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We present the calculation and comparison of tunnel splitting at excited levels of biaxial spin models by various

methods, including the generalized instanton method, the generalized path integral method for coherent spin states,

the perturbation method, and the exact method by numerical diagonalization of the Hamiltonian. It is found that,

for integer spin with spin number around 10, tunnel splitting predicted by the generalized path integral for coherent

spin states is about 107" times of the exact numerical result for the nth excited level, while the ratio of the results of

the perturbation method and the exact numerical method diverges in the large spin limit. We thus conclude that the

generalized instanton method is the best approximate way for calculating tunnel splitting in spin models.
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1. Introduction

Macroscopic quantum tunnelling in nano-scale
magnetic molecular clusters or so-called single molecu-
lar magnets (SMMs) has been an interesting subject in
recent years.[! =% Research on this subject can help us
to bridge between the macroscopic classical mechan-

(2:3] Barly

ics and the microscopic quantum mechanics.
theoretical study was concentrated on the ground
state tunnelling which makes the dominant contri-
bution at low temperatures.[=9 However, when we
consider tunnelling at higher temperature, as for the
quantum-classical cross-over,[1%11] the excited state
tunnelling becomes important. Interestingly, the cal-
culation of tunnel splitting at excited levels is shown
to be much more complicated than the ground state
tunnelling.  Application of the periodic instanton
method 2! or a direct generalization of the instan-
ton method [*3] to the tunnel splitting at excited lev-
els did not re-produce the right quantum interference
phase.[514] In order to recover the right quantum in-
terference phase, a generalized path integral for coher-
ent spin states was introduced for spin models with m-

(18]

fold rotation symmetry !'°! and a generalized instanton

method was proposed for biaxial spin models.[*¢] Both
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methods are based on the large spin approximation,!”
and are able to re-produce the right quantum inter-
ference phase. From a practical viewpoint, however,
the real SMMs usually have a spin number around 10,
and it is necessary to know if these methods still work
well for such spin numbers. This is the main purpose
of the present paper. By adopting the parameters
of the well studied SMM Feg,[], tunnel splitting at
the excited states is found by the methods mentioned
above. As a comparison, we also present the result
by the perturbation method [8] which is considered as
another important way to calculate tunnel splitting
in spin systems.[!”] The organization of the paper is
as follows: in Sec.2, we present a description of the
models and the methods to calculate tunnel splitting
at the excited state. The comparison and analysis are
provided in Sec.3 and the conclusion is given in the

last section.
2.Models and methods

In the present paper, our main interest is in the

biaxial spin model, for which the Hamiltonian is given
by [8:11,14]

H = K,8% + K52 — gugS.h, 1)
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where K; > Ky > 0 are the anisotropic parameters
and h is the magnetic field applied along the hard
axis. A customary way to evaluate tunnel splitting
is to use the spin-coherent-state (SCS) path integral

method [7-18]

K:<n2|e*§T/h|n1>:/[dn]e*%se[m, (2)

T/2
/ Le[n]dr,

—T/2
SCS defined by S - n|n) =

sin fsin @, cos ) is a unit vector. L, is the Euclidean

where Se[n] = |n) denotes the

s|n); m=(sin#f cos ¢,

Lagrangian given by
Le[n] = ih(1 — cos0)$(7) + (n|H|n).  (3)

In large spin approximation, <n|1::I |n) can be found
by replacing the spin operator in the Hamiltonian
with the vector sm, i.e. (n|H|n) = H(ssinf cos ¢,
ssin@sin @, scosf). The ground state tunnel split-
ting of this model has been evaluated by the instanton
method and the result is found to be in good agree-
ment with the exact numerical result for spin number

around 10.014
2.1. Generalized path integral for SCS

The key point of this method is to use the fact
that the SCSs are over-complete. To find out tunnel
splitting at the nth excited state, one can construct
the coherent spin state [2,m) in the Hilbert space
with the basis {|s, = m)}, where —s+n <m < s—n:
namely, the spin states |s,) with |s,| > |s — n| are
dropped. It can be shown that the coherent spin state
constructed in this way is still complete, and thus a
path integral of the defined coherent spin states can
be found.['®! The corresponding propagator can be ex-

pressed as [19]
(@2, mle AT @, m) = [ deiotm s, (4

where .
&(m) = m/ do(1 — cos @)
0

is the Berry phase and

1 [T/2 R
Sdyn = —/ (2,m|H|2, m)dr
hJ_ 1)
is the dynamical action. In the large spin approxi-
mation, we have (2, m|ﬁ|ﬂ, m) = I?(msinb’cos @,
msin@sin ¢, mcos ). In other words, using the de-
fined path integral for SCS, tunnelling at the nth ex-
cited state is in fact equivalent to the ground state tun-

nelling of a spin system with a spin number s; = m =

s—n. Consequently, tunnel splitting of the nth excited
state can be found by using the instanton method and
the result is 19

%
Am = Wm ~5m - IEs ) 3 5
Qme cos <m7r A (5)
where
A
Sy =2marctanh
1—2,
u2 uZ A

-2 m tanhy | ——2—— (6
myf Ty arctan (1—U$n)(1—/\)7()

Um = gpuph/(2K1m), A = K3/K;. Q,, is the prefac-

tor

d
-1 \/l_ugn_\/X m3/2\1/4(1 — 42 )5/4
=16\ ez (= tm)

2K Ky \ M2
Twz %) (7)

where d = 11/A(1 —u2)).
2.2. The generalized instanton method

This method is based on the SCS path integral
given in Eq.(2). The starting point ¢ is to define the
excited states by using the Bohr—-Sommerfeld quanti-
zation rule with the help of the mapping technique:!”
that is, s § cos 6d¢ = n2m. The defined excited states
are quantized classical orbits around the easy axis,
hence tunnelling between the excited states is the tun-
nelling between quasi-degenerate classical orbits. The
total tunnelling amplitude from one quantized orbit
L to another quasi-degenerate orbit £’ should be ex-

pressed as
ICLL’ = / dsidstC(sf,T/Z; 8i, —T/2), (8)
o

where K(sy, T/2; s;,—T/2) is the tunnelling ampli-
tude of the tunnelling trajectory starting from an ar-
bitrary point s; at £ and ending at sy at £’ and the
integration is done over the quasi-degenerate classi-
cal orbits. The propagator in Eq.(8) can be found in
the way proposed by McLaughlin 2% and the tunnel
splitting of the nth excited state is found 1% to be

AFE, = 4c?eSe/m

guphm }
2K,v/1 — A

where S, is the real part of the classical action

» (9)

cos [(s —n)m—

T—¢n
S. = / dp/2m($)[V(9) — Enl,  (10)

n
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E, is the quantization energy of the nth excited
state, m(¢) = 1/[2K;(1 — Asin?¢)] and V(¢) =
Kys?sin® ¢ — (guph)?Asin® ¢/[4K;(1 — Asin® ¢)] are
the mapped particle mass and the potential, respec-
tively. ¢, can be found by V(¢,,) = E,, and c is given
by

1/2

= /i:dqs{%m(qs)/wn—vw)]} -

It can be seen from Egs.(5) and (9) that the interfer-
ence factor is the same for both methods, the differ-

ence is the amplitude of the tunnel splitting.

2.3. The perturbation method and exact
method

The perturbation method is not based on the
large spin approximation, but on the perturbation the-
ory in quantum mechanics.®! In the limit (K; —K3) <
K>, tunnel splitting between |s, = +m) can be ex-

pressed as

A = 8K, (s+m)!<K1—K2>m. 12)

[(m—1)12 (s — m)! 16 Ko

For the ground state tunnel splitting (i.e. m = +s),

in the limit s >> 1, the above result reduces to (8!

AP =

8K,s%/2 <Kl - K2>S_ (13)

™ 1/2 4K. 2
The exact method is based on numerical diagonaliza-
tion of the following Hamiltonian:[5:14]

Hy =— Z(K; + K,)&?

(K1 — K2)(52

x

+
N[ = N[ =

which is equivalent to the Hamiltonian in Eq.(1). In
the representation of |s.), the above Hamiltonian can
be expressed as a (2s+ 1) x (254 1) matrix which can
be diagonalized by a standard Fortran program.!*4
The resulting (2s+ 1) eigen values have been listed in
order and they are in pairs. The difference between
the lowest pair is the ground state tunnel splitting,
the difference between the next upper pair is the first

excited state tunnel splitting, and so on.

3. Comparison of various meth-

ods

Our main interest focuses on the Feg molecular
magnet with a spin number s = 10. Up to sec-
ond order approximation, the anisotropy parameters
for Feg system [®] are — (K1 + K3)/2 = 0.275K and
—(K; — K3)/2 = 0.0462K which implies A ~ 0.713.
In the following calculation, we take g = 2. The os-
cillation of the tunnel splitting at excited state can
be found from Eqs.(5) and (9). The results for the
first excited state are shown in Fig.1 with the ex-
act numerical result for comparison. As one can see
from the figure, both approximation methods predict
right oscillation period as the exact method. Tunnel
splitting found by the generalized instanton method
is very close to the exact result, while tunnel split-
ting predicted by the generalized path integral method
is about an order lower than the exact result. The
discrepancy between the results of generalized path
integral of SCS and the exact result becomes larger
as higher excited states are considered. In Fig.2, we
present the results of the first four excited states for
h = 0.0, A = 0.713 with s ranging from s = 6 to
s = 12. The results shown in Fig.2 show that the pre-
diction of the generalized instanton method of Eq.(9)
is always close to the exact result for all spin numbers.
However, for s around 10, the prediction by the gen-
eralized path integral of SCS in Eq.(5) is about 107"
times lower than the exact result for the nth excited
state. This conclusion is also true for s = 10 but with

different values of A. The results are shown in Fig.3.

$=10, m=9, A=0.713

------ generalized instanton method

- -.generalized path-integral method
—— numerical results

106

10— 74

AE/K

108

10794
0.0 0.2 0.4 0.6 0.8
h/T
Fig.1. [Illustration of the oscillation of the tunnel

splitting at the first excited state (s=10, m=9) in semi-
log plot. It can be seen from the figure that tunnel
splitting by generalized path integral of SCS (dashed
line) is about an order lower than the exact numerical

result (solid line).
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—a— generalized path-integral method
10* E --a-- generalized instanton method

J)=0.713 h=0.0 >

AEN/AETh

Fig.2. Illustration of the ratio of the exact result A FEyn
to the theoretical prediction AETy, of Egs.(5) and (9)

in semi-log plot.
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Fig.3. Illustration of the ratio of the exact result AFEN
to the theoretical prediction AETy of Egs.(5) and (9) in
semi-log plot. Here s=10, h=0, A=0.5, 0.713, and 0.880.

The above results clearly indicate that the gener-
alized path integral of SCS does predict right quantum
interference phase, but does not predict credible tun-
nel splitting at excited states for spin number around
10. On the other hand, both quantum interference
phase and tunnel splitting predicted by the general-
ized instanton method are in good agreement with the
exact numerical results. Now let us examine why the
generalized path integral of SCS predicts tunnel split-

ting lower than the exact result. For simplicity, we

shall consider the case of h = 0. Using the mapping
technique,[”) namely (¢, sh cos 0) are regarded as a pair
of conjugate canonical variables, the spin tunnelling
problem can be mapped into a tunnelling problem in
Then the real part of the

classical action is determined by the integration over

a double well potential.

the potential barrier to penetrate. If we start from
the path integral in Eq.(2), the mapped potential in
the case of h=0 is given by V(¢) = Kss?sin”® ¢, and
then the barrier is determined by the turning points
of V(¢,) = E,. lllustration of the first excited state is
shown in Fig.4 by solid line. If we start from the gen-
eralized path integral in Eq.(4), the effective potential
is given by V.(¢) = Kom?sin® ¢ and the barrier to
penetrate is from O to w. Such a barrier for s=10 and
m=9 is shown in Fig.4 by dotted line. As one can
see from the figure, the barrier is exaggerated by the
generalized path integral, thus the resulting real part
of the classical action will be larger than the true one,
which leads to lower tunnel splitting. For a quantita-
tive comparison, the real part of the classical action
by both methods is shown in Table 1.

- - - - effective potential
—— mapped potential

3=10 m=9

Fig.4.
for the first excited state. The solid line represents the

Illustration of the energy barrier to penetrate

mapped potential starting from Eq.(2) and the dotted line
represents the effective potential starting from Eq.(4).

Table 1. Real part of the classical action of the generalized path integral (the first line) and

the generalized instanton method (s=10, h=0).

m 9 8 7 6
generalized path integral 22.268 19.794 17.320 14.845
generalized instanton method 18.359 13.535 9.437 5.921

Now we turn to the result predicted by the per-
turbation method. The results for A=0.713 and h=0

are shown in Fig.5. In contrast to the generalized

path integral, the perturbation method predicts tun-
nel splitting larger than the exact numerical results.

The ground state tunnel splitting found by the pertur-
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bation method is about five times larger than the exact
numerical result for s=10. For a given s, the higher
the excited state, the closer the predicted tunnel split-
ting to the exact numerical result. It can be seen from
Figs.2 and 5 that the discrepancy between the pertur-
bation method and the exact method is lower than the
generalized path integral, but larger than the general-
ized instanton method. The results in Fig.5 also indi-
cate that the discrepancy increases as the spin number
increases, especially for the ground state tunnel split-
ting. In fact, the contribution of the classical action
of the ground state in the case of h=0 can be known

from Eq.(6), namely

_S. q
= — 15
° (HM) (15)
q A=0.713 h=0
0551 ,
] \.9:6
»
0.45 H\
« |
> 0.35- ‘s,’:s
S ] N
0.25 - K<10
i N
\. 8=12
0.15 .

Fig.5. Illustration of the ratio of the exact result AEN to
the theoretical prediction A}, of Eq.(12) in semi-log plot

where ¢ = (K; — K3) /(K7 + K3), while from Eq.(13),
the corresponding term by the perturbation method
is e 75 = [q/2/(1 — ¢)]*. In the limit ¢ < 1, one can
find that

1+gq

—Sep fo=Sei n |~ T | g
e e [1+q2/4]

However, since (1+ q)/(1+ ¢?/4) > 1, we have

lim (e % /e %) — oo, (16)

8—00

that is, the discrepancy between the perturbation the-
ory and the path integral diverges in the limit s — oo.
Since the path integral of SCS is exact in the limit
§ — 00, this result shows that the discrepancy between
the perturbation method and the exact result tends to
infinity as the spin number becomes very large. The
results shown in Fig.5 confirm the above analysis: i.e.,

the discrepancy increases with the spin number s.
4. Conclusion

We have presented the calculation of tunnel split-
ting at the excited states using various methods. Our
results show that, for spin number around 10, tunnel
splitting of the nth excited state predicted by the gen-
eralized path integral of SCS is about 10~ times of
the exact result. The discrepancy between the pertur-
bation method and the exact result increases with the
spin number and tends to infinity in the limit s — oco.
We conclude that the generalized instanton method
is the best approximate way to calculate the tunnel

splitting in the excited states.
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