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Photonic crystal fibres (PCFs) offer new possibilities of realizing highly birefringent fibres due to a higher intrinsic

index contrast compared to conventional fibres. In this paper, we analyse theoretically the modal properties of a kind of

polarization-maintaining PCF, namely the elliptical hole photonic crystal fibre (EHPCF) with a central small elliptical

hole introduced in the core region. We demonstrate the possibility of achieving large birefringence with zero walk-off

in the single-mode regime. This PCF also exhibits unusual dispersion properties. Several hundred nanometres of ultra

broadband flattened dispersion near the wavelength 1.55um is achieved in this EHPCF with a central small hole of

dc=0.4A.
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1. Introduction

In 1996 a first working example of the so-called
‘endlessly single mode photonic crystal fibre’ was
reported.[! Since then, intensive research has been
promoted by the development of photonic crystal fi-
bres (PCFs). PCFs exhibit many unusual properties
such as an endlessly single mode,!! highly tunable
dispersion,?! and highly controllable mode effective
areas for linear and nonlinear applications®! and so
on. However, in all previous works on PCFs it was
assumed that the cladding holes are ideally circular-
symmetric so that the fundamental mode for such
PCF's consists actually of two degenerate modes. This
polarization degeneracy may be removed by imperfec-
tions of shapes and positions of holes occurring in the
processing. Therefore, the polarization state of the
output is unpredictable. However, there is a new pos-
sibility to create high birefringence in PCFs because
its index contrast is higher than with conventional fi-
bres and the stack-and-draw process allows the forma-

tion of the required asymmetric microstructure.

the required birefringence can be
The shape of the re-

fractive index profile defining the waveguide can be

Generally,

achieved in two main ways.

made non-circular or the material forming the fibre

can itself be made birefringent, typically by introduc-
ing stresses as in Bow-Tie or Panda fibre. Recently,
some highly birefringent PCFs have appeared.[*—€
Among them, elliptical-hole PCF (EHPCF) with ellip-
tical holes instead of the circular holes introduced into
its cladding, gives a higher birefringence.l”8! However,
if a small hole is introduced into the core region of
the EHPCF,!®! the change gives rise to strong birefrin-
gence, and results in a photonic crystal polarization-
maintaining fibre with extremely small beat length.
So far, there has been no detailed report about the
modal properties of an EHPCF with a small central
elliptical hole in the core.

In this paper, we analyse the modal properties
of EHPCF with a small central elliptical hole in the
core using a full-vector model. We have shown that
a number of important properties, including the bire-
fringence, walk-off parameter and dispersion are af-
fected. Furthermore, we focus on discussing the de-
pendence of the modal properties on the hole param-

eter in the core region.

2.The model

The general form of our fibre is indicated in Fig.1.
A small elliptical hole is introduced in the centre of the

core region. The refractive index of the silica region is
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1.45. The cladding holes are characterized by the area
A’ and elliptical ratio n = d/a, where d and a are the
lengths of the major and minor axes. The elliptical
ratio of the central small elliptical hole, whose major
axis along the y direction is characterized by d., is the
same as that of elliptical holes in the cladding. Except
when we include material dispersion, we express the
results in terms of the dimensionless area A = A’/A?
and frequency v = 4 /.

To model the polarization properties of the fi-
bre in Fig.1, the scalar approximation becomes inad-
equate. Here we must use a full vector model of light
propagation to accurately predict sensitive properties
such as birefringence, walk-off parameter and disper-

sion.

Fig.1. Schematic diagram of the transversal cross sec-
tion of EHPCF with a central small hole.

Assuming the PCF to be lossless and uniform in
the propagation (z) direction, we focus on investigat-
ing the transverse mode field distribution, e (z,y)
and ey(z,y), which satisfy a pair of coupled wave

equations:[10]

o d1lnn? d1lnn?
2 52 2 2 __9
(Vt ﬂ +k°n )em Oz <em Oz +ey ay );

1o} d1lnn? 4 dlnn?
- €y € 3
dy oz Yooy

where k =27 /X is the wavenumber, n = n(z,y) is the

(V2 - 6 + Kn)e,

transverse refractive index profile, and (3 is the prop-
agation constant of the corresponding mode.

To solve the above wave equations, we decompose
both the transverse refractive index profile and the
modal field. The way in which these decompositions
are performed is crucial in determining the efficiency

and accuracy of the technique.

2.1. Decomposition

2.1.1. Modal field
To solve the coupled wave equations for e, and

ey, the modal electric field is expanded as
F-1

ea(z,y) = Z ap¥a()¥s(y),
a,b=0
F—-1

Cy(.’L‘,y) = Z Ewaa(m)¢b(y)7 (2)

a,b=0
where F' is the number of terms retained in this ex-
pansion, ¥;(s) (i = a,b, s = z,y) are elements of the

orthogonal set of Hermite—Gaussian basis functions:

9—i/2~1/4 $2
exp (—m)Hi(s/w), 3)

V()w

where H; (s/w) is the ith-order Hermite polynomial,

is) =

w is the characteristic width of the basis set.

2.1.2. Transverse refractive index profile

The supercell lattice method 'l is used to de-
scribe the transverse dielectric structure of PCF, and
two 2D virtual perfect photonic crystals (PC1 and
PC2) are introduced. The periodic lattice of holes
is described by periodic functions (cosines). The di-
electric structure of the supercell lattice can be recon-
structed as the decomposition of PC1 and PC2. The

way in which the decomposition is achieved is sketched

PC1

PC2 +

supercell
n2
L’w

Fig.2. Schematic of the way in which the transverse

refractive index profile is decomposed. Here a cross

section along the z-axis is shown.
in Fig.2. The dielectric constant of the PCF can be
expressed as the sum of the decomposition of PC1 and

PC2:

2mh
n2(a:,y) = Z P41 cos raz Y
llz ll
a,b=0 Y
P—1
2mh
+ Z Py cOS raz il y’ (4a)
a,b=0 ! L2y
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P—1
2mwaz 2mby
Inn?( Z o cos —— Iy
a,b=0
Py—1
2max 27rb
+ 3 Pl cos Y. (4b)
a,b=0 l2y

where P; and P, are the numbers of decomposition
terms of PC1 and PC2, respectively, 114, l1y, l2; and
lyy are the characteristic lengths along the z or y
axis of PC1 and PC2, P, Paus; Plab and P%“b are
the decomposition coefficients which can be obtained
through the Fourier transform [11! of the periodic di-
electric structures for both PC1 and PC2. By choosing
the corresponding decomposing parameter, the index
Note

that we decompose the squared refractive index n?,

can be reproduced accurately and efficiently.

rather than n. This leads to much simpler forms of

the overlap integrals, shown below.
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Fig.3. The refractive index reconstruction when
P;=100 and P»,=500 for a fibre with d/A=0.8,
d./A=0.4 and n=2.

T 2 3)z
ol ¢ _ I(b)cd + kzI{Ebld I¢(zb)cd
= 4 1
e¥ I,Eblﬂ ¢(zb)cd

where (3; is the propagation constant of the corre-
sponding transverse mode (e, €,), IM 132 16) and
I™) are overlap integrals of the modal functions, which
have been defined in our previous work.[1]
Substituting the decomposition equation (4) into
Eq.(5), the overlap integrals can be calculated us-
ing the orthonormality of the Hermite—Gaussian basis
functions and the standard integration-by-parts tech-
nique combined with some of the definite integrals
available in collections along with some identities.['?]
It is a significant advantage that all these integrals
can be obtained analytically, and the numerical pre-
cision and efficiency can be improved greatly, espe-

cially when a large number of terms are used in the

Figure 3 demonstrates how well our decomposi-
tion method can reproduce the complicated transverse
index structure in a holey fibre. It shows the recon-
struction of the index profile for a fibre with d/4=0.8,
d./A=0.4 and n=2 (as defined in Fig.1) when the
500. Figure 4

shows a cross section reconstructed through this pro-

decomposition term P;=100 and P,=

file along the y=0 axis. Figures 3 and 4 show that the
index can be reproduced quite accurately with peri-

odic functions (cosines).
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Fig.4. Cross sections along the y=0 axis of the index
reconstruction for a fibre with d/A4=0.8, d./A=0.4 and
n=2 when P;=100 and P>=500.

2.2. Eigenvalue system

With the decomposition method described in
Sec.2.1, the vector wave equation is then reduced to

the following eigenvalue systems:

4)z
Lo

+ k2I(b)cd + Iﬁ)cz e¥

x e
2
= /6] ’

Ey

£

()

expansions. When evaluated, the expressions for these
overlap integrals become quite complicated, and they
are not given here; the analogous expressions can be
found in Refs.[11,13].

By solving Eq.(5) at a particular wavelength A,
the modes and the corresponding 3; of the PCF at
A can be calculated. As L is a (2x F?)x(2x F?) ma-
trix, the eigenvalue problem can be solved to produce
2x F? eigenvalues and their corresponding eigenvec-
tors. Only a few of the eigenvalue—eigenvector pairs
are physically relevant quantities corresponding to the
guided modes of the fibre. The other eigenvalues are
related to radiation modes of the fibre. The transverse

modal electric field can be obtained by substituting
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the eigenvector into the decomposition equation (2).

3. Polarization properties

3.1. Birefringence

Presumably, the parameter of the greatest in-
terest is the birefringence of the fundamental mode,
which is defined as the effective index difference
between the y-polarized mode and the z-polarized
modes, i.e. B = Aneg=|n’s — nZ;|. The effects of
the area of elliptical holes and the elliptical ratio in
the cladding on birefringence are similar to those of
EHPCF, which had been discussed in Ref.[7]. Here
we concentrate on the effect of the small central hole
in the core region on birefringence.

The effect of the small central hole on birefrin-
gence is shown in Fig.5 for a fibre with elliptical ratio
1n=3, hole areas A=0.3 (solid line) and A=0.1 (dashed
line). The birefringence increases monotonically with
the increase in the size of the small hole. For in-
stance, at the frequency r=1.3 and hole area A=0.3,
the birefringence has 2.121x10~3 for EHPCF without
the central hole (d.=0). If the central hole changes to
d.=0.6d, birefringence attains 8 x1073. Therefore, the
EHPCF with a small central hole has a much higher
birefringence than without it. Furthermore, the larger
the elliptical holes in the cladding, the more notable
the effect of the small central elliptical hole on birefrin-
gence, especially in the middle region of the frequency

shown in Fig.5.

0.025 [T
0.020

0.015

An

Fig.5. Birefringence An for A=0.3 (solid line) and
A=0.1 (dashed line).
cladding, curves are shown for different central holes

For each hole area A in the

d:.=0, 0.3d, 0.5d, 0.6d, birefringence increasing with
the central hole increasing.

Recalling the behaviour of conventional polariza-
tion maintaining fibres,[* their birefringence tends to
zero at both high and low frequencies. At high fre-

quencies, the vector terms in the wave equation be-
come negligible, while at low frequencies, the bulk
of the mode energy is distributed far from the core-
cladding interface. These lead to reduction of the bire-
The birefringence of the EHPCF with a

small central hole in Fig.5 shows very different be-

fringence.

haviour. It is typically stronger than the conventional
fibres for comparable parameters. While it must van-
ish in the scalar regime at high frequencies, the long
wavelength response changes to a monotonic increase
with decreasing frequency. The long wavelength be-
haviour is due to the cladding region, which acts as
a birefringence material. The birefringence increases
with hole areas, as might be expected, since the larger

holes represent a stronger perturbation to the field.

On the other hand, the field penetrates even fur-
ther into the periodic cladding region in the long
regime. More and more mode energy is located be-
yond the first ring of air holes. Therefore, the field
tends to approach the distribution of the FSM state
as closely as possible.l”) Tt thus can be concluded that
the birefringence between the mode FSMy and FSMz
must be the maximum value at a fixed wavelength for

a PCF.
At a fixed d/A and A/ A, as the central small hole

diameter d./A increases from 0, An increases. Once
the central small hole increases to the same size as
the cladding holes, the PCF becomes a perfect pho-
tonic crystal, hence the fundamental mode is the FSM
Therefore, An should reach its peak at the
point d./A = d/A. Fortunately, this conclusion is

mode.

verified by the numerical results as shown in Fig.6
where the cladding hole size is d/A=0.7. An increases
with increasing d./A. When d../A is close to 0.7, An

reaches its peak and then decreases.
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Fig.6. An versus d./A at different wavelengths.
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In a word, the presence of a small central hole in
the core gives rise to larger birefringence than in the
case without the hole. If there is an increase in the
size of the central hole, or in the elliptical hole areas
in the cladding, birefringence for the EHPCF will in-
crease. This result offers a new way to design high
performance polarization maintaining fibres through
choosing the size of a small central elliptical hole, or

the elliptical hole areas in the cladding.
3.2. Group index and walk-off parameter

For pulsed propagation in birefringent systems,

the walk-off parameter, defined as

Ang = nf —ng, (6)
is as important as the birefringence itself. It deter-
mines the rate at which orthogonally polarized pulses
separate on propagation. In fact, An, is the first-order
polarized mode dispersion (PMD). Usually we calcu-
late the group indices n and ng of two orthogonally
polarized pulses as

dﬂ dneff
dw dv -’ (7)

ng =¢ = Neff +V

The walk-off parameter may then be expressed as

dAn,
Ang = Aneg + P anida (8)
dv

Figure 7 shows Ang as a function of frequency
v for different sizes of central hole for n=3, A=0.1
(dashed line) and A=0.3 (solid line).

0.010
0.005
0.000

B0
5 -0.005
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-0.0151

-0.020 - s s :
04 06 08 10 1.2 1.4 1.6 1.8 2.0

v

Fig.7. Walk-off parameter Ang for A=0.3 (solid line)
and A=0.1 (dashed line). For each hole area A in the
cladding, curves are shown for different central holes
dc=0, 0.3d, 0.5d, 0.6d, walk-off increasing with the
central hole increasing.

The walk-off parameter of EHPCF with a central

hole increases quickly as the size of the central hole

increases. The magnitude of the walk-off parameter
for these fibres is larger than that of EHPCF without
the central hole (d.=0), as shown in Fig.7.

The characteristics of walk-off parameter for this
fibre are different from those of the conventional
PMF.["] In keeping with the strong birefringence in
Fig.5, the magnitude of walk-off is again larger than
that for the conventional PMF. More importantly, the
zero-crossing and negative walk-off region occurs at
much longer wavelengths than for conventional PMF.
Moreover, the zero walk-off point appears well inside
the single-mode regime.[®) This downward shift of the
zero walk-off point is associated with the nonzero value
of the long wavelength birefringence that we have de-
scribed in Fig.5. Since the low frequency limit of nZs
is lower than nY;, Aneg = nYs — n% is greater than
zero. The quantity dneg/dv < 0 for all v is shown in
Fig.5. Thus the second term in (8) pushes the walk-
off to negative values more quickly than for standard
fibres. Combined with the suppression of higher or-
der modes in the PCF, we obtain the effect of zero
walk-off in a single-mode regime—these fibres can be
constructed to produce a vanishing first-order PMD
at a given wavelength.

The walk-off parameter increases as the size of the
central hole increases and the zero walk-off point shifts
slightly towards the high frequency regime. Compar-
ing the walk-off curve with the same small central
hole and different cladding hole A=0.1 and A=0.3,
the walk-off parameter increases with an increase in
the hole area of the cladding and the zero walk-off
It is

seen from Fig.7 that the magnitude of positive walk-

point shifts toward the low frequency regime.

off increases distinctly with decreasing frequency at
the low frequency regime. However, the increase in
walk-off as v —0 does not continue indefinitely. Re-
call that the FSM dispersion curve flattens out at long
wavelength [7 and that the bound modes approach the
FSM curves in that regime. Therefore, both birefrin-
gence and walk-off parameter must also become con-
stant at very long wavelengths with Anpsy = Aneg =
Ang.

of the corresponding walk-off parameter curve with

This can be ascertained from the behaviour

A=0.1 in the low frequency regime.

For the EHPCF with a small central hole in the
core, we can get zero walk-off point in the low fre-
quency regime that is located in the single mode
regime by adjusting the size of the hole, or the area of
the cladding elliptical holes. This conclusion is very

important for the design of fibres suitable for actual
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application. We can design PCFs that operate in a
single mode with zero walk-off and high birefringence
at a given wavelength, or that operate at a single po-
larized mode with high birefringence and large walk-
off. Tt is difficult to get such characteristics in conven-

tional fibres.
4. Dispersion

The total dispersion coefficient Dy is proportional
to the second order derivative of the modal effective in-
dex (or the propagation constant) with respect to the
wavelength A. Generally, the total dispersion coeffi-
cient Dy should be expressed as the sum of the waveg-
uide dispersion D,, and the material dispersion D,,,
and D, can be calculated by applying the Sellmeyer
law. Because PCF is made of silica, the material dis-
persion is the same for PCFs with different structure
parameters; the waveguide dispersion D,, is a crucial
factor for calculating the total dispersion coefficient.

The waveguide dispersion is expressed as

dr A d2neg
D=—=—- . 9
dX c d\2 )

Considerable attention has been devoted to the

ability of photonic crystal fibres to generate novel
group velocity dispersion profiles. In Fig.8, we illus-
trate EHPCF with a small central hole in the core to
demonstrate some of these ideas. We show dispersion
profiles for z- and y-polarized modes for four fibres
with different central holes; the relative hole diameter
d/A=0.8 in the cladding and elliptical ratio n=3.
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Fig.8.
polarized mode and y-polarized mode, for EHPCF

Dispersion of two fundamental modes, «-

with different central small holes in the core region,

d/A=0.8 and n=3.

Due to the elliptical shape of the holes in these
fibres, the polarization degeneracy of the fundamen-
tal mode is removed. The dispersion curves of z-

polarized mode and y-polarized mode separate from

each other. The z-polarized mode is located above
the y-polarized mode. Its dispersion rises faster than
that of the y-polarized mode. The dispersion relation
rises faster when the central hole has a small value:
for example, d./A=0 as shown in Fig.8. Then the ris-
ing speed becomes slightly slower with an increase in
the size of the hole. When d./A=0.4, the dispersion
curve flattens and we get a flat profile over several
hundreds of nanometres around A=1.55pm in which
the two modes show dispersion of 8ps/nm-km and -
3ps/nm-km. When the central small hole continues
growing, the profiles are no longer flat and the disper-
sion become negative in the long wavelength regime
and we obtain two zero dispersion points at d./A4=0.6
d/ A, one near A=935nm and another near A=1300nm.
There is clearly scope for considerable design explo-

ration.

5. Discussion and conclusion

The full vector supercell overlapping method,
based on our previous work, is an effective predictive
tool allowing us to calculate the modal properties of
a much fuller range of holey fibres than scalar tech-
niques. It is an efficient and accurate alternative to
existing techniques. This method has been used for
analysing the triangular PCF.[11:13] The results accord

g [14—20]

with the result of other numerical method and

experiment. 1]

Here we have shown that the complicated struc-
ture of EHPCF with a central smaller elliptical hole
leads to highly unusual and tailorable modal proper-
ties. For example, in Sec.3.1, we showed that birefrin-
gence in this EHPCF is larger than that of EHPCF
with out the central hole, and in Sec.3.2 we obtained
unusual walk-off properties such as zero walk-off point
at low frequency and single mode regime, and zero
walk-off with high birefringence at a given wavelength.
This feature can be used for the design of some special
fibres that can be operated at zero walk-off and sin-
gle mode regime at a given wavelength. This can effi-
ciently restrain first order PMD. In Sec.4, we obtained
a flat profile over several hundred nanometres around
A=1.55pm at d./A=0.4 and also obtained two zero
dispersion points at d./A=0.6. This feature can be
used for the design of ultra-low dispersion and ultra-
flat dispersion PCFs.

In conclusion, the EHPCF with a central small
elliptical hole offers the possibility of obtaining these

unusual properties through choice of a suitable size of
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the central hole, or of the hole areas in the cladding.
In other words, the EHPCF with a central small el-
liptical hole has a high degree of flexibility, and can

be designed to suit a very wide range of applications.

Moreover, the method we have developed here can also
be used to analyse other kinds of PCF.
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