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The Brans—Dicke theory is investigated in which the Pauli metric is identified to be a physical spacetime metric.

The solutions of a wormhole are obtained in Brans—Dicke theory with a relativistic radiation field for w > —3/2.

However, it is found that one cannot construct a wormhole in the presence of a 3-form axion field.
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1. Introduction

Recently, several authors '=11 have studied the
Brans—Dicke scalar-tensor theory of gravitation in
which the background spacetime is described by the
metric with a dilaton field. This is of interest for the
following reasons. No experiment has been able to
rule out the existence of Brans—Dicke theory with a
dilaton, which is an essential element of string the-
ories. The Brans—Dicke theory can be derived from
the Kaluza—Klein theories and the supersymmetric
string theories. The Brans—Dicke theory has an im-
portant cosmological application in the extended in-
flation theory. The Lagrangian of Brans—Dicke theory
is allowed to have two spacetime metrics (the Jordan
metric and the Pauli metric) which can describe two
different physics. Although both metrics are logically
acceptable, they are physically distinct. Reference [12]
showed that the unitarity of the Lagrangian can be
assured with a simple conformal transformation. The
original set of variables (the Jordan metric and the
Brans—Dicke scalar field) is usually called the Jordan
frame, while the transformed set (the Pauli metric and
the dilaton field) is called the Einstein frame.

Recently, several authors have studied inflation
cosmology in terms of Brans—Dicke theory with Fermi
fields.[89 Tt is found that Euclidean wormholes in

quantum gravity are possibly useful and the vacuum

wormbhole solution cannot be constructed in the Ein-
stein frame. We have investigated the quantum cos-
mology in the charged Brans—Dicke theory.['3] In this
paper, we study the nonvacuum wormholes in the Ein-
stein frame. It is found that the existence of worm-
holes is dependent on matter sources. The solutions
of wormholes are obtained in the Einstein frame with
a relativistic radiation field for w > —2/3. It is shown
that a wormhole cannot be constructed in the Einstein

frame with a 3-form axion field.

The present paper is organized as follows. In Sec-
tion 2, we find the wormhole solution in the Einstein
frame with a relativistic radiation field. In Section
3, we discuss the wormhole solution in the Einstein
frame with a 3-form axion field. Finally, in Section
4, a summary and conclusions about the results are

given.
2. Wormbhole solution with a rela-

tivistic radiation field

The Lagrangians in the Jordan frame and Ein-

stein frame are, respectively, given by

L == [6R@ + i 202

- [%gﬂ”au@b&,@b + V(¢>], @)
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and
Ly = — [R(g) + 9"V 8,00,0]

1
e oo [Lgmapom e v, @

where R and R are the scalar curvatures, g = det(g,. ),
Juv s the Jordan metric, ¢ is the Brans—Dicke scalar
field, w is the dimensionless Brans—Dicke parameter, v
is the relativistic particle field, g = det(g,.), g is the
Pauli metric, 87G = 1 for convenience, o = (3+2w)*/2
and o is the dilaton scalar field. Equation (1) can be
transformed into Eq.(2) under the following Weyl con-

formal transformation:

Guv = eaa"g'l“”
= —e%.
2
It is shown by Cho (2] that only the Pauli metric can

represent the massless spin-two and thus identify it to

be physical. Lagrangian (2) yields the following field

equation:
1 —Qo
Ry — Egl“/R = ~(Toyw +e " Tmyw), (4)
Oo = ~ae T (5)
o= jae m)s
Ov = ag"9,¥d,0 —e ' V'(V¥), (6)
where
1

T(o)yuw = 0,00,0 — nggaﬁaaaaﬁa, (7

1 (a7
Timyw =0, 00, ¥ — 59w POy WOz W
— Gue 7V (W), (8)

T(m) = glJ'VT(m)#u — _gllfllau !I/é),,s[/ _ 487040-‘/(?)7

(9)

where O = 2-9,(,/99"*8,), V'(¥) = dV(¥)/d¥.
For a perfect fluid

T(m)p,u = PmYuv + (pm + pm)UpUuy (10)

where

1.
pm = 307+ V(D)

Do = %W — eV (). (11)

Now let us consider the case of the Einstein frame.
The Euclidean metric is

dr?
1—17r2

ds? = dr? + a*(7) [ + r2d.(2] . (12

Equations (4)—(6) become

.\ 2
a 1 1 1.2 —
2y L (i e, ) (13

( 1
o+ 320' = Eae—aa(pm - 3pm)a (14)
a

and
. a 1,
P+ 3 (pm + Pm) = S0 (pm + 3pm). (15)

Here p,, and p,, are the energy density and the pres-
sure of relativistic radiation field respectively; the up-
per dot denotes the derivative with respect to 7. For

a relativistic radiation field we can obtain
Pm = 3Dm. (16)

Equation (16) indicates that the condition TQ/Z =
2~ *°V (W) is required. Integrating Eq.(15) by using
Eq.(16), we can obtain

Aeaa’

a?

Pm = ) (17)
where A is an integration constant. From Eq.(17) and
the relation !.P2/2 = 2e"*V(¥), we can obtain

Ae2aa
V(2)= S (18)

Integrating Eq.(14), we have

. Gy
g = a—37 (19)

where Cp is another integration constant. We now

consider the field equation (13) in two cases: & = 0
and ¢ # 0.

In the first case, 6 = 0 means that ¢ =
oo=constant. We put this result and Eq.(17) into
Eq.(13) and obtain

A

.2

Therefore, the solution of Eq.(20) is

a:\/7'2+§, (21)

and the throat of the wormbhole has a size

ag = a(m9) = ? (22)

This is the Tolman wormhole.
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In the latter case, & # 0, substituting Eqs.(17)
and (19) into Eq.(13) yields

2 2 4
o2 A G _, B D (23)
3a?  6a* a? a*
The boundary conditions for a wormhole solution are
a(mg) = 0,d(m) > 0,a(19) # 0. Setting a(m9) = 0 in
Eq.(23), one can obtain

\/B2 ++vB*—4D4
ay = ;
2

a_:\/B2_V§4_4D4. (24)

To determine which one is the true size of the worm-
hole throat, we differentiate Eq.(23) with respect to 7

and obtain

} _ 2,/2(B*—4D%)
dla=ay = B2+ /Bl _4D4 >0,
2./2(B%* — 4D4
ilaca. = — ( ) <o (25)

B2 — /B4 —4D*
Therefore, the size of wormhole throat is written as
4D? > 0 is satis-
fied. Referring to Ref.[15], we can derive the solution
of Eq.(23) as

ag = a(1y) = ay, if the relation B? —

—(10 a,

T =ag [F <arcsm

—F (arcsm1 /

_aO
2’

(26)

where F' and F are the first and second kind of elliptic
integrals respectively. Finally, by combining Eqgs.(19)
and (23

), we obtain

d C
. 0 . (27)
da  ava?— B2a2+ D
Then the solution of Eq.(27) reads as
a®>—a>  a_
C a2 —a2 a
c=0p+——1In 0 ° ,  (28)
2a0a— a®>—a®>  a_
a? — a? ag

where oy is an integration constant. As a conclu-

sion, when 7 — 7¢, it is easy to find that a — ag,
0 Ae®90
—, 0 — 0o, and ppm — —5—;
% )

o — while for

T — 00, one can have a — 7,6 and p,, — 0 and
C —a_

o — o9+ ° In <a0 a ) Equation (26) is a
2apa_ ap+a_

wormbhole solution.

3. Wormbhole with an axion field

In the Jordan frame, the Lagrangian with a 3-

form axion field is given by

Ly = - |6R@)+ug L2

+E2ﬁuuAﬁ-MUA ) (29)
where ,E is the Peccei—Quinu scale coupling constant.
Under the Weyl conformal transformation, Egs.(3)

and (29) can be transformed into

Lp=—[R+g"d,00,0 +e “B°H,H"?], (30)

where 1

#= L (31)
Equation (30) is the Lagrangian with a 3-form field in
the Einstein frame. From Eq.(30), we can obtain the

field equations

1

R,uu - Eg,uuR
1
=(V,oV,0 - Egu,,a)‘aa’\cr)
1
+ 6% “*7[H, ApH - gnguApHu)‘p]a (32)
and
Oo + 6af%e *° H,,,H" = 0. (33)

The conformal Euclidean R-W metric is Eq.(12). It

is assumed that an axion field is presented by
h(r) =

ije = h(T)Ejke, (34)

m
3243’
where m is the axion charge. Using Eqs.(12) and (34),
Eqs.(32) and (33) become

1 1/6? m2
H> - === -6 35
a? 3<2 ¢ ﬂ2a6)’ (35)
B~ Li62 19000 m2) (36)
— =—=(0"—12¢
a? 2 B32a8”’

2

&+ 3Ho + 6ae*“%

where H = 2. The upper dot denotes the deriva-
a

tive with respect to 7. It is clear that Eq.(36)

can be derived from Egs.(35) and (37).

to solve Eq.(37), we need make a transformation:

dp = (dr/a®)(v/6m/3), then Eq.(37) becomes

d?c
dp?

=0, (37)

In order

+ ae 9. (38)
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By solving Eq.(38), we obtain solutions which depend

on the sign of the first integration constant as follows:

1 ln{

n ——cos ov—ko )| ¢ ,
n{ = 2ot | VR )| k0<(§9)

Qi QI Qf

where ky and k; are the first and second integra-
tion constants. By substituting the solutions (39) into
Eq.(35), we obtain

2m2k

1+ Tgaf, ko > 0;

d2 = 11 kO = 07 (40)

2m2k

1— ;’;‘ T k<o

d d%a
The boundary conditions, a(o) = 0, —— (TO)
dr dr2

0,a(m0) # 0, must be satisfied by the wormhole so-
d

lution of Eq.(40). It is obvious that €% cannot van-

ish in Eq.(40).

be created in the Einstein frame with a 3-form axion

field.

-
This means that a wormhole cannot

4. Conclusion

In the Einstein frame, we cannot construct a

vacuum wormbhole solution.[!l However, when matter

sources are relativistic radiation fields, we obtain an
analytical wormhole solution. Solution (26) is a com-
bination of the first and second kind of elliptic inte-
When matter sources are axion
The

existence of a wormhole depends on matter sources.

3
grals for w > ——.

fields, one cannot obtain wormhole solutions.

Some authors have showed that the Jordan frame and
Einstein frame are different at the classical level and

[4:16,17] We will inves-

almost also at the quantum level.
tigate nonvacuum wormhole solutions of a Dirac field

and a massive scalar field (1819 in future work.

Wormbholes have been studied mainly in the semi-
classical approximation as solutions of the classical
Euclidean field equations. However, such solutions
are special, and exist only for certain kinds of mat-
ter. On the other hand, one can represent worm-
holes in a more general manner as solutions of the
Wheeler-Dewitt equation with appropriate bound-
ary conditions. Hawking and Page gained, through
a tedious calculation, solutions of Wheeler—-Dewitt
equation with massless minimal or conformal scalar
field.[?% It was found that Giddings-Strominger in-
stanton solution corresponds to a sum of an infinite
number of Hawking’s solutions. We will investigate
further wormhole wavefunctions as solutions of the
Wheeler-Dewitt equation with appropriate boundary

conditions in the Brans—Dicke theory in future work.
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