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A linear theory on the propagation of ultrashort pulses including only a few cycles in underdense plasmas is

presented. It is shown that the dispersion in plasmas causes severe distortions in the pulse shape, including pulse

chirping and spreading. The analytical calculations coincide very well with those obtained by particle-in-cell (PIC)

simulations. The upper limit of the peak amplitude of the pulses, above which the linear theory breaks down due to the

setting in of nonlinear effects of both the relativistic electron-mass increase and ponderomotive force, is also examined

by PIC simulations. At certain high amplitudes, it is found that the ultrashort laser pulses can propagate like solitons.
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1. Introduction

Since ultrashort laser pulses generated based
upon the mode-locking and chirped pulse amplifica-
tion (CPA) technology have found wide applications in
different scientific disciplines, the ultrafast science has
emerged.['?] Recent development of ultrafast optics
has allowed the generation of ultrashort laser pulses
comprising merely a few oscillation cycles.3=61 Ob-
viously, one of the fundamental problems with such
ultrashort laser pulses is the propagation properties
in a variety of optical materials with different nonlin-
earities and dispersion. The interaction of ultrashort
laser pulses with plasmas is fundamentally interesting
in laser plasma,[”=13] and it is also related to various
applications in plasma wave excitation and particle
acceleration.l!! Up to now, most of the studies on the
ultrashort pulse laser interaction with plasmas con-
centrate on the cases when the pulse intensity is very
high, such as over 1017 W/cm?, at which various non-
linearities set in, and its duration is longer than a few
tens of laser cycles. Little attention has been paid to
the propagation of ultrashort pulse with only a few

cycles in plasma.

In this paper, we present a linear analysis on the
propagation of an ultrashort laser pulse with only a

few cycles in an underdense plasma. This enables us

to isolate the nonlinearities and see clearly the propa-
gation features of such a pulse only due to the plasma
dispersion. This helps us to understand the more
complicated coupling between the nonlinearities and
plasma dispersion when the pulse is at a high inten-
sity. To our knowledge, this problem has not yet been
tackled sufficiently. To obtain the evolution of a laser
pulse, generally one can employ either Fourier anal-
ysis [ or a Taylor series expansion of the spectrum
about the carrier frequency.[!5] Here, we calculate the
evolution of an ultrashort pulse with the Fourier anal-
ysis method. We present a general theory first, then
apply it to two specific profiles of ultrashort pulses
comprising only three oscillating cycles. Our calcula-
tions show a severe distortion in the pulse shape as it
propagates: the pulse envelope spreads out and the
pulse oscillation with time becomes inhomogeneous
throughout the pulse duration, i.e. pulse chirps arise.
The results agree with those obtained by the particle-
in-cell (PIC) simulations, showing that the numerical
Fourier analysis can give a correct description of the
dispersive pulse dynamics. Because of the very abun-
dant spectrum component of the ultrashort pulses, the
chirping and spreading are more prominent than those
when the duration of pulse is longer than a few tens
of laser cycles.

With the increase of laser pulse amplitude, the
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nonlinearity effects appear due to the relativistic in-
crease of the electron mass and the action of the pon-
deromotive force. The dispersion effects can make the
laser pulse spread, while the nonlinearity effects can
compress it. At certain pulse amplitude, the coupling
of these effects lead to relativistic electromagnetic soli-
ton generation. Numerical examples of soliton-like
pulse formation for pulses at a few cycles are also

demonstrated in this paper.
2.Propagation of plane-waves in

homogeneous and inhomoge-

neous plasmas

To study the propagation of an ultrashort laser
pulse in a plasma, one needs to start with the prop-
agation of an infinite plane light wave in the plasma.
Assuming that there is no absorption in the plasma,
the equation for the electric field component of the

light wave with frequency w in the plasma is given
16,17

by[ o d2 w2

Frel + —eE =0, (1)
where E is perpendlcular to the propagation z-axis for
either linear or circular polarization, e(w) = l—wﬁ Jw?,
wﬁ = 4mn(z)e? /m, with n(z) being the initial electron
density profile as a function of the z-coordinate.

In the case that the plasma density is homoge-
neous as shown in Fig.1(a), one can find the solution
for Eq.(1) in different regions, labelled by a, b, and c.
Assuming that the light wave propagates from left to

right, one obtains

E, =e'** 4 AeF= (2<0), (2)
Ey, =Bie** 4 Aje M7 (0<2< L), (3)
E,=Bye'** (L < 2), (4)

where k = w/c is the wavenumber of the plane wave in
vacuum, k; = E\/m is the counterpart in plasmas
and L is the le%gth of the plasma slab. By utilizing
the boundary conditions that E and dE/dz continue
at the vacuum—plasma boundary,” we obtain the co-

efficients

A =rira[1 —exp(ivy)]/ [Tf — r%exp(iq/)l)] ,
Ap = —2ry/ [T% - r%exp(i@bl)] )
By =2ry/ [r} — rexp(iy1)]

By = 4y/e(@)expli(t1/2 — iLw/c)]/ [} — riexp(iy)]

1+, 2 = 1—4/e and ¢1 =

where r; =

2L+\/e(w)w/c.
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Fig.1. The electron density profile, with n, = mw§/47re2
being the critical density for a carrier frequency wq. z is the

spatial coordinate in wavelength 2wc/wg. (a) A homoge-

neous plasma slab with density n = 0.5n.. (b) The linear
density profile.

When the plasma is inhomogeneous, the solution
is generally more complicated. For the simplest case
when the plasma is of a linear density profile as shown
in Fig.1(b), the Airy function is the exact solution of
the standing light wave in the plasma. However, the
right- and left-going waves are combined in this func-
tion. When the density scale-length is much longer
than a laser wavelength in vacuum, one can use the
Wentzel-Krammer—Brillouin method to find the left-
and right-going wave separately. We can divide the
whole zone into four parts, labelled as a, b, ¢, and d;

then the solution for Eq.(1) is given by
E, =e** + Ae7 k> (2 <0), (5)
A1 LW # ’
E, = 1/2¢XP <1; /0 Ve(z')dz )
+ ﬂex —iY ’ Ve(2')dz2!
/4P c Jo

(0< 2 < z), (6)
E. =AA;(Q)(z = z1), (7)

Ed—Agexp<——/ \/—dz) (1 < 2), (8)

1/3
w

where ( = (2—) (z1 — 2), z1 being the critical
Cc°zy

interface for the plane wave with frequency w. By uti-

lizing the boundary conditions at z = 0 and around
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21, we can obtain all the coefficients in the above ex-

pressions,
A =2A,, cos(pg) — 1, (9)
A1 = Amexp(ip2), (10)
B, = Anexp(—igz), (11)
where r %w
g = Z - g;zla

_ cos(ypg) — 1 [sin(q/)Q) — (4kz)™! cos(q/)g)] .
cos?(¢2) + [sin(tz) — (4k21)~* cos(¢2)]”

For an incident light pulse with a finite duration,
E(0,t)(0 < t < T) on the plane 2=0, its frequency
T

spectrum is given by g(w) = E(t,0)e”*!dt. Then

0
the solution for the laser pulse in vacuum or in the

plasma at given time ¢ is simply the integral over the

frequency space,

1 o0 . .
E(z,t) = 2_/ g(w)R(z,w)e_‘¢(z’“)+‘“tdw7 (12)
T J—co
where the R(z,w) and ¢(z,w) are respectively the am-
plitude and the phase of the corresponding plane wave
solution E(z,w) with frequency w obtained before. By
Eq.(12), the temporal and spatial evolution of the ul-

trashort laser pulse in plasma can be determined.
3. Propagation of ultrashort laser

pulses in plasmas

Generally, Eq.(12) cannot be integrated analyti-
cally, even for the simplest case of pulse propagating
in a homogeneous plasma. Thus one has to integrate
Eq.(12) numerically. In the following, we consider two
specific pulse profiles, i.e. the rectangular profile and

the sine square profile.

3.1. Propagation of ultrashort pulses with a

rectangular profile

For a rectangular pulse as shown in Fig.2(a), the
initial pulse field at the plane z=0 is given by E(0,t) =
Eqsin(wot) for 0 <t < T, where T = 2pm/wp and p is
an integer. Then the Fourier transform of the input
pulse field F(0,t) can be obtained as

—-1)P iwT
g(w) :EO( ') Te—le

2i
T .
sin E(wo —w) sin —(wp + w)
X | = T (13)
5 (wo —w) 5 (wo +w)

Substituting Eqgs.(2)—(6) and (13) into Eq.(12), we can

obtain the propagating and reflected pulses inside and

outside the plasma. We set p = 3 in the following cal-

culation.
0.01} (a)
R 0.00f
-0.01f
0 2 4 6
t/T
0.01} (b)
R 0.00
-0.01f
0 2 4 6
t/T
Fig.2. The input pulse with three laser cycles and

E(=0.010. (a) The rectangular pulse E(0,t) = Eq sin(wot).
(b) The sin? pulse E(0,t) = Egsin?(nt/T) sin(wgt).

Firstly, we calculate the pulse in a homogeneous
plasma as in Fig.1(a), where we set the plasma length
L = 60)\. Figure 3(a) shows the typical result of the
pulse profile after propagating a few tens of laser wave-
lengths inside the plasma with a density of 0.5n. ob-
tained by numerical integration of Eq.(12). It shows
that the shape of the propagating pulse is completely
distorted from the initial rectangular shape owing to
the plasma dispersion. On the one hand, the pulse
is spreading out gradually as the pulse propagates
forward. Finally the pulse length even extends to
ten times of the initial one. Qualitatively, the pulse
length follows a law ['7l as given by Az(t) = [Az2 +
(15d2u)/d162/Az§)2]1/2 ~ (c/sl/2w0)(n/nc)(t/T), where
Azg = T is the initial pulse length, d?w/dk? =
cQwﬁ /w3. On the other hand, because the initial pulse
is only of a few cycles, it has a broad frequency spec-
trum. The components with high frequencies propa-
gate at high group velocities. As a result, a frequency
chirping phenomenon arises, with the leading front of
the pulse oscillating at high frequency and the trail-
ing edge of the pulse at low frequency, as shown in
Fig.3(a).

culations, we have performed PIC simulations on the

To check the validity of the numerical cal-
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same condition as in Fig.3(a) with the peak ampli-
tude of Ey = 0.01, where Ej is normalized by mcwy /e.
The result of the PIC simulation is given in Fig.3(b)
at the same time, which coincides with Fig.3(a) ob-

viously. Figure 4 shows the laser pulse propagating

0.01

numerical result (a)
t=30T7
R 0.00
~0.01 — .
0 10 20 30
z/A
0.01
numerical result (c)
t=30T
B 0.00F
-0.01 ‘ . A .
0 10 20 30
z/A

out of the right plasma-vacuum boundary. The pulse

shows a decaying long tail, which decays as E(t) =
(t — z/c)? / OF (w)/8wet=2/9)dw ~ O(1/t) for
t — oo, where F(w) = (2mi) ! Bo(w)g(w).

0.01

PIC result (b)
t=30T
B 0.00
-0.01 .
0 10 20 30
z/A
0.01 PIC result (d)

t=307

R 0.00f

-0.01

30

z/A

Fig.3. Snapshots of a rectangular pulse in the homogeneous plasma slab obtained numerically (a)

and by the PIC simulation (b). The snapshot of the same pulse propagating in an inhomogeneous

plasma obtained numerically and by the PIC simulations are given in (c) and (d), respectively.
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Fig.4. The transmitted pulse through the homoge-
neous plasma slab as a function of time when the input
pulse is in the rectangular profile in three cycles.
Secondly, we calculate the propagation of the
rectangular ultrashort laser pulse in an inhomoge-
neous plasma with a linear density profile as shown
in Fig.1(b). A snapshot of the pulse in the plasma is
shown in Fig.3(c). As in a homogeneous plasma, one
cannot see obviously any character retained with its
initial pulse profile after the pulse propagates a few

Mean-

tens of the laser wavelength in the plasma.

while, similar pulse chirping and spreading are found.
However, the spreading does not develop as quickly
as it does in homogeneous plasma. This is because
the leading front of the pulse, which has a higher fre-
quency, also sees a higher density than the trailing
edge. As an estimate, one notes that the difference of
the group velocities between the leading and trailing

edges is

Avg = c[/e(z1,w1) — V(2 wr))],

where 2 and z; are the positions of the leading and
trailing edges of the pulse, and w; and w; are the local
frequencies of the leading and trailing edges, respec-

tively. Thus one finds approximately

c n(z) t et 1dn\7"
Az=Avgt~ S T (4 —ay
? e nee(2)/2T ( t o ne dz)

This shows obviously that the spreading develops
slowly in an inhomogeneous plasma when dn/dz > 0.
Note that when the plasma density changes gradu-
ally as compared with the pulse length and when
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(ct/2¢/?)(dn/dz)/n. > 1, the final pulse length ap-

pears independent of time.

3.2. Propagation of ultrashort pulses with a sin

square profile

Here we consider the case when the initial pulse

field at z=0 is given by
. o [Tt .
E(t,0) = Epsin T sin(wyot) 0<t<T, (14)

where woT = 2pm/wy with p being an integer. The

Fourier transform of the input pulse E(0,t) is

)], a9

T

—1)p+1 .
7) Te %z [—gl(w) -

o (
9(w) = Eo=—; 2

where g1 (w) and go(w) are given by

T
sin E(wo +w)

2w+ w)
sin(£2,T)
ofT
sin(2,T) sin(2}7)
20T kT

92(0-’ = -

0.01
numerical result (a)

t=30T

B 0.00

-0.01 . . .
0 10 20
z/A

0.01
numerical result (c)
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with

TR

(e+2) o
(e-2) =]

Using Egs.(2)—(6), (12) and (15), we can calculate the

laser pulse propagating inside and outside the plasma.

NN

In the following, we also set p = 3, so that the incident
pulse is as shown in Fig.2(b).

For the case when the plasma is homogeneous,
a snapshot of the pulse inside the plasma is given in
Fig.5(a).

way qualitatively similar to those when the pulse is

Spreading and chirping are observed in a

in a rectangular profile. The corresponding PIC sim-
ulation result for the peak amplitude Ey = 0.01 is
given in Fig.5(b), which is again in agreement with the
numerical calculation. In the case when the plasma
is inhomogeneous with a linear density profile, snap-
shots of the pulse in the plasma obtained by Eq.(12)
and PIC simulation are shown in Figs.5(c) and (d), re-
spectively. As expected, the pulse spreads more slowly

than that observed in a homogeneous plasma.

0.01

PIC result (b)
| t=307
®  0.00
-0.01
0 10 20
z/A
0.01
PIC result (d)
t=351
K 0.00
-0.01 s
0 10 20 30
z/A

Fig.5. Snapshots of the input pulse F(0,t) = Eq sin?(7t/T) sin(wgt) in the homogeneous plasma slab

obtained numerically (a) and by the PIC simulation (b). Snapshots of the same pulse propagating

in an inhomogeneous plasma obtained numerically and by PIC simulations are given in (c) and (d),

respectively.
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3.3. Upper limit of the pulse amplitude for the

linear theory

The results given before are all in the linear

regime, where there is no nonlinearity included. With

t=80r (a)
0.002}
M 0.000
—0.002}
0 20 20 60 80
z/A
t=807
0.06
m0.00
~0.06}
0 20 40 60 80

0.4
t=80r (8)

—0.8 . " "
0 20 40 60 80

z/A

the increase of the peak amplitude of the pulse, the lin-
ear calculation should break down finally. Here, with
the help of PIC simulations we give an estimate of the
upper limit of the pulse amplitude beyond which the
linear theory breaks down. We use the three-cycle sin?

b
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Fig.6. Snapshots of the pulse inside the homogeneous plasma slab (left column) and the corresponding frequency
spectra of the pulse (right column) transmitted through the plasma slab for an input pulse Eq sin2(7t/T) sin(wot):
(a) and (b), for Eq = 0.01; (c) and (d), for Eg = 0.3; (e) and (f), for Eq = 0.5; (g) and (h), for Eg = 0.8.
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pulse in a homogeneous plasma as an example. Here
the plasma occupies a length of 90\, and its den-
sity is n = 0.5n.. Figure 6 shows the snapshots of
the pulses inside the plasma approaching the right
plasma—vacuum boundary and the frequency spectra
of the transmitted pulses through the plasma region at
different peak amplitudes of the incident pulses. One
notes that even in the linear regime, the spectrum of
the transmitted pulse shown in Fig.6(b) is different
from that of the incident pulse. The low-frequency
part is reflected at the left vacuum—plasma boundary.
The frequency cut appears around w/wy = 0.7, cor-
responding to the plasma density at n = 0.5n. used
in the calculations. For w/wp > 0.7, the transmit-
ted pulse spectrum is almost identical to that of the

incident pulse, as expected.

When increasing the peak amplitude of the laser
field to Ey = 0.3, the nonlinear interaction begins to
occur. Both the pulse profile and transmitted spec-
trum have slightly changed from the linear case, as
shown in Figs.6(c) and (d). Thus this can be seen as
the upper limit of the pulse peak amplitude, below
which the linear analysis applies. Nonlinear effects
set in when the peak amplitude of the laser pulse fur-
ther increases. Figures 6(e) and (f) show the obvious
change in the pulse profile and transmitted spectrum

when Fy = 0.5.

3.4. The generation of soliton

When the peak amplitude is increased further
as in Figs.6(g) and (h), it is found that the pulse
experiences a strong frequency down-shift, and the
central frequency is close to the plasma frequency.
The frequency down-shift is mainly due to the pulse
self-phase-modulation as well as the cross-phase-
modulation by the plasma density modulation driven
by the ponderomotive force of the pulse.['®19 When
the nonlinearity effect is high enough to compen-
sate the dispersive spreading, as shown in Fig.6(g),
a soliton-like electromagnetic pulse forms. Figure 7
shows the temporal-spatial evolution of the ultrashort
pulse for different pulse amplitudes. When the non-
linearity effect is very small as compared with the dis-
persion effect, the pulse spreads quickly and the pulse
amplitude or energy decays rapidly in the whole space
along with time, as shown in Fig.7(a). However, when
the nonlinearity effect is approximately equal to the
dispersion effect, a part of the pulse is converged to a

soliton pulse, as shown in Fig.7(b). The soliton thus

formed propagates quickly in the plasma slab with
an approximately constant group velocity. We have
also found that this propagating soliton is a pecu-
liar phenomenon associated with the ultrashort pulse
duration of only a few cycles. In earlier simulations

with relatively long pulses, one observes only solitons

trapped rather than propagating in the plasma.[20-22]
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Fig.7. The temporal-spatial evolution of the laser
pulse with the plasma slab n = 0.7n.. (a) Dispersion
effects for Eg = 0.3.
Ey =0.8.

(b) Generation of soliton for

4. Summary

In summary, we have presented a linear analy-
sis on the propagation of an ultrashort laser pulse
in homogeneous and inhomogeneous plasmas. Signifi-
cant pulse spreading and frequency chirping are found
when the pulse is as short as a few laser cycles. After
the pulse propagates a few tens of laser wavelength in
the plasma, the pulse profile is reshaped completely.
Because of the small energy contained in an ultrashort
laser pulse with a few cycles, the linear theory can de-
scribe the pulse evolution in the plasma up to a peak
amplitude around Ey/(mwoc/e) = 0.3, beyond which
nonlinear effects begin to set in. In certain amplitudes,
we observe that the ultrashort pulses propagate like a
soliton, which results from the nonlinear effects com-

pensated by the plasma dispersion.
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