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Theoretical investigations on electrorheological (ER) fluids usually rely on computer simulations. An initial ap-

proach for these studies would be the point-dipole (PD) approximation, which is known to err considerably when the

particles approach and finally touch each other due to many-body and multipolar interactions. Thus various works

have attempted to go beyond the PD model. Being beyond the PD model, previous attempts have been restricted

to either local-field effects only or multipolar effects only, but not both. For instance, we recently proposed a dipole-

induced-dipole (DID) model which is shown to be both more accurate than the PD model and easy to use. This work

is necessary because the many-body (local-field) effect is included to put forth the many-body DID model. The results

show that the multipolar interactions can indeed be dominant over the dipole interaction, while the local-field effect

may yield a correction.
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1. Introduction

An electrorheological (ER) fluid consists of po-
larizable particles in a nonconducting host fluid. If an
external electric field is applied to an ER fluid, the par-
ticles aggregate and form chains parallel to the applied
field. These chains may further aggregate to column-
like structures.[!] To discuss the ER effect, early theory
is often based on the point-dipole (PD) approxima-
tion, e.g. Ref.[2]. Also, the PD approximation is often
adopted in computer simulation 13 because it is simple
and easy to use. Since many-body and multipolar in-
teractions between particles have been neglected, the
predicted strength of ER effect is of an order lower
than the experimental results. Hence, much work
has been done to sort out more accurate models.[*—8!
Although those methods are accurate, they are rela-
tively complicated to use in dynamic simulation of ER

Auids.[®]

In a recent paper, we put forth the dipole-induced
dipole (DID) model to improve the PD model.[!] In

that work, we considered pair interaction between po-

larized dielectric particles through the multiple image
formula, but neglected the many-body interactions be-
cause it was believed that the multipolar interactions
can be dominant over the many-body (local-field) ef-
fects. The claim was based on the calculation for a
pair of particles. We should really question the quan-
titative accuracy of this claim, since in ER fluids chain
and sheet structures are known to occur. In a long
particle chain the local field at a dipole site is much
larger than for a pair of dipoles, whereas for multipo-
lar interactions this is probably not the case. In fact,
this issue has already been quantified, for particles
with large dielectric contrast with the liquid phase,
by Martin and Anderson.!*! Thus we have to do some

additional analysis to validate the claim.

As an initial model, we may adopt an effective
dipole factor in the multiple image formula.[*% More
precisely, we regard each polarized particle in an ER
suspension as embedded in an effective medium with
an effective dielectric constant €¢,. Thus, the usual
dipole factor b = (e; — €2)/(€1 + 2¢3) in the multi-
ple image theory should be replaced by ¥ = (&1 —
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€)/(e1 + 266),[12’13] where €. is the effective dielec-
tric constant of the surrounding medium, which is
conveniently calculated in the Maxwell-Garnett ap-
proximation (MGA). Here €; and €, are the dielectric
constants of the suspended particles and host fluid,
respectively. However, the situation is further com-
plicated by the fact that the suspended particles in
an ER fluid usually form anisotropic structures, e.g.
chain and sheet structures, along the applied field and
that €, can be anisotropic. Thus, €, should be calcu-
lated within the anisotropic MGA.[14~161 A prelim-
inary calculation shows that e, should be increased
and b’ should be decreased as compared to b. Thus the
DID interaction would be reduced. But, of course, the
actual reduction should depend on the depolarization
factor of the anisotropic structures. Thus the many-
body effects have been included through the volume-
fraction dependent e,.

So, in the presence of the surrounding particles,
the interaction between two particles will be modified.
By means of an effective dielectric constant, we can
derive an analytic formula for the many-particle DID
model. And more importantly, we can access the im-
portance of the many-body (local-field) effects against
We believe this work

is necessary because being beyond the fixed dipole

the multipolar interactions.

model, the previous work dealt with either local-field

effects only [17] or multipolar effects only, but not both.

2.Formalism

We concentrate on the case where highly polarized
dielectric particles of diameter d, dielectric constant €;
are embedded in a host fluid of es.

In the dilute limit, the dipole factor for an isolated
particle may be given by

€1 — €
€1+ 2€x

(1)

On the other hand, based on the multiple image
method [19 the dipole factor for a pair of particles with

separation s has the following form:
=3
sinh o 8
]

by _bz 2b)" [smh[ (n+Da

sinh o
smh[ n+1)a]|’
2)
for the transverse field (T) and longitudinal field

(L) case, respectively, where a satisfies the relation

cosha = s/d.

When a suspension containing many dielectric
particles is subjected to an intense electric field, the in-
duced dipole moments may cause the particles to form
chains along the applied field, resulting in complex
anisotropic structures. In this case, we may invoke
the MGA for anisotropic composites 14161 to obtain
the effective dielectric function €. of the system. For
the transverse field case when the electric field is ap-
plied perpendicular to the uniaxial anisotropic axis,

the MGA has the form

€1 — €

= f61 T2 (3)

€eT — €2

Breer + (3 — fr)ea

whereas for a longitudinal field case when the field is

applied along the uniaxial anisotropic axis, the MGA

reads as

€1 — €

S e )

€el, — €2

Breer + (3 — Br)e

where Bt and B, denote the local field factors perpen-

dicular and parallel to the uniaxial anisotropic axis,
These lo-
cal field factors are defined as the ratio of the local
field in the particles to the Lorentz cavity field.[* For
isotropic composites, f;, = Bt = 1, while both Sy,

and f the volume fraction of particles.

and Bt will deviate from unity for an anisotropic dis-
These ( factors

have been evaluated in a tetragonal lattice of dipole

tribution of particles in composites.

moments ['¥ and in various field-structured compos-
ites 11! and they satisfy the sum rule B, + 267 = 3. In
this case, the dipole factor for an individual particle

may have the form [12:13]

/ €1 — €e
61_*'268

(5)

Note that to obtain this equation, we have replaced €5
in Eq.(1) with €. That is, we assume the particle to
be embedded in an effective medium. Thus the many-
body (local-field) effect is included already in Eq.(5).
To put forth the many-body DID model, we may con-
sider a pair of dielectric spheres as well. The spheres
are placed in an effective medium. A constant elec-
tric field Eq = Ey% is applied to the spheres, which
contributes to each sphere a dipole moment given by
p1o and pog(= p1o = €.Eod3b'/8). Thus the multiple
image formula can be developed in a similar way.['?]
The dipole moment p;y induces an image dipole p1; in
sphere 2, while p;; induces yet another image dipole
in sphere 1. As a result, multiple images are formed.
Similarly, psg induces an image po; inside sphere 1,

and hence another infinite series of image dipoles are
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formed. Then we may obtain the sum of dipole mo-
ment inside each sphere, and hence the desired expres-

sions for dipole factors:

bt =b’§30< vy [ﬁr
0 sinh o ’
by :b’n;(zb’)” [m} ©

for transverse field and longitudinal field case, respec-
tively. The two equations are nontrivial results indeed,
which include the multiple image as well as many-
body (local-field) effect.

To discuss the interparticle force, we may take one
step forward to calculate the force between two dielec-
tric spheres. We have already obtained the dipole fac-
tors b'* and b* and hence the dipole moments, and the

force can be calculated by an energy approach. In this

with

sinh & cosh asinh[(n + 1)a] —

case, the dipole energy (E,,) of a pair of particles may
be determined by the dot product of dipole moment
and the electric field, and hence the force between a
pair of particles is given by the derivative of dipole en-
ergy with respect to separation, namely —dFE,, /ds. So,
based on this relation, we may obtain the expressions

for interparticle forces, respectively:

Fi =—(1/8)e2Egd®b » (—b)" P,

n=0

Ff =—(1/8)e2E3d®b > (2b)" &,
n=0

F'5 == (1/8)ear Bgd®by > (-

n=0

"= — (1/8)e, E2d3B,, Z (260 )™ @,,, (7)

)" Pn,

(n + 1) sinh® & cosh[(n + 1)a]

6, =

where Fj (Ff) indicates the interparticle force be-
tween a pair of particles in fluid host for transverse
(longitudinal) field case, and F'% (F'f) in an effective
medium for transverse (longitudinal) field case. It is
shown that the multipolar effect as well as many-body
effects have been taken into account. Setting n up to
1 will yield directly the point-dipole forces, namely Frr
and Fr,.

So far, we have put forth a many-body DID
model. We are now in a position to do some numer-
ical calculations to discuss the (8 effect on reduction
factor R = b /b*, which indicates the correction of
the many-body (local-field) effect on the multiple im-
age effect, as well as on the ratio of b* or '* to b.
Then, to investigate such effect on interparticle force,
we also investigate the interparticle force normalized

by point-dipole force.

3. Numerical results

For numerical calculations, we choose €; = 10¢g,
€2 = 2.5¢g, d = 2.0 x 10=7 and s/d = 1.01, where
From the

numerical calculations, we find that a domination of

€o is the dielectric constant of free space.

the multipolar interactions is possibly over the many-
body (local-field) effects. More precisely, in Fig.1, for
the transverse field case, the correction due to the
local-field effect is always small, because the reduction

factor is close to unity. However, for the longitudinal

(d/3) sinh*[(n + 1)a]

; (8)

field case, it is evident that the local-field effect can be
large, especially at high volume fractions and/or large
B, In this case, the correction due to local field can-
not be neglected. In Fig.2, we compute the ratio of b*
or b'* to b versus the local field factor G, for different
volume fractions. In Fig.3, we discuss the dependence
of B, on the interparticle force normalized by PD force
for different volume fractions. From Figs.2 and 3, it is
obvious that the multipolar interactions can indeed be
dominant over the dipole interaction, while the local-

field effect may yield an important correction.
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Fig.1. The reduction factor versus local field factor
P, for different volume fractions, f=0.1, 0.2 and 0.3.
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Fig.2. The ratio of b* or b* to b versus local field fac-
tor (i, for different volume fractions, f=0.1, 0.2 and
0.3.
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Fig.3. The ratio of interparticle force to PD force for
different volume fractions, f=0.1, 0.2 and 0.3.

The force expression is reasonable, as the n = 0
term of Eq.(8) vanishes while the n = 1 term gives

the correct dipole interaction force r—* dependence.

The divergence of the summation may be found for
the longitudinal field case, due to the small distance
s/d = 1.01 being used.

From the above results, it is clear that the cor-
rection due to many-body (local-field) effects can be
very large, especially at large volume fractions. Never-
theless, for small volume fractions, the correction due
to the local field can be neglected. The reduction of
the magnitude of the effective interaction between two
particles can be understood in a simple geometry in
which the two particles interact in the presence of a
third particle. An average over all possible positions
of the third particle gives the desired reduction which
is valid both for longitudinal and transverse fields. So,

we believe our results are correct.

4. Discussion and conclusion

Here a few comments are in order. The ER ef-
fect arises from the polarization forces produced by a
mismatch in the dielectric constants of the disperse
and continuous phases. Typical ER fluids contain
a disperse phase with volume fractions in the range
of 0.05-0.50.

f = 0.1,0.2,0.3 in our calculations.

In this sense, it is reasonable to set
On the other
hand, we set €3 = 2.5¢3, which is the actual value
for silicon oil and commonly employed as the host
fluid. Also, the disperse phases are generally com-
posed of solid, nonconducting, or semiconducting ma-
terials with dielectric constants in the range of 2—40.
Thus, €; = 10¢q is also physical in our numerical cal-
culations. In addition, the anisotropic local field fac-
tor ([, should satisfy 1 < [, < 3, in order to en-
sure Bt > 0. Regarding the separation between a
pair of particles, various different values have been
used as well, e.g. s/d = 1.03 etc., and similar results
are obtained (not shown here). However, for the case
where the separation is too large, e.g. s/d > 2, the
multiple image effect will become small enough to be

neglected.[18:19]

Our many-body DID model may be used in var-
ious studies of the behaviour of ER fluids, e.g., in a
theory describing the ground state of ER solids or in
a computer simulation of ER fluids. By including the
many-body effects, the DID model can be used with
higher accuracy. Also, it is interesting to apply the
present model to the optical properties 2% of ER fluids
by taking into account the anisotropic effect. Finally,
it is straightforward to extend our model to deal with

coated 2! or graded colloidal particles, 223! polydis-
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perse ER fluids, and to discuss the magnetorheological

suspensions.

In summary, we have developed a multiple DID

model by taking into account the many-body (local-

field) effect, to compute the interparticle force for an

ER fluid. We apply the formalism to a pair of touch-

ing particles embedded in an effective medium, and

calculate the force as a function of the anisotropic lo-
cal field factor. The results show that the multipolar

interactions can indeed be dominant over the dipole

interaction, while the local-field effect may yield a cor-

rection.
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