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Electron temperature gradient driven instability in toroidal plasmas with negative magnetic shear is studied.

Full electron kinetics is considered, and the behaviours of the modes and corresponding turbulent transport in the

parameter regimes close to the instability threshold are emphasized. Growing and damped modes are both investigated.

The singular points of the integrand are disposed of, and the fitting formulae for the critical gradient are given. The

theoretical results are shown to be close to the experimental observations.
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1. Introduction

Understanding and controlling the anomalous
transport observed experimentally on tokamak devices
is one of the major challenges for magnetic confine-
ment fusion research. There is strong experimental
evidence that such anomaly may be attributed to
a variety of small scale turbulence driven by gradi-
ents of plasma parameters such as density, velocity
or temperature.l!l The observations on tokamaks have
shown that, within internal transport barriers (ITBs),
electron thermal transport hardly changes while ion
thermal diffusivity was reduced to the neoclassical
level. These findings support the hypothesis that,
within an ITB, ion temperature gradient (ITG) turbu-
lence is suppressed by E x B shear flow, whereas elec-
tron temperature gradient (ETG) turbulence controls
the electron transport. Therefore, it is accepted in the
plasma physics community that linear and nonlinear
ITG instability theories and simulations are enough to

explain the ion transport anomaly qualitatively.

In recent years, ETG instability and anomalous

electron thermal transport has become a hot topic and
received extensive research attention.2—10!

The correlation of ETG turbulence and the elec-

tron thermal transport was studied with quasi-linear

theory in a sheared slab geometry in the 1980s.[2:3!

The formula for electron conductivity introduced in
these works successfully explained the so-called elec-
tron temperature profile consistency observed in ex-
periments. In addition, the formula was improved
with the inclusion of toroidal effects.[) Recently, the
correlation of ETG turbulence and the electron ther-
mal transport was studied with gyro-kinetic nonlin-
ear simulation.®®! Furthermore, the critical temper-
ature gradients for the ETG instability and elec-
tron transport were studied experimentally 1114 and

theoretically.[®]

In this paper, the ETG instability and corre-
sponding turbulent transport in toroidal plasmas with
negative magnetic shear is studied using the integral
eigenvalue equations.['S] The full electron kinetics is
considered and the behaviours of the modes and the
transport in the parameter regimes close to the in-
stability threshold are emphasized. A new integral
scheme is introduced in this work,*®! which allows the
study of both growing and damped modes. Therefore,
the critical gradients are accurately calculated with-
out extrapolation, which, generally speaking, is usu-

ally less accurate.

The singular points of the integrand are disposed
of. The fitting formulae of the critical gradient, for

negative magnetic shear, are given.
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2.Integral eigenmode equations

Suppressing the compressional Alfven waves, the
dynamics of low-frequency electromagnetic pertur-
bation in inhomogeneous low-8 (B=plasma pres-
sure/magnetic pressure) plasmas is described by the

quasi-neutrality condition
e = 7y, (1)
and by the parallel component of Ampere’s law

47 ~ 47 ~

V3iAy ==y = Jeys- (2)

Here, the perturbed particle density 7, is given by

- [#o s, (3)

while the parallel component of perturbed current

density from the electrons and ions are given by

.;s// = qs/v//fsd3v7 (4)

with

quMs

fo= 220+ hyJo(8,), for s=ie. (5)

S

The non-adiabatic response h, is determined by solv-

ing the gyro-kinetic equation in ballooning space,

A
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where Jo is the Bessel function of zero-order and
8y = (2b,) vy, 2b, = k20 /02, w2, = 2T,/m,,

wys = ckgTs/qsBL,, and 25, = gsB/msc are the dia-
magnetic drift frequency and the gyro-frequency of
species s=(i,e), respectively. We note that the well-

known ballooning representation,
~ 0 o ~
— Z elme/ e—1m0 e—ln(g—qg )—lwtfn(el)del’ (7)

with ¢ and 8’ being the toroidal and extended poloidal

angles respectively, has been used in deriving Eq.(6),

and the s-a equilibrium model with circular flux sur-
faces has also been employed.
Equation (6) can be easily integrated with the
boundary condition h,(6) = 0 as § — £sgn(v//)oo-
The perturbed particle and current densities are

obtained from Eqgs.(3) and (4) as follows:

(k) =2od) - ¢ [ R )R

T. Te J oo V2

+ Kok, KA (')}, (8)
o) = = "2 [ S (kb0

+ Koo (k, k')A (K')}. (9)

Substituting Eqgs.(8), (9) into the quasi-neutrality
condition, Eq.(1), and the parallel component of
Ampere’s law, Eq.(2), we can straightforwardly derive
the following two coupled integral eigenmode equa-

tions:

[en+ B 2 oo - [~ St dw)
+K12(k;kl)1‘i//(kl)}: (10)

+ K22(k7k VA (K')}, (11)

where é(k) and A /(k) are the extended Fourier

components (in ballooning space) of (]E(r) and

(vte/c);l//(r), and

0
Kij(k, k’) = —1/ w*edTHij(k, kl), (12)

for i=1, 2, and j=1, 2. Here,
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Han(k, k) = =125 (k= K Hus (ks ), (17)
with
)\e = T2w3e <§En)21
Qe q
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0—6 "

e = 1 — 126, WyeT
Here
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- %(9 — 6" —sinfcos + sin ' cos §'),

d
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k% = E2[1 + (80 — asin6)?],
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. CTekg . Ln
“e=CBL, TR’
_ Ln _T.
Ne = LTe’ Ti = f

The quantities k, k' and kg are normalized to p;! =
eB/c\/m. I; is the modified Bessel function of
order j=0, 1. In addition, all the symbols have
their usual meanings such as L,, is the density gradi-
ent scale length, L, is electron temperature gradient
scale length, ¢ is the safety factor, § = rdg/qdr is the
magnetic shear and w,, = cTokg/eBLy, is the electron
diamagnetic drift frequency. The m and T are the
masses and temperatures, respectively.

The pressure gradient parameter « is not inde-
pendent and may be expressed with other parameters

as 9
a8 _ ¢°b.

dr En

a = —Rg? 1+ Tifl + 7e)- (18)

In the local approximation, the magnetic shear
effects are neglected and the parallel wavevector
k;/=const is used. From the Poisson equation and the
parallel component of Ampere’s law, we can straight-
forwardly derive the following two coupled eigenmode
equations which are the reduced versions of Eqgs.(10)

and (11) in the local approximation:

kﬁ_ 'Qe2 n A ’
1+7'i+7w + Po|é(k) + PLAy (k') =0, (19)
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D,

Equations (19) and (20) are very useful for obtain-
ing approximate results quickly in a limited computer
time, while solving Eqs.(10) and (11) needs much more

computer time for accurate results.

3. Method of solution

The coupled integral equations (10) and (11) have
to be solved numerically. The numerical codes for
the study of toroidal electrostatic [15] and sheared slab

[17] have been extended

electromagnetic ITG modes
to investigate low-3 electromagnetic eigenmodes in a
torus. The computer code for solving the equations is
upgraded by introducing a new scheme. The integra-
tion with respect to 7 in Eq.(12) does not converge for
damping modes with negative growth rate (imaginary
part of w) if it is performed along the real axis.

For the numerical results given in this work, we

transform the real 7 integration to an integration in a

complex 7-plane with [16]
—(1+i|w|s)s, wr >0,
[ -Gl )
—(1 —iw|s)s, w, <0,

where s(0 < s < 00) is a real integration variable.
It has been proved in Ref.[16] that the analyti-

cal continuation of the integration into the complex
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T-plane does not change the results of the integration
and allows it to converge for a negative growth rate.
Equations (10) and (11) are solved first with real and
complex T to check the correctness of the new numeri-
cal scheme implementation. It turns out that the new
scheme allows not only the damping rate to be calcu-
lated but also a rapid convergence of the integration
with high precision.

The integral eigenvalue equations are numerically
solved with the Rayleigh—Ritz method. Generally, an
eigenvalue problem can be written in the following

form:
Kf=2Xf, (26)

where K is a 2N x 2N matrix, Aq is an eigenvalue,
and f is the corresponding eigenfunction.
Now, we expand the approximate solution of

Eqgs.(10) and (11) in terms of unknown functions

N
on =Y bjz;(k), (27)
j=1
and
. N
Ayn = cjmk). (28)
j=1

Substituting the above formulae into Eqgs.(10) and
(11), and integrating in k space, we can obtain a set of
algebraic equations, which are based on the unknown

quantity a = (ay,ag,...,asn)T

Ma =0, (29)

where M is a 2N x 2N matrix, eigenvalue w (Rew
and Imw are the frequency and growth rate of mode)

is determined by

Double integrals with singular points have to be
calculated in the matrix elements of M;; (i,j=1, 2,
...,2N). Two methods for dealing with the singular-
ity of the integrand are discussed as follows.

(A) T =0and k # k' case

In this case, a, = 1 and a singular point in the
. 2

. S .
integrand occurs due to A\, = 72w2 [ ~¢,| in the
q

denominator in Eq.(13). We can calculate the limit
values of the following two expressions by L’Hospital’s
rule, then

exp [— (k' — k)%/4X]

_’1_11{6 \/z = O, (31)

— (k' — k)2 /4,
Ol i Gt S (32)
70 \/Ae . Ae
This means that the integrand value is zero when
7 =0 and k # k'. The integral is calculated with

Romberg’s method of accelerating convergence, which

saves computer time and has a higher accuracy.

(B) 7#0and k = k' case

The singularity may be eliminated using
L’Hospital’s rule,
9(0,6" (34 1)cosf — 5(cos @ — fsin )
im =
00" 6 —0" o0 1

=(8+1)cos§ — 5(cos§’ — 6 sinf"). (33)

In the calculation of the matrix elements, there
are still two cases in which 7 = 0, k = k' and 7 # 0,
k # k', besides the two cases mentioned above. The
case of 7 = 0, k = k' occurs in the calculation of
the diagonal elements, and we can carry out the inte-
gration using the Gauss method. The case of 7 # 0,
k # k' is a normal integral without singularity, and
we can perform the integration by Romberg’s method

of accelerating convergence.
4. Numerical results

The parameters for the numerical results given
here are § = —1, ¢=1.5, 5 =3 and d, = 22 /w2, =0
unless otherwise stated. These parameters are typical

for tokamak plasmas in confinement regions.
4.1. Critical gradient versus toroidicity

Given in Fig.1, for § = 1, is the maximum growth
rate of the mode (with respect to kgy) versus ETG pa-
rameter 7, and R/Lte = Ne/€n, in the region close to
the marginal stability boundary. The value kg =~ 0.3
corresponds to the maximum growth rates for the cho-
In Fig.1(a), the lines from left to
right are for &, = 0.1 (the line with open circles), 0.2
(the line with solid circles), 0.3 (the line with open
triangles), 0.4 (the line with solid triangles), 0.5 (the
line with open squares), and 0.6 (the line with solid

sen parameters.

squares), respectively. The &, values for the lines in
Fig.1(b) are not difficult to find if we keep in mind
that the vertical axis here is the same as in Fig.1(a).

Given in Fig.2 is the maximum growth rate of the
mode versus ETG for the same parameters as those
in Fig.1, except § = —1 here. In comparison with a
positive magnetic shear of the same magnitude, we see
that the slopes of the lines are smaller. The kg values,
from 0.49 to 0.63, correspond to the maximum growth

rates for the chosen parameters.
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Fig.1. The maximum growth rate of the mode (with
respect to kg) versus electron temperature gradient
parameter 7. (a) and R/ L. (b), for e,=0.1, 0.2, 0.3,
0.4, 0.5, 0.6, =1, g=1.5, 73=3, and 22 /w2, =0.

From the numerical results, it is explicitly demon-
strated that the maximum growth rate is an offset lin-

ear function of 7,

max

vy = Unsw*e(ne - TIZHS); (34)

or of R/Le,

R R cns
max _ ons, o _ , 35
7 7 et |:LTe ( Le ) } ()

where the threshold gradient n™ or (R/L.)“™ and

e

the proportionality factors o™ all depend on the

plasma parameters, such as 7, €,, § and gq.
4.2. Negative magnetic shear

We consider the nominal negative magnetic shear
§ = —1. The obtained critical gradient parameters
ne™ and (R/L1e )™ are shown in Fig.3 for 7; = 3 (the
line with solid squares), 2 (the line with open circles),
1 (the line with open squares), 1/3 (the line with solid

circles). Here, the data points are the numerical re-
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Fig.2. The maximum growth rate of the mode (with
respect to kg) versus electron temperature gradient pa-
rameter 7. (a) and R/Lte (b), for § = —1, with other
parameters being the same as in Fig.1.

sults and the curves are from the fitting functions,

6.549¢2 — 1.199¢,, + 1.018, 7 =1/3,
4.089¢2 + 2.831¢, +0.6331, 7 =1,

cns

Ne =
2.760e2 + 7.175¢, + 0.3237, 7 =2,
2.274e2 4+ 10.81¢,, + 0.1970, = = 3,
(36)
and
R cns T’cns
= 37
(LTe) i (37)

with n™ given by Eq.(36). From Eq.(36) it is easy to
find that dn™®/de,, > 0 in the parameter regime stud-
ied here. We may also find that (R/Lt.)"" decreases
with e, for e, < Eg. Here 52:0.4, 0.32, 0.3 and 0.25
for ;=1/3, 1, 2 and 3, respectively. Again, a higher ;
is in favour of raising the threshold temperature gra-
dient of ETG modes for 0.1 < &, < 0.6. In addition,
higher ETGs seem needed to drive the modes unstable
in plasmas with peaked density profiles. In compar-
ison with Ref.[7], we see that the threshold temper-

ature gradient for a negative magnetic shear 7™ is
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higher than the value for a positive magnetic shear of
the same magnitude when the other parameters are
also the same. For example, the critical R/ L. values
are 10 and 12 for § = 1 and § = —1, respectively, when
7; = 3. For 7y = 1 these values are approximately 5
and 6 when ¢,, = 0.2.

8

| (a)

cns
e

),

(R/Lre)™

0.1 0.2 0.3 0.4 0.5 0.6
€n

Fig.3. Critical gradient parameters nt™ (a) and
(R/ L) (b) versus &, for § = —1.

The coefficients in Eq.(36), depending on the pa-
rameter 7;, may be expressed by polynomials. In this

way, Egs.(36) and (37) may be re-written as

e = i (n)ep + 3 ()en + ¢5°(m),  (38)
and
(;l) =c*(n)en + 5°(1) + cglﬂ),
where
e = 0.79477 — 4.187; + 7.74,
c5® = —0.60377 + 6.477; — 3.21,
and

3 = 0.11772 — 0.6957; + 1.23.
The proportionality factor 6™(g,,) in Eq.(34) is given

in Fig.4, where the data points are from the numeri-

cal results and the symbols have the same meanings

as those in Fig.3. Here, the curves are from the fitting

functions,

1.45¢2 — 0.288¢,,+ 0.0374, T=1/3,

0.289¢2 + 0.125¢,, — 0.00567,
0.0518¢2 + 0.101¢,, — 0.000795, 7,=2,
—0.0203¢2 + 0.0968¢,, — 0.0025, 7; =3.
(39)
The definition of o™ in Eq.(35) leads to the essentially
linear fitting functions in Eq.(39) for ;=2 and 3. The
same procedure as for Eq.(36) may be carried out for

the coefficients in Eq.(39) and results in

Ti::l,

0™ (en, 1) = g1°(n)en, + 65°(M)en + g5°(m),  (40)

where
g5 (m) = —0.30677 4 1.9277 — 3.857; + 2.53,
g55(7;) = 0.14873 — 0.8807% + 1.587; — 0.722,

and
g55(m;) = —0.016872 + 0.09797% — 0.1717; — 0.0841.

Again, the maximum growth rate for a negative mag-
netic shear may be expressed as follows and used in

future studies,

Y =[g%(1i)el + g5° (T )en + g5°(T3)|wae
R ns i
X {— — [C?S(Ti)en + c3*(m) + & (T)] } .
LTe

' (41)

€n

Fig.4. Proportionality factor o™ versus &,.

5. Conclusions and discussion

The experimental studies on electron tempera-

ture driven instabilities (ETG and trapped electron
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modes) and the transport, from seven tokamaks de-
vices (COMPASS-D, RTP, TCV, FT-U, AUG, Tore
Supra and JET), have been reviewed in Ref.[11]. A
great part of the experimental results were devoted to
the determination of threshold gradient.

The experiments clearly show that there is a
threshold of EGT, above which the transport increases
strongly to keep the profiles unchanged. The experi-
mentally measured threshold values lie between 8 and
12. The values given in Figs.2 and 3 are lower and
This shows
that the experimentally measured R/Lt, may be de-

close to the experimental observations.

termined by the ETG modes. Because the parameters
€n, q, ; and § for the experiments are not available,
we do not attempt to claim the agreement of our re-
However, the fact that
the theoretical results fall right inside the range of the

sults with the experiments.

experimental observations is certainly not an inciden-
tal event. At least, this is a strong support for the
claim made in Refs.[11, 12] that the turbulence and
turbulent transport observed in the experiments may
be driven by the toroidal ETG modes.

Substituting Eq.(40) into Eq.(35), for negative

magnetic shear, we have

+Ch)en + 95° (m)en + 95°(1)]

ckmaxT, R R\
LN gL 42
8 eBL, {LTe <LTe) } (42)

where ¢ is the speed of light, k;*** is the poloidal

wavevector corresponding to the maximum growth
rate v™** B and e are the magnetic field and the
magnitude of electron charge, respectively.
Considering that the finite § effects are not sig-
nificant for nowadays tokamak plasmas, as an approx-

imation we may assume that A = c/wpe = 1/k5?*,

the collisionless skin depth, and make an estimation

for the electron thermal transport coefficient,

Xe ~Dp[g1% ()€ + g5%(i)en + g55 ()]
c 1 1 cns
_ G™8(5 43
- Wpe {LTe <LTe> } (5.0) (43)

T . .
for Ly < L$®, with Dp = CB and G™ (3, q) being the
e

Bohm diffusion coefficient and an order unity function
of the rest parameters, respectively.
ETG-driven instability in

toroidal plasmas in the parameter regime close to the

In summary, the

stability boundary has been studied with gyro-kinetic
theory in this work. The emphasis is placed on the cal-
culations of the maximum growth rate and threshold
temperature gradient of the modes. Direct calcula-
tion of the critical gradient is performed. The scaling
of the maximum growth rate with ETG is given. The
scaling of the critical gradient with the temperature
ratio (T, /T;) and toroidicity (e,,/R) is presented. The
algebraic fitting formulae for the maximum growth
rate and for the critical gradient are created from
the numerical data. In addition, the critical temper-
ature gradient (TG) in plasmas with negative mag-
netic shear § is higher than that with positive § when
the other parameters and the magnitude of § are the
same. This is also qualitatively in agreement with the
experimental observations. The theoretical results for
critical TG, obtained in this work, lie in the range of
experimental results.

The quasi-linear estimations for electron thermal
transport, with the collisionless skin depth as the cor-
relation length given in this work may provide refer-

ence for future experiments and nonlinear simulations.
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