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In this paper, it is shown that infinitesimal symmetry transformations of Birkhoffian systems have a characteristic

functional structure, which is formulated by means of an auxiliary symmetry transformation function Z, (¢, a) (intro-

duced by the relation &, (t,a) = Z,(t, a) + a*£o(t, a)) and is manifestly dependent upon the constants of motion of the

system. At the end of the paper, an example is given to illustrate the application of the results.
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1. Introduction

The symmetry of a mechanical system has a
close relation with the conserved quantity. In 1985,
Katzin and Levine !l showed that all (Noether and
non-Noether) infinitesimal velocity-dependent sym-
metry transformations (Aq, = &s5(q,q,t), At =
eéo(q,q,t), s = 1,...
cal systems were expressible in a form with a char-

,n) of second-order dynami-

acteristic functional structure which was the same
for all dynamical systems and was manifestly de-
pendent upon the constants of motion of the sys-
tem. This characteristic structure was formulated by
means of an auxiliary symmetry transformation func-
tion Z,(q, q,t) (introduced by the relation £,(q, q,t) =
Zs(4,9,t) + 4,60(q,9,1))-
papers, 23 Katzin and Levine further investigated the

In later accompanying

characteristic functional structure for systems of first-
order differential equations and dynamical systems

with cyclic coordinates.

The dynamics of the Birkhoffian system [* is an
important branch of classical mechanics in modern
time. Santilli[®! made a primary research on the
Birkhoffian system and obtained some results. Later,
the frame of Birkhoff dynamics was constructed.l! In
recent years, the study on the Birkhoff dynamics has

become a popular subject and many important results

have been obtained.[”~1%! In this paper, we further
study the characteristic functional structure of the
Birkhoffian system. The result shows that infinites-
imal symmetry transformations (Aa* = &€.(a,t),
At = efo(a,t), p = 1,2,...,2n) of Birkhoffian sys-
tems are also expressible in a form with a character-
istic functional structure. At the end of the paper, an
example is given to illustrate the application of the

results.

2.Characteristic functional struc-
ture of infinitesimal symmetry
transformations for Birkhoffian

systems

The Birkhoffian equations can be written in the

contravariant form

0B OR

. _au_ou [ 982 v _

G(a,a,t) =a" —Q <8a"+ 5t ) 0,

(v =1,2,..,2), 1)

where the function B = B(¢,a) is called a Birkhoffian,

R, = R,(t,a) are called Birkhoff’s functions, £2#¥ is

called the contravariant Birkhoff tensor, and a* are

variables. The system described by Egs.(1) is called a
Birkhoffian system.
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A complete solution of Egs.(1) is denoted by
at = (v, P ) = BH(y,t),

(p,v=1,2,...,2n). (2)

~¥ = const.

Inversion of the solution (2) leads to the 2n function-

ally independent constants of motion
I"(a,t) 2", (v=1,2,...,2n), (3)

where the notation ‘=’ indicates that the finite solu-
tion (2) is used to express a function completely in
terms of the path parameter t.

The reciprocity between a complete solution and
the constants of motion obtained by its inversion is
essential in the determination of the characteristic
functional structure of symmetry transformations of
Birkhoffian systems.

Introduce the infinitesimal transformations

t* =t + At, (4)
o () = ah(t) + Ak, (u=1,2,....20); ()

or their expansion formulae
t"=t+ 550(1;5 a): (6)

(') = a*(t) + ebult,@), (n=1,2,...,2n). (7)

If the infinitesimal transformations (6) and (7) trans-
form the set of all solution curves of Eq.(1) into itself
it is customarily said to be a Lie symmetry transfor-
mation of the Birkhoffian system (1).16] Such a trans-

formation is determined by the following condition:

[lo

AG(a,a,t) 20, (8)

2,

where the notation implies that the differential

equation (1) is to be used to eliminate all dot deriva-
tives of the variable from the expressions or equations.
We now find for differential equation (1) that the

symmetry condition (8) leads to
. . 0 0B OR
— gt — 124 i
bt 0o (aau + 2 )} 3
3} 0B OR,
R V7% —
at [9 (8(1” * o )] =0,

(v, p=1,2,...,2n). (9)

Introduce a decomposition of the infinitesimal trans-

formations (7) by expressing &, in the form

£.(a,t) = Zu(a,t) + Q™ (% n ‘963:) fo(a,t),

(p,v=1,2,...,2n). (10)

By use of Egs.(1) and (10) the symmetry condition

(9) may be expressed in the form

Zu(a,t) + K*Z,(a,t) =0,
(pp=1,2,...,2n), (11)
where
0 0B OR
b= __ pv v
Ky = 5an [Q <8a” * o )}
(p,v,p=1,2,...,2n). (12)

It is of significance that the elimination of &, from
Eq.(9) by the transformation (10) also results in the si-
multaneous elimination of £y. Hence for the infinitesi-
mal transformations (6) and (7), the solutions Z,(a, t)
of Eq.(11) can be immediately used in Eq.(10) to ob-
tain the functions £,(a,t) with the function y(a,t)
arbitrarily chosen. Thus for a given Z,(a,t) solution,
any choice of {y(a, t) will lead to an associated £, (a,t)
such that £, and &, will satisfy Eq.(9). Then £, and
&o is the infinitesimal symmetry transformations of
Birkhoffian system (1).

For finding ¢, and & which satisfy Eq.(9), sub-
stituting Egs.(2) into Egs.(12), we obtain

L2

2,(7,t) + kb (v, t)2,(7,1) =0,

(pp=1,2,...,2n), (13)

where

Zli(a‘ﬂ t) é le [Q(’y’ t): t] = Z,Uf(’Y: t);

(p=1,2,...,2n), (14)
K*(a,t) = K" [8(7,t),t] = k- (v, 1),
(n,p=1,2,...,2n). (15)

We note that the associated system of Egs.(13) which
must be satisfied by z,(7,t) of (14) is always a system
of linear equations, irrespective of whether the original
dynamical system (1) is linear or nonlinear. Solutions

of Egs.(13) are expressible in the form
2,(7,t) = <795 (7, 1),

(pyo0=1,2,...,2n), (16)

where the ¢ (¢ = 1,...,2n) are arbitrary constants.

Since on a trajectory every solution Z,(a,t) of Eq.(11)
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has the form of Eq.(16), we are led to assume (to be
proved below) that the functions Z};(a,t) defined by

Z,(a,t) =C*(a,t)g, ['yl (a,t),...,v*"(a,t), t]
=C"g;(7,1),

(pyo0=1,2,...,2n), (17)

will be a solution of the (partial differential) symmetry
equation (11). In Eq.(17) the C*?(a,t) are arbitrarily
chosen constants of motion. Hence, they can always be
expressed as functions of 2n functionally independent
constants of motion v¥(a,t) (3), which are associated
with the inversion of the dynamical solution (2). We

may thus write
C*(a,t) = c* [y(a, )] L c*(y), ¢"7(v) = const,

(c=1,2,...,2n). (18)

In Eq.(17) the functions g;, [y(a,t)] are obtained by
replacing the constants v* appearing in gZ(’y,t) of
Eq.(16) by the respective above-mentioned constants
of motion y* by means of Eq.(3).

It will now be verified that the assumed solution
Z;(a,t) (17) satisfies the (partial differential) symme-
try equation (11). To do so, it is notably convenient
to first define

Qu(Z)=Z,+ K'Z,,

(m,p=1,2,...,2n), (19)

o

so that it is required to prove Q,(Z*)=0.

We first form from Eq.(16)

. . ag° 99°
Z*p, — C*a’ o C*a’ M v _B
9+ <87ﬂ + 8t>’

(pyv,0=1,2,...,2n). (20)

Since C*?(a,t) and v are constants of motion, we
have by use of Eq.(1) C*? 20, 4¥ =0, and we thereby
obtain from Eq.(20)

. ° 99°
= ro 1
ot’

(po0=1,2,...,2n).

(21)
Use of Egs.(17), (19) and (20) leads to

99°
—£ + K;;ng,(’%t) 3

(I“Lipﬂo-:]'727""2n)' (22)

It is noted that as a consequence of the ‘=’ in Eq.(22),

Q.(Z*) is now a function of a* and ¢, so that we may

write
Qu(Z")=Pyu(a,1), (23)
where
ag°
P,(a,t)=C* | £ + Kfgn(v,t)| - (24)

ot

We note that in the derivatives 9g¢,(y,t) /9t which ap-
pear in Eq.(24) the functions v”(a,t) are held fixed.
Therefore, if we evaluate the expression P,(a,t) of
Eq.(24) on the dynamical paths by means of Egs.(2),
(14), (15) and (18), we may write the resulting expres-

sion in the form

t

Pu(a,t)=c"(v) [gn (v, t) + k5 (v, 1) g5 (7, 1)] . (25)

The functions g (v,t) in Eq.(25) are solutions of
Eqgs.(13) for all values of 4¥. It follows that
P“(a,t)éo. Since the functions P,(a,t) vanish at
each point of every trajectory, they vanish identically
for variables a* and t. From Eq.(23) we thereby con-
clude that Q,(Z*) Z 0. Hence the symmetry condition
(11) is satisfied by Z**(a,t) (17).

As a result, we may state the following theorem.

Theorem: Consider a Birkhoffian system

0B n OR,\ 0
da¥ a ) 7

G(a,a,t) = a* — 2" (

(p,v=1,2,...,2n), (1)

with a complete solution given by

at = dH(yt, . . 4P t) = BH(y,t), ~Y = const,
(p,v=1,2,...,2n). (2)
Let
I"(a,t)=7",
(v=1,2,...,2n), (3)

be the specific set of 2n functionally independent con-
stants of motion obtained by inversion of Eq.(2)" for
the constants ~v”.

A solution Z,(a,t) to the (partial differential)

symmetry equations

8G = Z,(a,t) + K" Z,(a,t) =0,

(pp=1,2,...,2n), (11)’
where
0 OB 0OR,
Ke= 2 | om ki
P = Bar [ <8a” * o )}
(I‘L’V’p: 1’2"" ’2n)’ (12),
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is with a complete solution given by

1 2 1 t 1 242

Z,(a,t) =C(a,0)g5 [y (@,0), .. 7" (a,1), 1 al = — Larctg(bt) + 55 In[1 + 3¢
=C7g% (v, 1), +7't+47 (28)

t 1 t
a? =7 b—2arctg(bt) ~ 5% In [1+ b%¢%]
— !
(p,0=1,2,...,2n), (17) F 34~ (29)
3_.1

where C7(a,t) are arbitrarily chosen constants of mo- a =7 (30)
tion in Eq.(1)’. Hence, they can always be expressed a* =4°. (31)

as functions of 2n functionally independent constants
of motion I”(a,t) (3)', and the functions g7[I(a,t),1]
are obtained by replacing the constants v* appearing
in the functions g (v,t) of Eq.(16) by the respective
constants of motion I”(a,t) of Eq.(3)".

Thus, for every solution Z,(a,t) any choice of
€o(a,t) will lead to an associated £,(a,t) such that &
and ¢, satisfy Eq.(8). Then £,(a,t) and {y(a,t) are
infinitesimal symmetry transformations of Birkhoffian

systems (1).
3. Example

To illustrate the various aspects of the theory de-
veloped in the preceding sections we now give an ex-

ample as follows.

Example: Consider a fourth-order Birkhoffian
system defined by the Birkhoffian B and Birkhoff func-

tions R,

1 1 2
B =5 [a3 - Zarctg(bt)]

1 1
+§|:a4—

2
il 242 .
25 In(1+ 6%t )} ; (26a)

Ri=d®, Ry=4da*, R3=0, R;=0. (26b)

Then the equation of motion of the Birkhoffian system

1S

al 00 -1 0
a2 00 0 -1
& |10 0 o
o 01 0 0
0
0
X 1 -0, (27

a’® — zarctg(bt)

1
4_ 2,2
a 2bln(l-l—bt)

Equations (28)—(31) can be solved for 7!, 72, v* and
74; this inversion procedure leads to four functionally

independent constants of motion

I' =a3, (32)
I? =a*, (33)
1
I® =a' — a3t + Z/arctg(bt)dt, (34)
1
I* =a? — a*t + % /ln(l + b%%)dt. (35)
By using of Eq.(27) we find
Ki=0, Kij=0 Ki=-1, K,;=0;
Ki=0, K;i=0, Ki=0, K;=-1;
K} =0, K;=0, Kj3=0, K} =0;
K{=0, K;=0 K;=0 - K;=0. (36

It now follows that the symmetry condition (11) takes

the form
Z1— 73 =0, (37)
Zy—Z4 =0, (38)
Z5 =0, (39)
Zy=0. (40)

The equation may be evaluated on the dynamical tra-
jectory by means of Egs.(28)—(31):

2.,’1 — 23 = O, (41)
22 — 24 = 0, (42)
2 =0, (43)
2 = 0. (44)
The solution to Egs.(41)—(44) is
2y =St + ¢t (45)
29 =c*t+ 2, (46)
23 =c?, (47
24 = c. (48)
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By the procedure described in the theorem in
Sec.2, we may now construct the solutions Z;(a,t),
Zs(a,t), Zs(a,t) and Zs(a,t) to the partial differen-
tial equations (37)—(40) obtained from the expansion
of the symmetry condition (11). Hence from Eqgs.(45)—
(48) the solutions Z;, Z3, Z3 and Z; as given by
Eq.(25) take the form

Zi(a,t) = C3(a,t)t + C'(a,t), (49)
Zsy(a,t) = C*(a,t)t + C*(a,t), (50)
Z3(a,t) = C3, (51)
Zi(a,t) = C*, (52)

where C!(a,t), C?(a,t), C3(a,t) and C*(a,t) are ar-
bitrary constants for motion for the Birkhoffian sys-
tem (26) and hence may be regarded as arbitrary func-
tions of the functionally independent constants of mo-

tion I', I?, I® and I*. If in the general symmetry

solutions (49)—(52) we choose

ct=1, Cc?=0, C®*=0, C*=1, (53)

and let £y = 0, then we have

50 = 07 51 = 17 52 =1, 53 = 07 54 =1 (54)
It is easily verified that Eq.(54) satisfies (8).
the generator (54) is the infinitesimal symmetry trans-

formation of the Birkhoffian system (26).

Hence,

4. Conclusion

For a Birkhoffian system, all (Noether or non-
Noether) infinitesimal symmetry transformation have
a characteristic functional structure, which is mani-
festly dependent upon constants of motion of the sys-

tem.
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