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The stationary-state nonlinear Schrodinger equation, which models the dilute-gas Bose—Einstein condensate, is

introduced within the framework of the quantum phase-space representation established by Torres-Vega and Frederick.

The exact solutions of equation are obtained in the phase space, by means of the wave-mechanics method. The

eigenfunctions in position and momentum spaces are obtained through the ‘Fourier-like’ projection transformation from

the phase space eigenfunctions. The eigenfunction with a hypersecant part is discussed as an example.
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1. Introduction

In any statistical distribution of two variables,
such as position £ and momentum p, an important
question is whether or not the two variables are corre-
lated. In classical physics, a particle is something that
has simultaneously a definite position and a definite
momentum. In quantum theory, however, a particle
can show either a definite position or a definite mo-
mentum, but not both at the same time. As a cen-
tral concept in classical mechanics, phase space can-
not be utilized directly in quantum mechanics due to
the limitation of the Heisenberg uncertainty principle.
Nevertheless, quantum phase space theory has pro-
vided a method to describe a quantum state directly
in classical phase space. To a first approximation, the
effects of the quantum properties of matter can be pic-
tured in terms of a classical particle of uncertain po-

sition and momentum, provided that we assume that

h
AzAp > 5 This picture must be used with caution,

because the wave properties of matter are not taken
into account completely and correctly. Yet it is often
very helpful, provided its limitations are understood.

Since the first quantum phase-space distribution
function was introduced by Wigner [!! in 1932, a va-

riety of phase-space theories for quantum mechanics
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have been proposed 23] and extensive uses have been
found in many areas of physics and chemistry.[*—¢
The most direct way to establish phase-space repre-
sentations of quantum mechanics is to define quantum
phase-space distribution functions. To date, the quan-
tum phase-space distribution function most used in
physics and chemistry is still the Wigner distribution
function,[”l which is called the quasi-probability distri-
bution function. There have been many attempts to
improve the inadequacy that the Wigner distribution

function is not always positive in phase space.®!

The other way to establish phase-space represen-
tations is to define quantum state functions and cor-
responding Schrodinger equations. Thus, almost all
the mathematical properties in the general position or
momentum representation of quantum mechanics are
retained for quantum state functions in phase space,
and a variety of useful methods and results can be re-
planted to phase-space representation. The quantum
phase-space theory established by Torres-Vega and
Frederick (TF) in the 1990s reflects this idea.[%1% In
the TF phase-space representation, the principal op-
erator of dynamic variables and the Schrodinger equa-
tions are defined directly, and the phase-space wave-
functions are determined by the Schrodinger equations

solved. The mean values of dynamic variables may

http://www.iop.org/journals/cp



812

Lu Jun

Vol. 13

be computed just as those in position or momentum
space.[11]

Since the TF phase-space representation of quan-
tum mechanics was proposed, a variety of advances
have been made in theory and applications to atomic
and molecular systems. The harmonic oscillator in the
phase space has been treated by Torres-Vega and Fred-
erick in their initial papers.[%1% The possibilities and
limitations of utilizing wave mechanics in the phase
space have been discussed by Mgller et al.'? The rig-
orous solutions of Morse oscillator, a particle in § po-
tential fields, and the one-dimensional (1D) hydrogen
atom in the phase space have been obtained. The
vibration theory of diatomic molecules with an em-
pirical potential function in the phase space has been
discussed.[13~16] The scattering theory in phase space

has also been developed.[17-18]

On the other hand, there can be many kinds of
equivalent quantum phase-space theories. In addition
to the theory established by Torres-Vega and Freder-
ick, the relative-state theory, the linear transforma-
tion theory, and the displacement-operator theory in
phase space have also been established, and it has been
proved that all these representations are equivalent to
each other.[19—21]

Many physical phenomena can be described with
the nonlinear Schrédinger equation (NLSE): for ex-
ample, the behaviour of the Stokes wave near the
state of modulational instability. The NLSE also has
wide and important applications in nonlinear optics,
plasma physics, and fluid dynamics. Some NLSEs can
be solved exactly in position representation, and some
numerical methods have been studied for solving the
generalized NLSE.

The NLSE can also be used to model dilute-gas
Bose-Einstein condensate (BEC).?2l BEC is a ubig-
uitous phenomenon, which plays important roles in
condensed matter, atomic, nuclear, and elementary
particle physics, as well as in astrophysics. Many ap-
plications of NLSE to BECs have been found.[23:24]
Some works on NLSE in the context of BECs have

also been done in the phase-space representation.2?!

In this paper, we will solve the 1D NLSE which
models the dilute-gas BECs in the quantum phase-
space representation established by Torres-Vega and
Frederick. We obtain the Jacobian elliptic function
solution for the phase-space NLSE in Section 2. We
discuss the properties of the solution in Section 3, and

draw our conclusion in Section 4.

2.Nonlinear equation and its so-

lution in phase space

The dilute-gas BEC can be modelled with NLSE
in a three-dimensional (3D) mean-field theory. The
NLSE that describes a BEC of N atoms of mass M is

~2

9 _| P 2 .
1hat!P(F,t)— 2]M:I:g|!l7(1ﬂ,t)| + V (7)

v (I,t).
(1)
Here the atoms are confined in the external potential

V(#). |9(L,1)f

tion, g > 0 is the coupling constant which is related

is the single particle density func-

to the nature and quantity of the atoms, and ‘+’ and
‘—’ correspond to the cases of repulsive and attractive
interactions respectively.

On the other hand, if the BEC is in the situation
that its transverse dimensions are on the order of the
atomic interaction length or the actual atomic size,
and its longitudinal dimension is much longer than
its transverse ones, it can be defined in the quasi-1D
regime.[?$271 Thus the 3D NLSE (1) will be reduces
as a 1D NLSE, i.e.

. 0 [ # 2 "

(2)

The 1D NLSE (2) admits of considerable simpli-
fication when the potential energy V (Z) does not de-
pend on time. It is then possible to express its solution

as a product of functions of I" and ¢, i.e.

U (I,t)= ¥ (I[)exp <—%t> ) (3)

where F is the eigenenergy. We let the constant fac-
tors M = h = 1, as such constant factors make no
difference in our results. Thus the 1D NLSE (2) will
become a 1D stationary-state NLSE as follows:

gl (P +v @] v =Eer). @

In the TF quantum phase-space representation,
the position and momentum operators can be written

as the canonical form,[%10 j.e.

. P .0
m—)X—2+1apz, (5)
~ - T 8

Then Eq.(4)

B(

), with the help of Egs.(5) and (6), becomes
9\ 4w e
- ) 9% (a.p,)

2
< ” U (z,ps) = BV (z,ps). (7)
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By using the relations

X oxp (Jm%) , (8)

and by putting

¥ (2,p,) = exp (—i‘”;’”) & (z,p.),  (11)

we can transform Eq.(7) into

1 62
[ +9|® (z,p.)>

2822

+V <:1: + iaip) ] & (z,p.) = ED (z,p,). (12)

The harmonic oscillator is one of the models
most used for the dilute-gas BEC. The NLSE with
the harmonic potential has been discussed, and the
existence of the bound states has been proved for
the equation.?®! Despite having less accuracy than
with the harmonic potential, the NLSE with a con-
stant potential is useful for describing the dilute-gas
BEC.[26-30] The long-time exact solutions of the 1D
NLSE with the constant potential have been obtained
by the inverse scattering method.3!] Here we consider
Eq.(12) in the regions of constant potential. With-
out loss of generality, we put V (Z) = 0, then the 1D
phase-space NLSE (12) becomes

1 92
_58322 ig|¢(m7pm)|2 ¢(I7p-’/v) = E¢(m7pm)
(13)

2.1. Repulsive nonlinearity

The case of repulsive interactions considered here

corresponds to ‘4’ in Eq.(13), i.e.

1 82
—5 523 T 9128 (2,0:)I | P (2,p2) = E P (2, pz)
(14)

Equation (14) is similar to the standard form of the

NLSE in Ref.[32], and admits an infinite number of

exact solutions. The complicated solutions can be re-
garded as the nonlinear superposition of simple solu-

tions. The most general form of the solutions is

P (2,pz) = Bsn [k (z — zo) + & |m] exp [iC (pz)] ,
(15)
where sn (z |m) is the Jacobian elliptic function, 3] z,
is the eigenvalue of the position operator, and C (p)

is an arbitrary reasonable real function satisfying the

n

dpjexp [iC (ps)]| < o0

x

following condition:
(n:051525"')'

[ " dp,
b (16)

The parameters B, k, § and m will be determined
by substitution of Eq.(15) into Eq.(14), the boundary
conditions and normalization.

Inserting Eq.(15) into Eq.(11), we obtain

izp,

VR (z,p,) =exp <— ) Bsn[k(z — zg) + 6 |m]
x exp [iC (pz)] - (17)

This is the phase-space eigenfunction of dilute-gas
BEC modelled with a NLSE for the case of repulsive

interactions.
2.2. Attractive nonlinearity

The attractive interactions correspond to ‘—’ in
Eq.(13), i.e.

1 92 2
(18)

Equation (18) also admits an infinite number of exact
solutions like Eq.(14), and the most general form of

the solutions is

Pp (z,p,) = Benlk (z — zo) + 6 |m]exp [iC (p2)],

(19)
where cn (z|m) = \/W is also the Jaco-
bian elliptic function,®3 C (p,) satisfies the same con-
dition as Eq.(16), and the parameters B, k, § and
m will be determined by substitution of Eq.(19) into
Eq.(18), the boundary conditions and normalization.

Inserting Eq.(19) into Eq.(11), we obtain

lzp,

U (z,p,) =exp <— 5 ) Benlk(z —zo) + 6 |m]
x exp [iC (pz)] - (20)

This is the phase-space eigenfunction of dilute-gas
BEC modelled with a NLSE for the case of attractive

interactions.
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3. Discussion

The eigenenergy E in the quantum phase-space
representation will be determined by substitution of
Eq.(15) or (19) into Eq.(14) or (18) and the boundary
conditions. It can be predicted that the eigenenergy
obtained in the phase space is the same as those ob-
tained in the position space. This is easy to under-
stand, because the values of dynamic variables are in-
dependent of mathematical representation for a phys-
ical system.

Equations (17) and (20) describe the eigen-states
of a dilute-gas atom in the BECs within the framework
of the quantum phase-space representation for the
cases of repulsive and attractive interactions respec-
tively. It is well known that the wavefunctions in posi-
tion or momentum representation are unique, differing
at most by a phase factor. However, the eigenfunc-
tions (17) and (20) are not unique in the phase space
due to the arbitrariness of function C (p,). This is not
surprising. Although the choice of operators in Egs.(5)
and (6) seems to determine a Schrddinger equation,
and there should be the corresponding unique eigen-
function in the phase space, as we know, the states of a
physical system are determined by the eigen-equation
and the corresponding boundary conditions. For the
phase-space NLSE (7), if the boundary conditions of
the position (momentum) part in its eigenfunctions
are completely certain, those of momentum (position)
parts could not be certain due to the limitation of
the Heisenberg uncertainty principle. Since the po-
sition and momentum variables are now used simul-
taneously in phase space, the forms of eigenfunctions
must be uncertain in order to incorporate the uncer-
tainty principle. In fact, this is the same in nature
as the eigenfunctions of the position and momentum
operators, the solutions of the harmonic oscillator, the
Morse oscillator, the oscillator with an empirical po-
tential function, the 1D hydrogen atom, and the §
potential fields in the phase space.[9:10:13-16]

(17) and

(20) are projected into position or momentum

If the phase-space eigenfunctions

space through the ‘Fourier-like’ projection trans-
formation,[®11] it should be expected that the unique
eigenfunctions in position or momentum space can be
obtained, since the eigen-equations and the boundary
conditions are completely certain in position or mo-
mentum space.

As an illustration, we put

C (pz) = ZToPzx- (21)

Strictly speaking, the integral in Eq.(16) does not con-
verge if taken over an infinite limit for Eq.(21); as we
know, however, in any real problem, the wavefunction
must take the form of a packet, rather than the plane
wave, since the particle always exist in a limited po-
sition with a finite momentum. We may think of the
region of phase space in which such a wavefunction is
defined as being arbitrarily large but finite; then the
integral in Eq.(16) is over the finite limit of this region
and converges.

If C (p.) is defined as Eq.(21), the phase-space
eigenfunctions (17) and (20) will become

g (2, ps) =exp <_”“’§””) Bsnlk(z — zo) + 6 |m]
x exp (izopz) (22)
and
s (2.02) =exp (-2 ) Beall (o~ a0) + ]

x exp (izopz) (23)

respectively. By using the ‘Fourier-like’ projection

transformation [9—11]

@ = [ amen () e@r), @

— 00

¢ (pa) = /m dz exp <—im§z) ¥(z,ps), (25)

we project Egs.(22) and (23) into position and mo-

mentum spaces respectively. The results are

Yr (z) =Bsn(kz + §|m), (26)
+oo
on(ps) = [ doexp(—iap,)Bon (ka + 5|m). (27)

for Eq.(22), and

Ya (z) =Bcen(kz + 6 |m), (28)
+oo
oA (pz) :/ dzexp (—izpy)Ben(kz + §|m), (29)
for Eq.(23), in which the following formula has been
used:
+ oo L/2 ) 273
[m dp, exp (imopz):Lli_I};o 7L/2dpz %exp (i 71'2]&)

=6;0 (7=0,£1,£2,---).(30)

It is clear that Eqgs.(26) and (28) are the same as
the eigenfunctions obtained in position representation,

while Egs.(27) and (29) are just the Fourier integrals
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of Eqgs.(26) and (28) respectively, if the constant fac-
tors can be omitted. This means that Eqgs.(27) and
(29) are also the eigenfunctions in momentum repre-
sentation.

For Eq.(23), if we let m=1, we can also obtain
the hypersecant solution in the position direction. We
put zop = 1 and é = 0, thus Eq.(19) will be written as

®a (z,p,) = Bsechk (z — 1), (31)

therefore Eq.(23) becomes

Uy (z,p,) = Bsechk (z — 1) exp [—% (z— Z)pm] .
(32)
Inserting Eq.(31) into Eq.(18), we can obtain the rela-
tions among the parameters B, k, and the eigenenergy

FE as follows:

gB? = k2, (33)
2E + k* = 0. (34)

On the other hand, the eigenfunction (32) should be

normalized, i.e.

+ oo + oo 9
/ dac/ dp, |¥a (z,p2)]” =1, (35)
then we can obtain the relation
k=2B2 (36)

From Egs.(33), (34), and (36), it follows at once that

E=-%, (37)
B= \/7§’ (38)
k=3 (39)

Inserting Eqs.(38) and (39) into Eq.(32), we obtain

the eigenfunction
s (02) = Yoo (o = Dexp |3 (e~ D).
(40)

which corresponds to the eigenenergy equation (37).

4. Conclusion

In this paper, we have considered the stationary-
state NLSE, which modelled the dilute-gas BEC
within the framework of the quantum phase-space rep-
resentation established by Torres-Vega and Frederick,
and obtained the exact solutions of the equation in the
phase space. We have also discussed the relationships
of eigenfunctions between the phase-space representa-
tion and position or momentum representation, and
given an instance in which there is a hypersecant part
in the phase-space eigenfunction.

The present analysis shows that the wave-
mechanics method in TF phase-space representation,
which has been developed by many authors, could be
extended to the NLSE. The phase-space wavefunc-
tions can describe the dilute-gas BECs; therefore, they
provide the foundation for approximate calculation in
the future.

For a physical problem, the arbitrary function,
C (pz), in the function by using wave-mechanics
method could be chosen as some suitable form in or-
der to simplify the mathematical treatment in phase

space.
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