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Finite-amplitude vibration of a bubble
and sonoluminescence’
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Numerical solutions of the differential equation for a bubble performing finite-amplitude vibration are given in

detail for a variety of situations. The results demonstrate that in lower acoustic pressure (maximum Mach number very

low) its vibration has bounce. When acoustic pressure is in excess of 1.18atm and the instantaneous radius of the bubble

approaches its equivalent Van der Waals radius, the maximum velocity and acceleration on the surface of a bubble have

a huge increase in a very short period, which seems to favour the sonoluminescence. In vacuum environment (0.latm),

an intensive sonoluminescence could be generated.
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A bubble performing an infinitesimal-amplitude
vibration can be regarded as a simple harmonic vibra-
tor, of which the change of the volume from its equi-
librium value satisfies a linear differential equation.[!]
In actual cases, however, its amplitude is always finite
and the Mach numbers are large enough so that the
linear differential equation cannot be applied. Several
decades ago, many papers dealing with this problem
were published.2=¢ Typically, the Rayleigh-Plesset
(RP) equation has been extensively used to investigate
the bubble’s sonoluminescence. As is well known, the
RP equation can only be used in situations where the
Mach numbers are small enough.[”8! Unfortunately,
when a bubble is compressed to the neighbourhood
of the minimum volume, its maximum Mach number
will be always near to or even far greater than 1. An-
other fact to be noticed is that the volume viscosity
was not taken into account in the RP equation. From
Refs.[8-10], however, we realized that this is not true
in many liquids: for example, in water the volume vis-
cosity is many times larger than the shear viscosity.[®!
In consideration of these facts, a nonlinear differential
equation for a bubble performing finite-amplitude vi-
bration has been given in Ref.[8], i.e. (an error has
been corrected in the formula (5) of Ref.[8], where the
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where R(7) is the instantaneous radius of the bubble,
R(7) and R() are the velocity and the acceleration on
the surface of the bubble, respectively, ¢ is the sound

speed in the liquid surrounding the bubble, and [¥]
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where pg is the environmental pressure, a is the equiv-

alent Van der Waals radius, o is the surface tension
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coefficient, and ~ is the ratio of specific heats of the
gas in the bubble. Obviously, Eq.(1) is an intractable
nonlinear differential equation, so any attempt to ob-
tain an analytic solution seems to be impossible. In
Ref.[8] only a crude numerical computation for a bub-
ble in water was given. In this paper, the numerical
solutions will be investigated thoroughly by means of
the symbolic computation program at the frequency
f=26kHz, the radius of the bubble Ry=4.5um.

The curve in Fig.1 shows the relationship be-
tween R(t) with po=p,=latm, which is a single pe-
riod vibration with a serious bounce, where its max-
imum Mach number is 1.13x1073. When py=1latm
and 1.182p,21.1atm, the curves of the solutions are
no longer single periodic. Figure 2 shows the rela-
tionship between R(t) and t for p,=1.18atm and the
maximum Mach number approaching 0.2, where two
groups of peaks occur alternately (double periodic),
each of which is accompanied by serious bounce. This
numerical computation was carried out until t=450
us, but only the results up to t=160 us are given in

Fig.2.
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Fig.1. Radius of an air bubble in water vs time.

po=1latm, p,=1atm, f=26kHz, Ry=4.5pum.
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Fig.2. R(t) vs t. po=1latm, p,=1.18atm, Rg=4.5 pm
and f=26kHz.

As was pointed out by Ref.[11], the vibration of a

bubble is very sensitive to the acoustical pressure,
R(t) o (pa)™ (5)

and

f

where f,(Rp) is the Minnaert resonant frequency of a
bubble whose radius is Ry, f is the frequency of the

acoustical pressure, and the notation [z] means that

. [fr(Ro)} (©)

only the integer part of  will be taken. For Rg=4.5um
and f=26kHz, n ~28. Figure 3 shows the comparison
of the numerical results from Eq.(1) with the results
from (5) and (6), where the ordinate is normalized by

the surface velocity at p,=1atm.

160
f
!
1]
1
1
!
120 =
1
] 7
= /
-~ ’
T 80 ; 1
I
5 /
= W,
40 ‘_'__“”
0 . . ‘
1.00 1.04 1.08 1.12 1.16
Do /atm
Fig.83. Maximum velocity on the surface of bub-

ble vs sound pressure pg. po=1latm, Rg=4.5pum, and

f=26kHz. Solid line: from the numerical solutions of

Eq.(1). Dashed line: from Egs.(5) and (6).

When p,21.19atm, all the computation will over-
flow near the neighbourhood of the Van der Waals
radius, where the maximum Mach number will be
larger than 16 at R(¢)=0.63um. Obviously, the
R(t) ~ t curves bounce no more. Figures 4(a), (b),
and (c) show the comparison of R(t), R(t), R(t) in
pa=1.18atm (bounce) with p,=1.19atm (no bounce),
respectively, from which we can see that in the neigh-
bourhood of the Van der Waals radius the velocity and
acceleration on the surface of the bubble have a huge
increase in a very short period (less than one picosec-
ond). It seems that there is a ‘pressure barrier’ be-
tween 1.18 and 1.19atm of the sound pressure, across
which the vibration of the bubble no longer bounces
and its instantaneous radius can approach the Van
der Waals’ radius more easily, so that the maximum
kinetic energy of the bubble will have a huge increase

and will be beneficial to sonoluminescence. When the
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sound pressure is lower than 1.18atm, the air bub-
ble will have bounce, which means that most parts of
its energy cannot enter into the interior of the gas so
that the light emission will be very weak or even van-

ish. From these facts we can understand why in the

R/pm

low sound pressure region only a few measurements
showed very weak light emission.['213] Figures 5(a)—
(c) display the results for p,=1.35atm, where some er-
rors in the scale of coordinates in the Fig.3 of Ref.[8]

have been corrected.
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Fig.4. (a) Radius versus time. Dotted line: p,=1.18atm; solid line: p,=1.19atm. (b) Velocity versus time.

Dotted line: pg=1.18atm; solid line: pg=1.19atm. (c) Acceleration versus time. Dotted line: po=1.18atm,;.

solid line: pg,=1.19atm

An intense implosive collapse of gas or vapour
in a bubble can lead to ultrahigh compressions and
temperatures and to the generation of sonolumines-
cence. Many papers, for example Refs.[12-17], re-
ported experimental results in this area. Many years
ago, many theoretical works, for example [18-26], were
published and various mechanisms of sonolumines-
cence were considered. In this paper, we start only
from total energy of the bubble to investigate this
problem.

When a bubble is compressed in the neighbour-

hood of the Van der Waals radius, its kinetic energy
has a huge increase in a short time, which leads easily
to the generation of sonoluminescence. At the same
time, the bubble releases its energy and finally returns
to its equilibrium state. Under continuous drive of
the acoustic pressure, the process will be repeated.
Thus, there is reason to say that a bubble that has no
bounce will generate far more intensive sonolumines-
cence than a bouncing bubble, or that a bubble with

serious bounce can hardly emit light.
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Fig.5. (a) R(t) versus t. pg=latm, p,=1.35atm, Ro=4.5um, and f=26kHz. (b) R(t) versus t. po=Ilatm,

pa=1.35atm, Ro=4.5pum, and f=26kHz. (c) R(t) versus t. pp=1latm, p,=1.35atm, Rop=4.5um, and f=26kHz.

Another important quantity is the FWHM, which
depends upon the driving sound pressure.17 Fur-
thermore, the shape of the light pulse approaches the
Gaussian. If the emission light is proportional to the
kinetic energy density of the bubble, one has

o(pn R ox o (7)) 7)
where a and (B depend upon the mechanism of
sonoluminescence, and 7 1is proportional to the
FWHM. From Eqgs.(5)—(7), the relationship between
the FWHM and sound pressure can be obtained and
the numerical results are listed in Table 1, where the

dependence of a on sound pressure is not taken into

account.
Table 1.
pa/atm 1.20 1.25 1.30 1.35 1.40 1.50
T(pa)/7(1.2) | 1.00 151 212 257 2.94 3.53

In previous paragraphs, the vibration of a bub-

ble was investigated only at the normal environmental

pressure (one atmosphere). In the following the vi-
bration in vacuum environment (for example, 0.1latm)
will be investigated. In general, at lower environmen-
tal pressure the maximum values of R(t), R(t) as well
as R(t) have a huge increase. Figures 6(a), (b) and
(c) display the relationship of R(t), R(t), and R(t) vs
t, respectively, where p,=1.15atm; the solid line refers
to pg=0.1latm and the dashed line to pg=1atm. These
results demonstrate that in the vacuum environment
the bounce disappears and the maxima of R(t), R(t)
and R(t) have a huge increase that seems to favour
the sonoluminescence. In Figs.7(a), (b) and (c), the
curves describe the radius, velocity and acceleration of
a bubble (the acoustical pressure p,=15atm), where
the solid line and the dashed line refer to the envi-
ronmental pressure pp=1atm and py=0.latm, respec-
tively, where some errors (in the scale of coordinates)
in Fig.4 of Ref.[8] have been corrected. In a vacuum
environment, obviously, the resonant peak of a bubble
splits into three and its maximum value increases a lit-
tle. However, the maximum velocity and acceleration

have a huge increase.
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Fig.6. (a) R(t) versus t. ps=1.15atm. Solid line:
po=0.latm; dashed line: po=latm. (b) Velocity
versus time. pg,=1.15atm. Solid line: pp=0.latm,

dashed line: po=1latm. (c) Acceleration versus time.
pa=1.15atm. Solid line:

po=0.latm, dashed line:
po=1latm.
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Fig.7. (a) Radius of an air bubble in water versus
time. pp,=15atm, f=26kHz, Ro=4.5um; dashed line:
po=0.1atm; solid line: po=1latm. (b) Velocity versus
time. pgo=15atm. Solid line: pg=1atm; dashed line:
po=0.1atm. (c) Acceleration versus time. p,=15atm.

Solid line: pg=latm (acceleration too small); dashed
line: po=0.1latm.
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Fig.8. Radii of bubble in water versus time for various sound
pressure (pa=15, 12, 11, 10, 5, 3, 2, 1.35, and latm from top
to bottom). In all cases, the environment pressure and radius
are 0.latm and 4.5um, respectively.

The curves in Fig.8 show the relationship between
the instantaneous radius of the bubble and the time,
where the environmental pressure pg=0.latm. The
Van der Waals’ radius a = Ry/18, and the acoustical
pressure are 15, 12, 11, 10, 5, 3, 2, 1.35, and 1.0atm
from the top to bottom of the figure. These results
demonstrate how the resonant peaks of the bubble
come to split with the increase of the sound pressure,
where each run of computation is continued until it
overflows when the instantaneous radius of the com-

pressed bubble approaches its Van der Waals value.
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