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By using the solutions of an auxiliary elliptic equation, a direct algebraic method is proposed to construct the exact

solutions of nonlinear Schrédinger type equations. It is shown that many exact periodic solutions of some nonlinear

Schrédinger type equations are explicitly obtained with the aid of symbolic computation, including corresponding

envelope solitary and shock wave solutions.
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1. Introduction

Much effort has been made on the construction
of exact solutions of nonlinear evolution equations
in view of their important role in understanding the
nonlinear problems. In recent years, many methods
have been proposed, such as the hyperbolic function
method,[~4 the homogeneous balance method,®8!
the mixed exponential method,®:1 auxiliary equation
method,[11713] variable separation method 4! and so
on. In connection with finding the periodic solutions
of nonlinear evolution equations, there are the Weier-
strass elliptic function expansion method [*5=17 and
Jacobi elliptic sine (or cosine or the third kind of Ja-

[18—22] 414 g0

cobi elliptic) function expansion method,
on. Many exact solutions of nonlinear equations have
been obtained. The main idea of the above methods is
that the solution of the nonlinear evolution equation
is expanded as a series of finite terms of functions,
resulting in a set of algebraic equations. In this pa-
per, along with this idea, we propose a new method
to construct the exact periodic solutions of nonlin-
ear Schrodinger type equations based on an auxiliary
elliptic equation. It is shown that many exact pe-

riodic solutions of some nonlinear Schrédinger type

equations are explicitly obtained with the aid of sym-
bolic computation (Mathematica). Under a limiting
condition, they give the corresponding envelope soli-

tary and shock wave solutions.

2. Auxiliary elliptic equation

method

Consider a given nonlinear Schrédinger type

equation

) =0, 1)

N(U, |u|7ut7uz;utt;uzz;uzt; ..

where u, = Ou/0z, Uy, = O%*u/0z2%, u, =
0%u/8zdt,- - -, and |u| denotes the modulus of u, as
hereafter.

Since nonlinear Schrédinger type equations de-
scribe a nonlinear wavepacket, we can seek their en-

velope wave solutions in the following form:

u = ¢(€)ei(kmfwt),
with i = /—1, where ¢(&) is a real value function and

k and w denote the wavenumber and the circular fre-

&=z — 20kt (2)

quency, respectively. Substituting Eq.(2) into Eq.(1)
leads to an ordinary differential equation

d¢p d%¢ d3¢ _
F<¢:d_£: @7 @5)_0 (3)
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Introducing an auxiliary elliptic equation as fol-
lows:
d%z
e = bz + 2c2®, (4)
where b and ¢ are two constant parameters, it is found
that the elliptic equation (4) admits the following sev-

eral types of solutions:

21 :Sn(é-: m):

as b=—(14+m?), c=m?, (5)
29 =cn(&, m),
as b=2m? -1, c = —m?, (6)
23 :dn(fam)a
as b=2—-m? c=—1, )
1
z4 =ns(&,m) = )’
as b=—(14+m?), c=1, (8)
1
z5 =nc(§,m) = m,
as b=2m>—1, c=1-m?, (9)
1
zg =nd({, m) = m,
as b=2-m? c=—(1-m?), (10)
z7 =sc(§,m) = %,
as b=2—-—m?, ¢c=1-—m?, (11)
_ _ sn(¢,m)
zg =sd(§,m) = Wa
as b=2m?>—1, c=-m?(1 —m?), (12)
z9 =cs(é,m) = %,
as b=2—-m? c=1, (13)
d
z10 =ds(§,m) = %,
as b=2m? -1, c=1, (14)

where sn(&, m), cn(¢,m) and dn(€,m) are Jacobi el-
liptic sine, cosine and the third kind of Jacobi elliptic
function, respectively, and m denotes the modulus.
For detailed information about Jacobi elliptic func-
tions see Refs.[23,24].

Now suppose that ¢(£) is expressed as a finite se-

ries of function z(£), i.e. the ansatz

n

$(&) = aj 2(&) (15)

=0

is made and its highest degree is

O(4(8)) = n. (16)

dr
From Eq.(4), the highest degree of qqu—gf is taken as

O<¢q%) =(¢+1)n+p, p,q=0,1,2,3,... (17)

Thus we can choose n in Eq.(15) to balance the
derivative term of the highest order and the nonlinear
term in Eq.(3). Substituting ansatz Eq.(15) and ellip-
tic equation (4) into Eq.(3) with computerized sym-
bolic computation and equating to zero the coefficients
of all powers of z(¢) yields a set of algebraic equations
for a; (1 = 0,1,2,..
solution of this set of algebraic equations and elliptic
equation (4) into Eq.(15), then into Eq.(2) and setting
¢ = z — 2akt, the exact periodic solutions of Eq.(1)

.,n). Finally, by inserting each

are obtained. We observe that some solutions of the
algebraic equations lead to the trivial solutions of the

equation, which will not be considered here.
3. Applications

In this section, we will solve three important non-
linear Schrodinger type equations to illustrate our
method.

3.1. Nonlinear Schrodinger equation

We consider the nonlinear Schrodinger (NLS)

equation in the following form:[24

iug + gy + Bluffu=0 (18)

with i = 4/—1, in which a and (8 are two constant
parameters that denote the dispersion frequency coef-
ficient and Landau coefficient, respectively. An NLS

equation describes a nonlinear wavepacket. Let

u= ()" N, t=gz—2akt,  (19)

where ¢(£) is a real value function and & and w de-
note the wavenumber and the circular frequency, re-

spectively. Substituting Eq.(19) into Eq.(18), we get

2
a% + (w— ak?)¢ + B¢* = 0. (20)
Suppose n
$(6) =) a;2(¢), (21)
j=0
d2¢ 3
from Eq.(17), we have O<@) =n+2, 0(¢°) = 3n,
son =1 and ¢(£) may have the following form:
¢(€) = ao + a12(§), (22)

where a¢ and a; are constants to be determined.
Substituting Eq.(22) into Eq.(20), then substitu-
tion of Eq.(4) and setting the coefficients of z(¢)7(j =
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0,1,2,3) to zero leads to a set of algebraic equations

for ag, a; and w,

ao(w — k*a)+ a3 =0,

arba + a;(w — k*a) + 3a3a, 3 = 0,
3agalf =0,

2a;ca + a3 = 0.

Solving this set of algebraic equations, we can deter-

mine the parameters:

ag = O,
—2ca
a; = + IB 5
w=—(b— k2)a. (23)

Substituting Eq.(23) into Eq.(22), then into Eq.(19)
and using Egs.(5)—(14), the exact periodic solutions
of the NLS equation (18) are obtained as follows:

) ) )
ur(a,1) = % [ 5 sn(e — 2akt) ool 0,

for b=— (14+m?), c=m?, (24)
up(z,t) ==+ \/?cn(m — 2akt) el(keta(b=k)1)
for b=2m? —1, ¢ = —m?, (25)
ug(z,t) ==+ \/?dn(z — 2akt) cilkata(b—k")t)
for b=2—m?, ¢= —1, (26)
ug(z,t) ==+ \/?ns(m — 2akt) eiketad-k)i)
for b=—(14+m?), c=1, (27)
us(z,t) =+ \/?nc(m — 2akt) '(Frta(=kK))
for b=2m?2 — 1, c=1- m2, (28)
ug(z,t) = £ \/?nd(x — 2akt) cilkzta(b—k*)t)
for b=2-m? c=—(1-m?), (29)
ur(z,t) ==+ _ZCasc(z — 2akt) el(keta(b=k)1)
for b=2—-m?, c¢=1-m?, (30)
ug(z,t) =+ _ansd(m _ 9akt) oilkata—k)),
for b=2m® 1, ¢ = —m?(1 —m?), (31)
ug(z,t) ==+ \/_/2‘7(:5(3: — 2akt) ei(kz“"(b*kz)“,
for b=2—-—m?, c¢=1, (32)

ugo(z,t) =+ 4/ _ands(a: — 2akt) el(krta(b=k)1)

for b=2m?—1, c=1. (33)

Notice that whenm — 1,sn€ — tanh§, cn & — sech €,
and dn ¢ — sech ¢, solutions u; — uyg are degenerated
as the corresponding envelope solitary or shock wave

solutions.
3.2. Zakharov equations

Consider the Zakharov equations in the following

form:[24]
82|v|?
Ut — cium = ﬂ%, (34)
vy + avgy — duv =0 (35)

with i = 4/—1, in which o, 8 and § are three con-
stant parameters, and ¢, denotes the velocity of ther-
mal motion for the electron-ion, u the partial incre-
ment of number density, v the strength of electric field
with slow-changing amplitude. Zakharov equations
describe the high-frequency motion of plasma or non-
linear light wave, which are a pair of coupled nonlinear

evolution equations. Take

u = u(§),
v = ¢(£)ei(kz—wt)7
¢ =z — 20kt, (36)

where ¢(§) is a real value function and k and w de-
note the wavenumber and the circular frequency, re-
spectively.

Substituting Eq.(36) into Egs.(34) and (35), we

have

d2u d?(¢?)
272 2 _
(4a k* — CS)d—€2 = ,6 d£2 , (37)
d2
ad—ff + (w — ak?)¢ — dug = 0. (38)
From Eq.(37), we can deduce that
(1022 — Z)u = B¢?, (39)
in which some constant terms are omitted.
Substitution of Eq.(39) in Eq.(38) yields
d*¢ 2 6B 3
ad—£2+(w—ak )¢—m¢ :O (40)

It is easy to find that Eq.(40) is similar to Eq.(20).
From Eq.(23), we get

2ca(4a?k? — c2)

Substituting Eq.(41) into Egs.(39) and (36) and using
Egs.(5)—(14), ten pairs of exact periodic solutions of

$(§) =

Zakharov equations are obtained as follows:
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up(z,t) = 2cTa sn?(z — 2akt), wvi(z,t) = i\/%;#_c@ sn(z — 2akt) cilkata(d—k)1)
for b= —(1+m?), c=m? (42)

ug(z,t) = 2cTa cn?(z — 2akt), wvo(z,t) = i\/%w cn(z — 2akt) ei(k””o‘(b*kz)t),
for b=2m?—1, ¢ = —m?; (43)

us(z,t) = %Ta dn®(z — 2akt), wo(z,t) = i\/%;ﬁ_@ dn(z — 2akt) ei(kz+"(b_k2)t),
for b=2-m? c=—1; (44)

ug(z,t) = 2cTa ns®(z — 2akt), wva(z,t) = i\/%;#_c@ ns(z — 2akt) ei(k”hLo‘(b*kz)t)7
for b=—(1+m?), c=1; (45)

us(z,t) = 2cTa nc?(z — 20kt), wvs(z,t) = i\/%;ﬁ_@ nc(z — 2akt) cilkata(d=k?)1)
for b=2m? -1, c=1—m? (46)

ug(z,t) = %Ta nd*(z — 2akt), we(z,t) = i\/%;ﬁ_@ nd(z — 2akt) ei(kz“"(b*’ﬁm,
for b=2—-m?, c=—(1 —m?); (47

ur(z,t) = 267(1 sc?(z — 2akt), wvr(z,t) = i\/%;#_c@ sc(z — 2akt) eilkata(b—k*)1)
for b=2-m? c=1-m? (48)

ug(z,t) = %Ta sd®(z — 2akt), wvs(z,t) = i\/%f;_@ sd(z — 2akt) ei(k””'i'a(b_kz)t)7
for b=2m?—1, c = —m?(1 — m?); (49)

ug(z,t) = %Ta cs?(z — 2akt), wo(z,t) = i\/%;ﬁ_@ cs(z — 2akt) ei(kz"'a(b_kz)t),
for b=2-m?, c=1; (50)

2
ugo(z,t) = % ds®(z — 2akt),

2ca(dak? — 2 ) )
vm(m, t) = i\/% sn(:L' _ 2akt) el(kz+a(b7k )t)’

for b=2m?2 -1, ¢c=1.

(51)

When m — 1, the solutions u;—u;9 are degen-
erated as the corresponding solitary wave solutions;
v1—v1¢ are degenerated as the corresponding envelope
solitary or shock wave solutions of Zakharov equa-

tions.

3.3. Coupled nonlinear Schrodinger equations

We consider coupled nonlinear Schrodinger equa-

tions in the following form:[25:26]

i + Uge + 2[u)® + |v|?u = 0, (52)

vy + v + 2Jul? + |v|*v =0 (53)

withi=+/—1. Let

u =g,
v = SD(g)ei(kmfmt‘)’

£ =x—2kt, (54)

where ¢(£) and ¢(§) are two real value functions and
k and w denote the wavenumber and the circular fre-
quency, respectively.

Substituting Eq.(54) into Eqgs.(52) and (53), we
get

e Bt 2P =0, (55)

d€2 (p b

d?y 1.2 2 2\
+(w—k%)p+2(¢" +¢")p =0 (56)

dez
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Suppose

l
w(€) = > bi(e), (57)

by virtue of the principle of balance of the highest
derivative terms yields n =1 = 1. So ¢(£) and ¢(&)

may have the following form:

(&) = ao + a12(§),
©(§) = bo + b12(§), (58)

where ag, a1, bg and b; are constants to be determined.

Substituting Eq.(58) into Egs.(55) and (56), using
Eqgs.(4)—(14) and setting the coefficients of 2(£)7(j =
0,1,2,3) to zero leads to a set of algebraic equations

for ag, a1, by, b; and w:

ag(w — k2) + 2ag + 2a0b(2) =0,

6a3za; + arb + 2a:1b3 + 4agboby + a1 (w — k?) = 0,
Gaoaf + 4a,bgby + ZaOb% =0,

2a3 + 2a;b3 + 2a;¢ = 0,

2a2by + 2b3 + bo(w — k?) =0,

4aga1by + Za%bl + bby + 6b(2]b1 + by (w— k2) =0,
2a3bo + daga1by + 6bob; = 0,

2a2by + 2b% + 2b,c = 0.

Solving this set of algebraic equations with the aid of

Mathematica, we can determine the parameters:

ap =0, bp=0, a;==4/-b%—c w=—b+k2%

(59)

Substituting Eq.(59) into Eq.(58), then into
Eq.(54) and using Eqs.(5)—(14), the ten pairs of exact
periodic solutions of coupled nonlinear Schrédinger

equations (52) and (53) are obtained as follows:

uy(z,t) =+ \/E sn(z — 2kt) ei(ka+(b=k?)t)
vi (@, t) =bisn(z — 2kt) koKD,
for b=—(14m?), c=m? (60)

uz(z,t) =+ \/E cn(z — 2kt) ei(kat(b—k)1)
va (@, t) =bien(z — 2kt) elke+=kKI0),
for b=2m” -1, c=-m? (61)

uz(z,t) ==+ \/E dn(z — 2kt) ei(ka+(b—k)1)
v3(z, t) =bydn(z — 2kt) elke+—KI0),
for b=2—m* c=-I; (62)

ug(z,t) =+ 4/ —b? — c ns(z — 2kt) ei(k””"'(b_kz)t)7

va(e,6) =buns(a — 2kt) elrHE=0),
for b=—(1+m?), c=1; (63)

us(z,t) =+ \/E nc(z — 2kt) ei(ka+(b—k")1)
vs(z, t) =binc(z — 2kt) elkz+O=kKID),
for b=2m®>—1, c=1-m? (64)

ue(:r, t) =4 \/E nd(a: _ 2kt) ei(kz+(b—k2)t)7
ve(x,t) =bynd(z — 2kt) it (b=k))
for b=2—m* c=—(1-m?; (65)

ur(z,t) ==+ \/E sc(z — 2kt) eilka+(b—k)t)
vq(x,t) =bysc(z — 2kt) ikt =k,
for b=2-m? c=1-m? (66)

us(m, t) =4 \/E Sd(m _ 2kt) ei(km+(b7k2)t)7
vg(x,t) =bysd(z — 2kt) ekt G=F)1),
for b=2m?—1, c=-m?(1—m?); (67)

ug(z,t) ==+ \/E cs(z — 2kt) eilka+(b—k)t)
vg(x,t) =bics(z — 2kt) ikt =k,
for b=2—m® c=1; (68)

uto(z,8) = + /8% —  ds( — 2kt) kO,
v1o(z, t) =byds(z — 2kt) el(hat®=k)1)
for b=2m* -1, c=1; (69)

where b; is a free constant.
When m — 1, the solutions (60)—-(69) are degen-
erated as the corresponding envelope solitary or shock

wave solutions of coupled nonlinear Schrédinger equa-
tions (52) and (53).

4. Conclusions and discussion

Now we summarize the overall conclusions of this
paper.

1) An auxiliary elliptic equation method is pro-
posed to construct the exact periodic solutions of some
nonlinear Schrodinger type equations. It is shown that
this method can be used to construct more periodic
solutions of nonlinear Schrédinger type equations in a

unified way.

2) Since Jacobi elliptic functions are more gen-
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eral than the hyperbolic tangent and secant functions,

so under the limiting condition (m — 1), our results

give the corresponding envelope solitary or shock wave

solutions.

3) This method is also a computerized method,

which allows us to perform complicated and tedious

algebraic calculation with the aid of symbolic compu-

tation (using Mathematica) on the computer.
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