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Radiation pressure and laser cooling of a moving three-level ladder-type atom in bichromatic travelling fields are

considered. The dependence of the force on parameters such as detunings, Rabi frequencies and spontaneous decay rates

is calculated numerically and shown graphically, and analytical expressions for the force are obtained for some special

parameter values. It is shown that the radiation pressure shows Doppler-shifted resonance peaks resulting respectively

from one-photon and two-photon transitions. Using the present scheme, Doppler cooling of sodium exploiting the

3 251/273 2P3/273 2D5/2 cascade transitions is investigated. It is found that temperatures lower than the Doppler limit

can be achieved.
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1. Introduction

Laser cooling of neutral atoms and Bose-FEinstein
condensation ! of ultracold atomic vapours have been
one of the most exciting developments in physics in
recent years. As is well known, the experimental re-
alization of Bose—Einstein condensation hinges on an
interplay of cooling and trapping of realistic atoms
by optical forces. It is widely known that the sim-
plest cooling mechanism, the so-called Doppler cool-
ing, starts with a two-level atom interacting with
an external laser field. The minimum temperature
achieved, i.e. the Doppler limit, is determined by the
natural linewidth of the excited state. However, it is
realized that the multi-level structure of atoms can
be exploited to achieve much lower temperature. The
polarization gradient cooling scheme in optical mo-
lasses [2 exploits the interplay of the hyperfine and
Zeeman structure of the ground state and the spatial
variation of the laser field to achieve temperatures cor-
responding to tens of the recoil energy of the atom. Up
to now, subrecoil cooling schemes, velocity-selective
coherent population trapping [¥! and Raman cooling, 4!
have been proposed and demonstrated, both involving

two-photon process in lambda-type three-level atoms.

The study of optical properties and laser cooling

(58] Allegrini

of a three-level atom is also interesting.
and Arimondo [¥ suggested Doppler cooling of hydro-
gen by two-photon 7 pulses on the 1S-3D transition,
with the 2P state as the intermediate state for sponta-
neous cascade emission. Zehnlé and Garreau [19 pro-
posed continuous-Doppler cooling of hydrogen by 15—
2S two-photon transition with a controllable quench-
ing process coupling the 2S state to the 2P state.
Rooijakkers et all'll investigated Doppler cooling of
metastable helium atoms using the combined action
of two lasers exciting the 23S;-23P,-33Dj cascade.
Panat and Lawande (12! studied the optical forces on a
three-level atom coupled to two laser beams in the in-
tense field limit. Analytical expressions for the dipole
force for special values of the detuning parameters are
derived, while the dissipative force vanishes in a steady
state. As pointed out by the authors themselves,1?]
this is the artifact of the model approximations. Re-
cently Magno et al!3] present a scheme for laser cool-
ing of alkaline-earth-metal and ytterbium atoms using
a two-photon 1Sy—1Sg transition. The Doppler limit of
123uK for C, has been found numerically at optimum
detunings and laser powers.

In the present paper, we study the steady-state
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radiation pressure on a ladder-type three-level atom
with nonequispaced levels coupled to two external
laser fields and its possible application to laser cooling.
For a wide range of external laser strength, the depen-
dence of forces on parameters such as detunings, Rabi
frequencies and spontaneous decay rates is calculated
numerically and shown graphically. For some special
parameter values, simple analytical expressions for the
force are obtained. The diffusion coefficient as well as
the friction coefficient and the achievable equilibrium
temperature are calculated. For the sake of simplic-
ity, we will work with a one-dimensional model and
assume that each of the laser field couples to one tran-
sition only with a small one-photon detuning.

The paper is organized as follows. The model is
described and the expression for the radiation pressure
is derived in Sec.2. In Sec.3, an analysis of the radia-
tion force in a steady state is presented. Section 4 is
devoted to the study of Doppler cooling of a ladder-
type three-level atom, with sodium as an example. A

brief summary is included in Sec.5.
2.Expression for the radiation

pressure

Consider a moving three-level atom in a ladder
configuration with states |1)[, |2) and |3) having ener-
gies Fy, Eq and E3 (E5 > E; > E4) (see Fig.1) respec-
tively. The atom is driven by two linearly polarized

laser fields, F, of wave-vector k, and frequency

....... b

o 13)
f

w32 Wy

Wa
w21

1)

Fig.1. A three-level atom in a ladder configuration
with different transition frequencies driven by two
laser fields of frequencies w, and wp detuned from the
atomic transition frequency by A; = w, — w21 and

Ag = wp — w3a.

w, coupled to the 1-2 transition, and Ej of wave-
vector kK and frequency wy coupled to the 2-3 tran-
sition. The 1-2 and 2-3 transition frequencies are re-
spectively wo; and wsg, where hw;; = E; — E;. These
transitions are associated with the electric dipole ma-
trix elements p15 and pag (assumed real for simplicity)
respectively, whereas the 1-3 transition is dipole for-
bidden (g3 = 0). The Hamiltonian describing the
interaction of the atom with the two laser fields and
the vacuum is given in the electric dipole and rotating-

wave approximation by

7= 05 By + (R) + (),

1 .
Vi(R) = = Sih,(12)(1je! o R D)
_ |1><2|e*i(KaR7wat))
1 .
— i (|3)(2le K0t
_ |2><3|efi(KbR7w,,t))’
1 )
Vs(R) = — Eih Z(Ql(l)bl|2><1|61(K,R7w,t)
l

= (V) B 1) (2le R
1 2 —i —w
—ilh;m} Jbaf3) (2l iRt

— (P bt 2) Bl IE Ry (1)

where P and R are the momentum and position oper-
ators of the atom. Vi(R) and Vs(R) describe the inter-
action of the atom with the laser field and the vacuum
field. M is the atomic mass and 2, = p12E.0/h and
2, = po3Ey/h are the Rabi frequencies determined
by the laser amplitude E,o (Epp) and the correspond-
ing atomic dipole moment. b; and bl+ are bosonic
operators for mode ! of the vacuum field. ()l(l) =

%, 1/2 @ %, 1/2
é d 2 = é
(.U12€l) heoV an 1 (N2361) heoV

are the usual Rabi frequencies of the vacuum field,

and ¢; is the unit polarization vector of mode I.
The Heisenberg equations for R and P are written

as

P
M;
P=c[PH = ~V(R) - VVs(R). (2

o1
R=—[RH| =

The force operator on the atom is
F=F+Fs=P=-VW(R)-VW(R). (3)

The radiation pressure f is equal to the ensemble av-

erage of the force operator F, i.e. f =< F >. As
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< b >=< bl+ >=0, < Fy, >= 0 and we need to con-
sider the average of F1 only. Nevertheless, the fluctu-
ation of Fs contributes to the momentum diffusion of
the atom, and will be given later.

For atoms of very slow velocity v, the de Broglie

wavelength of the atom, Apg = h/Mwv, is much

f=(F)="Tx(pF) = -

1 hkaﬂa[pl2ei(KﬂT7‘”at) + pzle*i(Karfwat)]

smaller than the optical wavelength. It is possible to
construct atomic wave packets having very small di-
mensions in comparison with the optical wavelength
and is legitimate to replace the operator R by its mean

value 7. The radiation pressure is then given by

; (4)

2 +hkbnb[p23ei(KbT—wbt) _|_ p32e—i(K},’r—wbt)]

where p is the reduced density operator for the atom,
and p;; = (i|p|j), its matrix elements. The evolu-
tion of p in the external laser driving fields along with
the effects of spontaneous emission is governed by the

master equation [14:15]

ap i 1 _
- ZiF z I {[S: +
ot h[ ’p]+2 . Z ZJ{[SZ ’pSJ]
(i,5)=(a,b)
+18: p, 811}, (5)

where S} = [2)(1|, S; = [1)(2], and S} = |3)(2],
S, = |2)(3|. The parameters I,, and I}, are the
rates for spontaneous emission from state |2> to state
[1) and from state |3) to state |2) respectively. For
brevity we shall denote I,, and Iy, by I, and I}
respectively later. The coherence transfer rate Iy
coupling the 1-2 and 2-3 atomic coherences is given

by
H12/M423
6meghc®

I, is zero when pqs and po3 are orthogonal. In the

Fab = Fba = (wgl + wg2)' (6)

case of nonequispaced levels I',; can be ignored via
the application of the rotating-wave approximation
of the second kind (adiabatic approximation),[®:16]
since they couple coherences whose frequencies differ
by much more than an optical frequency.

As is well known, the time scales for the evolution
of the internal and external degrees of freedom of the
atom are highly distinct. The former, of the order of
the natural life of the excited states, is much shorter
than the latter, of the order of i/E,c., where E,q is
the recoil energy of the atom. The large difference
between the two time scales results in the fact that
the internal degrees of freedom have time to reach the
steady state before the external degrees of freedom
have changed appreciably. This allows us to leave out
the kinetic energy term P2/2M in the Hamiltonian in
the master equation (5).

From the master equation, we obtain equations
of motion for the matrix elements p;;, which are lin-

early coupled equations with explicit time-dependent

factors of the complex exponential type. These factors

can be removed by the following transformation:

Ti4 :pn:Z = 152535

_ i(keqr—weat) _ _x*
012 —P12e( ar-wat) — Jo1;,
i(kpr—wpt *
023 :P23e( b v = 032,

i(kar—wat)+i(ker—wspt) — 0';1. (7)

The equations of motion for the density matrix

013 =p13¢€

elements o;; are as follows:

do 1
a;l_l zifa(o'lg + 0'21) + Ya022,
do 1
ajz =— 55(1(0'12 +021)
1
+ 5&,(023 + 032) + V6033 — Vo022,
do
8:3 =— 5&,(023 + 032) — 033,
do 1 . 1
871'2 =— 5[’711 +i(A - 9)]o12 + 5&1(022 —o11)
1
+ 5&;013 +io12kev,
do 1 . 1
8;3 =— [5% +iA]os + 5(50.0'23 — &012)
+ i0’13("7&“ + kbv):
do 1 . 1
872-3 = — 5[1 +i(A+ 8)]oas — 55(10'13

+ %fb(033 — 032) + io23kpv, (8)
where we have introduced the following suitable scaled
variables:

T =(To+ Ip)t,
Ya =Ta/(Ta + Tb),
¥ =Ip/(La+ Ib),
€a =04/(Ta + T}),
& =/(I'a + I}),
A =(A1+ A2)/(Ta + T),
6 =(A2 — A1)/(La+ Ib). (9)

Thus 7 is the scaled time, 7, and -, are scaled relax-

ation rates, £, and &, are scaled Rabi frequencies, A
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is the scaled two-photon detuning, ¢ is the difference
between the scaled one photon detunings, and v is the
scaled velocity of the atom v = dr/dr. The equations
for 091, 032, and 037 can be obtained from Eqs.(8) by
complex conjugation.

In terms of 0;; and the scaled variables, the radi-

ation force (4) can be rewritten as
1
f=- E[Fa + Ip](hkoba(o12 + 021)
+ hkp&p(o23 + 032)). (10)

Equating the first three equations of Eqs.(8) to zero,
we obtain from Eq.(10) the force in steady state:

fst = hkal'qo22 + hkyIpo33. (11)

It begins to appear that Eq.(11) is a simple exten-

sion of the well-known result for a two-level atom.[!7]

2
foo =hT,k ¢

+ hIvky

“N2 4+ (A — 6 — 2k,v)?

But, as there are more parameters for a three-level
system, it displays rather rich characteristics. Equa-

tion (11) can also be written as

fuo = [Tat T (hkoomn + by, (12)
+n
where 7 = 72/71 is the ratio of the two spontaneous
decay rates.
By setting the left-hand sides of Egs.(8) to zero
and using matrix inversion techniques, numerical re-

sults for the steady-state radiation force can be found.
3. Analysis of the dissipative force

Simple analytic expressions for the force can be
obtained provided that the two Rabi frequencies are
equal £2, = 2, = 2, i.e. & = & = & . Then, in the
weak field limit (¢ < 1), the force is given by

64

The two terms are associated with the steady-
state populations of the intermediate state and the up-
per state respectively. The first term shows resonance
behaviour when A—2k,v—§ =0, i.e. A; = k,v, corre-
sponding to the one-photon Doppler-shifted resonance
in the transition |1) — |2). The second term, how-

ever, shows resonant behaviour when A = (k, + kp)v

[V + 4(A — kyv — kyv)?][v2 + (A — 6 — 2k,v)?]’

(13)

and A — 2k,v — & = 0. The first case corresponds
to two-photon Doppler-shifted resonance, the second
case to resonance in the intermediate state popula-
tion through which a stepwise excitations to the upper
state occurs.

At somewhat higher incident intensity, the force

is given by

2 4
fst :hkaFa E + 3 E
V24262 4+ (A -6 —2kev)? [y +4(A — kov — kpv)?][y2 + 262 + (A — § — 2kqv)?]
54

hky I . 14
B e T T [ R R v T 0

The first term is associated with the steady-state In a very strong-field regime, we have

population in the intermediate state, while the second b Yo + Vo
term is that in the upper state. It shows that the Jst = hkolo————F— + hkplpo——— (15)

one-photon resonance at A; = k,v in both the inter-
mediate and upper states is power broadened by the
term 2€2. At the same time, both the upper and the
intermediate states show two-photon Doppler-shifted
resonance at A = (kq + kp)v. The latter effect is due
to simultaneous absorption of two photons to cause
the transition |1) — |3) followed by a spontaneous
emission of a photon associated with the |3) — |2)

transition.

Ya + 27 2Va + 4%’
where Y/ (Yo + 27s)and (Yo + 5)/(27a + 47s) are the

saturated values of the population of the intermediate
and the upper states respectively. When I', = I, = T,
we have 099 = 033 = 1/3, indicating that all three
atomic states are equally populated. In this case, the
radiation force is fg = %(hka + hky) T

In what follows we will use the previously de-
scribed numerical methods to study the dependence

of the force on the detuning, the spontaneous decay
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rate and the Rabi frequency. The force is normalized

to Alka| (I + Ib)/2.
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, see the text.

Figure 2 shows for equal Rabi frequencies &, =
& = 2, the radiation force versus the two-photon
detuning A for detuning § = 5, Doppler-shifted fre-
quency k,v = 0.02 and kyv = 0.04 (solid line).
For equal spontaneous decay rates v, = 4, = 0.5,
two resonance are seen, associated respectively with
one-photon and two-photon absorptions, as described
above. This is illustrated in Fig.2(a). For n = /7, =
102, only one resonance remains, indicating that the
one-photon process is suppressed due to the long life-
time of the intermediate state, and the two-photon
process makes a dominant contribution to the force,
as can be realized from Eq.(11). This is illustrated in
Fig.2(b). For n = v3/v, = 1072, Eq.(11) shows that
the term with o95 dominates. A pronounced resonance
and a dip at A &~ k,v + kyv are seen as in Fig.2(c).
This resonance is associated with one-photon absorp-

tion. The emergence of the dip is due to the absorp-

tion of two photons from the driving field so that a
population trapping in a coherent superposition of the
upper state |3) and the lower state |1) results owing to
the long lifetime of state |3), with only a small pop-
ulation in state [2). When the two laser waves are
counter-propagating, the average momentum gained
by the atom will be the algebraic sum of the contribu-
tions from the two transitions. The radiation force for
kov = 0.02, kyv = —0.04 (dotted line) is also shown
in Fig.2.

Figure 3 shows for different values of the two Rabi
frequencies, the dissipative force versus two-photon
detuning for § = 5, k,v = 0.02, kyv = 0.04. Re-
sults for £, = 1, & = 2 (solid line) and £, =2, & =1
(dotted line) are shown. For comparison the result
for &, = &, = 2 (dashed line) is also plotted in Fig.3:
(a) n = 1, (b) n = 10% (c) n = 1072. A notable
feature is that in Fig.3(b) the solid line is enhanced
while the dotted line is diminished, due to the en-
hancement of the two-photon process. The contrary
is seen in Fig.3(c), due to the domination of the one-

photon process.

1.61 (a)
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&3 I = kel (Ta + T1)

, see the text for explanation.
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4.Investigation of Doppler cool-
ing of a ladder-type three-level

atom

We now turn to the investigation of force fluc-
tuations, which ultimately determine the equilibrium
temperature achieved. The diffusion coefficient of the

atomic momentum may be defined as [17]

D= / (F(0))(F(0))]dt
_ / [(FL(0)Fi(2)) — (F1(0)){Fi(0))]dt
N / (RS (0) P (1)) — (Fs(0)(Fs 0]t

F(0)F(¢)) —

the following transformation for convenience of math-

ematical operation:

(Ua) =012 + 021,

(up) =023 + 032,

(ue) =013 + 031,

(va) =(—i)(o12 — 021)

(vp) =(—1)(023 — 032)

(ve) =(—i)(o13 — 031)

<wa) =022 — 011,

(wp) =033 — 022; (17)

the optical Bloch equations (8) may then be changed

=D1 + Ds, (16) into a different form containing only real variables,
where F' is given by Eq.(3) and (F') by Eq.(4). Before (N
. . . . —— = A\ +b (18)
inserting Eqgs.(3) and (4) into Eq.(16), we introduce ot
with
A= (u(u Up, Uc; Va, Vb, Uc; Wa,s wb)7
-1 1 :
——Ya 0 — — 0 0 a 0
57 56 B 13
1 1
0 - —2& 0 - 0 0
2 25 Bs &b
1 1 1
—5517 5&1 —3 0 0 —p 0 0
1
B 0 0 —=% O 5&, 0 0
A= 1 1
0 0 0 —— —=& 0 0
By S 5t
1 1 1
0 o0 S - 0 0
B2 5 &% T
1 1 2
—&a — 0 0 0 0 s —2 a o a
Lo 56 3(’Yb Ya) 3(’Yb+’Y )
Lo & 0 0 0 0 r-2w) —i(ret4mw)
[ 5 a b 3 Ya Yo 3 Ya Yo ]
1 1
b= (0: 0,0,0,0,0, g('yb - 2'70.)5 g("/a - 2’717))5 (19)
1 1
where 1 = ~(A — 6 — 2kqv), Bz = = (A — kqu — kyv),  ©°f Eq.(18), and i
1 : O _ 4ia 20
Bs = Z(A + 0 — 2kyv). The inhomogeneous equa- or {A). (20)

tion (18) can be written as a homogeneous one for

(A) =

(A) — Agt, where A is the steady-state solution

h2k2( w+ Ib)Re /
0

£2(11a(0)dyq
+B€b€a{un(0)u

Then the diffusion coefficient D; may be ex-

pressed as

(7)) + BEabp(ta(0)us(T))

dr, (21)
o(7)) + B2E5 (0 (7))
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where 8 = ky/k,. We can determine the correlation
function <5\,(0)5\](oo)) from the quantum regression

theorem [18:19]

%@(O)X(t» — AN0)A(1)). (22)

By integrating Eq.(22), we obtain
/ AOAR)YAr =-A"1 0N =G, (23)
0

where we have taken into account (X;(0)A;(c0)) =
(Ai(0))(Aj(c0)) = 0. The diffusion coefficient D; can
then be reduced to

1
Dy :Zh2k2(1“a +I})

X (€2G11 + B€.&Gra
+ BEabpGa1 + B2E2Ga2). (24)

As (Fg) = 0, the diffusion due to vacuum fluctuation

is given by
Ds = Re/ (Fs(0)Fs(t))dt. (25)
0
Inserting of Fs into Eq.(25) yields
Ds = — (hka)?Tuoag + ! (Rky)*T, (26)
S~ 70 a) 1a022 10 b) 1b033-

The diffusion coefficient is a function of the atomic
velocity; we shall take k,v = 0.05. At the same time,
the mean force (F(t)) is a nonlinear function of the
atomic velocity. For a slowly moving atom, we may
neglect the higher-order terms of v and retain only
the first-order term, i.e. (F(t)) = Fy — av, with a the
friction coefficient, which determines the time it takes
to cool the atom to its final state. The final temper-
ature attained by an atom may be calculated by the
Einstein relation D
kT = e (27)
Numerical results for the 3281/2 — 32P3/2 —
32Dy /2 cascade in sodium (wavelengths 589 and
820nm, I, = 59.1x10%s~! and I, = 49.5x10%s~1) [2]
are plotted in Figs.4 and 5, where the friction coeffi-
cient and diffusion coefficient are normalized to hk2 /4
and h2kgfa /4 respectively. Temperature is scaled to
the two-level Doppler limit A1, /2. Friction, diffusion,
and the equilibrium temperature versus two-photon
detuning A for £, = 1, £, = 3 and different detunings
§ = 10 (dotted line), § = 15 (dashed line) and § = 20
(solid line) are shown in Fig.4. It is shown that the
diffusion coefficient shows a dip at two-photon transi-

tion, implying that the correlation of the fluctuation of

the radiation pressure is reduced in simultaneous ab-
sorption of the two photons. Friction, diffusion, and
the equilibrium temperature versus the difference of
the two one-photon detunings é for A = —(1 — B)k,v
and different Rabi frequencies £, = 1, & = 2 (dotted
line) and &, = 1, & = 3 (dashed line), £, =1, & = 4
(solid line) are shown in Fig.5. It can be seen from
Figs.4 and 5 that the equilibrium temperature may
be cooled below the Doppler limit. The result may
be explained as follows. As there are more excitation
channels in a three-level atom, the friction coefficient
a is much higher than that for the two-level one, so
that although the momentum diffusion coefficient D
for a three-level system is higher than that of the two-
level counterpart, the ratio D/a, i.e. the equilibrium
temperature, is lower in the former case. It can also
be seen from Fig.5 that a wide range of parameter
values may be used for laser cooling of a ladder-type

three-level atom.

21 (a)

0-0 T T T L) T T v T A L)
-1.8 -1.4 -1.0 -0.6 0.4
A
. - o ~ D ~ kBT
Fig4. a = 1 , D= 1 , kT = 1 s
—hk2 Zrﬂkgra 5 a

see the text for explanation.
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5. Summary

In this paper, we have discussed the radiation
force and its application for laser cooling on a mov-
ing ladder-type three-level atom with nonequispaced
levels for a wide range of external field strength. The
atom is coupled to two travelling laser fields. Heisen-
berg equations for the motion of the centre of the
atomic wave packet and master equation for the evo-
lution of the internal states of the atom are shown.
As the time scales for the evolution of internal and
external degrees of freedom are highly distinct, the
mean radiation force in a steady state is derived. Sim-
ple analytical expressions for the force are obtained in
special cases. The dependence of the force on var-
ious parameters is described numerically and shown
graphically. It is seen that the one-photon and two-
photon processes play their respective role under dif-
ferent conditions. The diffusion coefficient is derived
from the quantum regression theory, and the Einstein
relation is employed to determine the equilibrium tem-
perature of the atom. It is shown that for a suitable
choice of the controllable parameters in our scheme,
it is possible to cool the three-level atoms down below

the Doppler limit.

0.30 T T T
0.251
0.201
Q 0.15
0.101
0.05 - o J
0-00 L} Ll L)
-10 -5 0 5 10
)
0.6 T T
0.5 ()
0.4{
IE‘ ~~~~~
2 03] e 1
0.2 1 1
0.14 1
0'0 il L 1 1 L
-60 -50 -40 -30 -20 -10
6
- D ~ kT
Figs. & = ——, D = < kpT = -BL
~hk2 —h2K2T, —hl,
4 4
see the text.
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