we find that Eqs.(11) [or (17)] and (18) are all satisfied,
so for generators (25) the system is both Lie symmet-
rical and Mei symmetrical. For generators (25), from
Eqgs.(19) and (21), we can obtain the gauge function
G, = Gy = 0. From Egs.(20) and (22), we can ob-
tain the same conserved quantity corresponding to the

Lie symmetry and Mei symmetry

I=p—T?/I2 +p2/I?+ I,I'? = const. (26)
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