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An extended Jacobian elliptic function expansion method is presented and successfully applied to the nonlinear

Schrédinger (NLS) equation and Zakharov equation. We obtain some new solutions besides Fu et al’s results. The

results show that our method is more powerful to construct Jacobian elliptic function and can be applied to other

nonlinear physics systems.
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1. Introduction

Seeking exact solutions of nonlinear evolution
equations (NEEs) is of important significance in
mathematical physics. Many powerful methods have
been developed to construct many types of exact
solutions of NEEs such as solitary solution,*—3
dromion solution,®7] compaction solution,® rational
solution,® etc. Recently Fu et all'®'!] presented a
Jacobian elliptic function expansion method and con-
structed Jacobian elliptic function envelope periodic
solutions of NEEs including the KdV equation, mKdV
equation, nonlinear Schrodinger (NLS) equation and
Zakharov equation, but they only obtained four Ja-
cobian elliptic function solutions. Yan['2-14] further
developed this method and proposed an extended Ja-
cobian elliptic function method so that he could ob-
tain more types of Jacobian elliptic function solutions.
In this paper, we consider and analyse the Jacobian
elliptic function expansion method further. The key
idea is that we extend the range of j from —n to n.
Moreover, we also notice that the dn-function method
is redundant because there is a Jacobian transforma-

tion so that one can convert a dn function to a cn

function (see Section 2 for more details).['®] We dis-
cuss the NLS equation and Zakharov equation using
the new method. It can be seen that more types of
Jacobian function solutions including Fu et al’s results

are obtained.
2. A general Jacobian elliptic

function expansion method

For a given nonlinear evolution equation, say in

two variables x and t,
F(u, s, g, Uzt Utt; Ugg, - +) = 0. (1)
We look for its travelling wave ansatz as follows:
u(z, t) = u(f),
§=p(z—ct), (2)

where p and c¢ are respectively wave number and wave
speed to be determined later. Substituting Eq.(2) into

Eq.(1) yields a nonlinear ordinary differential equation

K< du d%u _.>:O_ .

u, E; @5 :
Making good use of the Jacobian elliptic functions, we
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assume that Eq.(3) has the solutions in the form

u(§) = a0 + i [a: (&) + b:RI,(6)], (k=1,2,3),

o (1)

with
£1&) = sn(€), m(e) = ene);
(€)= sue), ae) = cs(e) = S8
(€)= enle),  hy(6) = es(@), ©)

where ag, a;, b; are constants to be determined, sn(¢),
cn(¢), dn(§) are the Jacobian elliptic sine function,
Jacobian elliptic cosine function and Jacobian elliptic
function of the third kind and other Jacobian func-

tions which are denoted by Glaisher symbols and are

generated by these three kinds of functions,['2~14] and
there are the relations

en?(€) + su(€) = 1,

dn?(&) + m?sn?(¢) =1,

d

d—fsn(ﬁ) = cn(€)dn(¢),

d

d—fcn(ﬁ) = —sn(§)dn(¢),

d

d—fdn(f) = —m?sn(¢)cen(€), (6)

where m (0 < m < 1) is a modulus of the Jacobian
elliptic function.

To balance the highest-order linear term with the
nonlinear term we define the degree of u as D[u] = n,

which gives rise to the degrees of other expressions as
d9u
D [d_ﬁq] =n+gq,
du\®
p( % _
D[u <d£q>}—np+s(n+q). (7

According to the rules, we can balance the
highest-order linear term and nonlinear term in Eq.(3)
so that n can be determined.

In addition, we see that when m — 1, sn(£), cn(€)
and dn(§) degenerate into tanh(), sech(£), sech(¢),
respectively, while for m — 0, sn(¢), cn(§) and dn(¢)
degenerate into sin(¢), cos(§), 1, respectively. Finally,

we note that the Jacobian transformation

dn(ké, m) = en(y/mké,m ) (8)

implies that any solution found by the dn-function
method may be transformed into an equivalent one
that can be obtained by the cn-function method,

therefore the dn-function method is redundant.

3. Envelope periodic solutions for

NLS equation
The NLS equation reads as

.Ou d%u
1— +

- 2, _
5 T Y552 + Blu|*u = 0. 9)

We seek the following wavepacket solutions:

u = u(f)ei(kmfwt),
€ = p(z — cqt), (10)
where k and w are the wavenumber and phase speed

respectively, ¢, is the group speed.
Substituting Eq.(10) into Eq.(9) yields

d2u du
apQ@ +ip(2ak — Cg)&
+ (w — ak?)u + fu® = 0. (11)

Taking 2ak = ¢z, w — ak? = —y (v > 0), we have

d2
ade—g; — yu+ Bud = 0. (12)
Thus we can obtain
d?u
@)t
D[u®] = 3n, (13)

which leads to n = 1. Next, we solve Eq.(12) using

Jacobian elliptic function expansions.
3.1. Jacobian elliptic function sn({)-cn(£) expan-
sion

Along with the above ideas we assume that
Eq.(12) has the solution

u(€) = ag+assn(€)+agsn™ ' (€) +agen(€) +agen ().
(14)
Substituting Eq.(14) into Eq.(12) yields a system of

nonlinear algebraic equations

20p?aym? + 3/861161:23 — Ba3 =0,

— 2ap*azm?® + 3Balaz — ,Bag =0,

6Bagaias =0,

— 3,Ba0a§ —+ 3,Ba0a§ =0,

— 3ﬂa2a§ + 3,6(1(2)(11 —yai + 3ﬂa%a2 — 4ap2a1m2
— 6Baia? + 6Bajazay — ap®a; + 3Ba3 = 0,
3Ba%a4 — 6falas + ap’as — 6Bajazas + 3ap?azm?

— 3Bajas + Bai — 3Bazas +vas = 0,
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6Bagaias — 12Bagaias — 6Bagazaz = 0,
— 60apaias + yag — 6Bagasay — Gﬂaoa% + 3,Ba0a§ — ,Bag =0,
- 3,6(1(2)(12 + 2ap%a;m? + 3ﬂa2a§ + 2ap®a; + 2va; — 6,6(1(2)(11 —12Bajaza4 — 2apagm?
—+ 3,Ba1a3 6Basaszas — 3Baias + 3Paya3 — 6Ba3ay — 3Pa’ + vyay + apay = 0,
Ba3 + 2ap?azm?® =0,
3Baza3 + 3Baiai = 0,
3,6a0ai =0,
6Bapaiay + 66agazay = 0,
3Ba2as — ap?asm?® — yas + 6Bajasay + 3Ba2as — Ba3 — 3ap*as + 3Bazal + 3,6a(2)a4 =0,
3Ba%ay — ap?a; + 6Bajazay — 6Bayal + yag + Ba3 + 3,Ba(2]a1 + Ba3 — 3Baga3 + 3,5(1(2](12
+ 3Baia3 + ap®as — ya + 6Bazazas = 0,
— yag + ,Bao + 6Bapasaq + 3,Ba0a1 + 6Bagaias + 3,Ba0a2 3,5a0a4,
6Bapaias — 12Bapaias + 6Bagazas — 6Bagazas = 0,
3,Ba§a3 + 6Bajazas — 3,3(13(1?1 + 3,5(1%(13 — 6,8(1%(14 — ozp2a?,m2 — ~vas
— 6Ba;aza4 — ap?as + ap’as + yay + 3,6a§a4 + 3,6a(2]a3 + ap?asm? — 3,6a(2)a4 =0. (15)

According to Eq.(15), we can derive ag, a1, as, az and a4; substituting ag, a1, as, as, as into Eq.(14) yields the
following Jacobian elliptic function solutions (doubly periodic solutions) of Eq.(11):

2y —
=+ - ——(z — ¢yt 16
wa =ty | 2 B (| e (16)
us 4 = + _ sn~! _77(:1: ) (17)
’ B +m?) al+mn) )
where @ < 0, 8 > 0 (see Fig.1). When m = 1, we obtain the corresponding envelope solitary shock wave
solutions
’ 2 -
Up g =+ % tanh %(m —cgt) |, (18)
us g = + 24fym cn 4(ar:—c t) (19)
’ B(2m? —1) a(2m? — 1) )
n(1-m?) v
=4,/ 0" L (z—cyt 20
urs 51— 2m2) " a@m—1) &% ) (20)

where (2m? —1)a > 0, (2m? —1)8 > 0 (see Fig.2). When m = 1, we obtain the corresponding envelope solitary

u78::t\/7msech<\/7m—cg )) (21)

ug10 =% 2—7 m sn _—v(m—ct)
’ B(1+ m? + 6m) a(l+m? +6m) &

wave solutions

:F

\/ﬁ1+6m+m2 = <\/a1+m2+6m)(m—cgt)), (22)
o et =)

B(1 —Gm—i—m2 = <\/a 1+m2 )(m_cgt)>: (23)

:F
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where u; 2, us56 have been obtained by Fu et al.

Fig.2. The modulus of the Jacobian doubly periodic

Fig.1. The modulus of the Jacobian doubly periodic

solution ug with parameters v = 1,8 =1, a = 1,¢g

solution u; with parameters y = 1,8 =1,a=1,¢g

3,m = 0.7 (a).

2,m = 0.8(a). The modulus of the Jacobian doubly

The modulus of the Jacobian doubly

=0 (b). The corresponding

periodic solution ug at t

=0 (b). The corresponding

periodic solution uj at ¢

bell waves related to ug for m =1 (c).

kink waves related to u; for m =1 (c).
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3.2. Jacobian elliptic function sn({)-cs(§) expan-
sion
Now we assume that Eq.(12) has the solution
L&) 4azcs(§)+agcs™(€).
(26)
Substituting Eq.(26) into Eq.(12) yields a system of

Correspondingly we

u(€) = ap+asn(é)+agsn”

nonlinear algebraic equations.

have the new solutions

2v(1 — m?
Uy7,18 = =& H
x cs—1< e ij) (z cgt)>, (27)
2
Urg,20 = £ ﬂ(m;y_ 2)

where a > 0, § < 0. When m = 1, we have

_ﬂzy s h(\/;(m ., t)> K="y

2y(m? — 1) — 12y4/1 — m2
Ugi2 = T

B(m* + 32m? — 32)
(2 — m2 — 6/1 — m2)
% CS<\/ a(mi +32m? —32) cgt))
n [’y\/m2 —2—6v1—m2(2 —m?)
364/32m? + m* — 32

N ¥v/32m?2 + m# — 32 ]
38Vm2 — 2 — 61— m2

! _
Uj9,20 = +

_ v(2 —m?2 — GM)
x cs ! <\/ el T 33m? —32) (z— cgt)),
(29)
U23,24 = + m

x sn1< ﬁ(gﬁ - cgt))

v 2y
+ [ ———— (T — ¢yt
Bm?2 — 1) CS( ol —2m?) & % ))’
(30)
where 41929 has been obtained by Fu et al.
3.3. Jacobian elliptic functions cn(£)-cs(§) ex-
pansion

Similarly, we further assume that Eq.(12) has the

solution

1(§)+a3 cs(§)+aaq csfl(ﬁ).
(31)

u(§) = ag+aq cn(§)+azcn”

Substituting Eq.(31) into Eq.(12) also yields a system
of nonlinear algebraic equations, from which we can

derive the following new solutions:

F
U25,26 = m2
<\/ o m2 1)
\/ m2_1 <\1a +1 cgt) ’
(32)

where 8 <0, a > 0.
4. Envelope periodic solutions for

Zakharov equation

The nonlinear Zakharov equation reads as

0%u 8%u 0?%|v|?

o oz P o T O

v 0%

13 +a 922 —duv =0, (33)

where c¢s; is the speed. We seek the following

wavepacket solutions:

(©);
v = (f) i(kz— wt)
£ =p(z — ct),

S
|
S

(34)

where k and w are respectively wavenumber and phase
speed, ¢ is the group speed. Substituting Eq.(34) into
Eq.(33) yields

d2v?
- 5 g =0

2v d
df2 +ip(2ak — )d—z + (w — ak?)v — duv = 0.
(35)
Taking
20k = cg,
w—ak® = - (’Y > O)a (36)

and considering Eq.(35) to balance the highest order

of derivative and nonlinear term, we can obtain

(37)
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4.1. Jacobian elliptic sn(£)-cn(€) function expan-
sion
Based on Eq.(37), Eq.(35) may possess the fol-
lowing solution:

u(€) =ag + a1 sn(€) + ag sn?(¢)
+ az cn(€) + aq sn(€) en(€) 4 a5 sn1(€)
(&) + a7 sn 1 (€) en™1(6),
v(€) =bo + by sn(§) + by sn™ ' (¢)
+ b3 en(€) + by cn 1 (£).

+ ag sn 2

(38)

Substituting Eq.(38) into Eq.(35) yields a system of
nonlinear algebraic equations, from which the follow-
ing Jacobian elliptic function solutions (doubly peri-
odic solutions) of Eq.(35) can be obtained:

2ozp2m2 sn2(&)

ap? + ap2m2 +v
U o = — +

—C2
’012— ——<————pm SIl

if ¢g > ¢, we then have @ < 0, >0, <0, or a < 0,
B <0,6>0;if ¢g < ¢, then we have a < 0, 8 > 0,
6>0o0ra<0,8<0,6§<0. Whenm =1,

Y

(39)

i, = ap + ap +'y 2ap? tanh2(§)
” p tanh(¢ (40)
ap? +’y 20p*m? sn? f
Ug4 = —

V34 = ‘/ mp cn(é (41)
If cg > cg, thena>0,8>0,>0,0ora>0,8<0,
0 <0;ifecg < ¢g,thena>0,8>0,§ <0or a>0,
8 <0,8 >0. When m =1,

, ap? —|— 'y 2ap? ‘canh2 €3
Uzg = — )
— 2o
—=———"—mp sech(§); (42)
wgg =+ op® +7  ap’m’ sn’(€)
) )
Iap m? sn(¢ cn({)
/ _ 02)
Us,6 = — = ——mp SIl
N (2 —c2)a 13
o mp en(ey (49)

B ap? + v+ m?p’a 2ap? sn2(¢)
Urg = — 5 5 )

2(c2 - 2)a

vrg =% %P sn~(€); (44)
ap? + v — 2amp? + m?p2a
Ug,10 = — s
2ap?m? sn?(¢)  2ap? sn—2(¢)
) ) ’
2(c2 - 2)a
Vg 10 = =* ( g,65 ) mp sn(§)
22 — (2
Ty 2 5 5CS)amp sn1(¢) (45)

Here we take the solution ug, vg as an example to fur-
ther analyse the properties by figures (see Figs.3 and
4). The modulus of solution ug, vg is a line solitary

wave solution.

Fig.3. The modulus of the Jacobian doubly periodic
solution ug withy =1, a=1,p=1,m=03,§ =1,
cg=1.2, cs=1.

vg /107

Fig.4. The modulus of the Jacobian doubly periodic
solution vg with y =1, a =1, 8 =1, p =1, m=0.3,
6=1, cg=1.2, cs=1.
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4.2. Jacobian elliptic function cs(¢) expansion u _20zp2 —ap®m? — v + 2ap?v/1 — m?
15,16 =
’ )
Now we assume that Eq.(35) has the following 20p2 cs2(¢)  2ap?(m? — 1) cs2(€)

solutions: - 5 ’

uw(€) =ag + ay cs(€) +ag cs 1 (§)

+ag cs?(€) + ay csT2(8),
v(€) =bo + by cs(€) + by cs (). (46) (49)

Substituting Eq.(35) into Eq.(27) yields a system of
nonlinear algebraic equations, from which we can ob-
tain the following Jacobian elliptic function solutions
(doubly periodic solutions) of Eq.(27):

ap®*m? — 20p% 4+~

U11,12 = — s
B 2ap?(m? — 1) cs2(¢)
6 Y
2a(1 —m?)(c2 — 2)a
V11,12 = ( ,8)5( g ) p s (€);(47)

ap’m? — 2ap® +v  2ap? cs?(§)

Ifcg >cs,thena>0,8>0,8 >0,ora>0,8<0,
d<0;ifeg <cs,thenax>0,8>0, <0ora>0,
B <0,6>0.

In these solutions, u12, u34, Ug 10, U15,16 have
been obtained by Fu et al, the others are new solu-

tions.
5. Summary

In summary, with the guidance of Painlevé trun-
cation theory, we extend the Jacobian elliptic func-
tion expansion method and apply it to the NLS and
Zakharov systems. We have obtained many new solu-
tions. We expect that this approach could be applied

to other nonlinear physics systems.

U13,14 = — F; s
V13,14 = & p cs(§); (48)
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