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We study the kinetic behaviour of the growth of aggregates driven by reversible migration between any two

aggregates. For a simple model wi e migration rate K(z;5) = 1;7) o< 1 at whic e monomers migrate from
ggregates. F impl del with the migrati te K(i;7 K'(3;5 i* 7V at which th igrate f

the aggregates of size 7 to those of size j, we find that the aggregate size distribution in the system with v +v < 3

and u < 2 approaches a conventional scaling form, which reduces to the Smoluchovski form in the u = 1 case. On the

other hand, for the system with u < 2, the average aggregate size S(t) grows exponentially in the u +v = 3 case and as

(tInt)/(5=2%) in another special case of v = u — 2. Moreover, this typical size S(t) grows as t!/(3=%=?) in the general

u — 2 < v < 3— u case; while it always grows as t1/(5=2u) i the v < u — 2 case.
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1. Introduction

Irreversible growth of aggregates is an impor-

(1-6] The general

tant phenomenon in natural science.
mechanism for aggregate growth is a binary coales-
cence scheme, A; + A; — A;y;. Here, A; denotes an
aggregate consisting of ¢ monomers, and two aggre-
gates A; and A; can bond spontaneously to form a
larger aggregate A; ;. In the last few decades, many
works have been devoted to the investigation of the
kinetics of these aggregation processes and consider-
able understanding has been achieved.[”~'! On the
other hand, there also exist some other classes of ag-
gregate growth mechanisms in nature and in social

science.[12—15]

In order to study universal aggregation
mechanisms, Ispolatov et all*®! introduced several as-
set exchange models for the evolution of the wealth
distribution in economical interactions, and Leyvraz
and Redner proposed a migration-driven aggregation
model for the evolution of city populations.['” In these
models, the aggregates evolve according to an irre-
versible monomer migration scheme, Ap + A; —
Ag_1+ A1 (B <1), and the results exhibit that the

kinetics of such a system obeys a scaling law differ-

ent from that for conventional aggregation processes.
More generally, the migration direction may not de-
pend on the relative sizes of the two aggregates. In
our previous work, we proposed a migration-driven
aggregation model with a special rate kernel, in which
migration goes from the larger to the smaller aggre-
gates as well as from the smaller to the larger, and
it was found that this system evolves according to a
scaling law different from the above-mentioned models
with complete migration bias.[*®!

In this work, we investigate the migration-driven
aggregate growth model with a general size-dependent
rate kernel. The system evolves according to the mi-
gration mechanism defined in Ref.[18], which is some-
what different from that proposed by Refs.[16,17].
The aggregate Ay of size k losing a monomer with
a size-dependent rate K (k;j) is described by the em-

igration scheme
K(k;l
Ap + Aj (—>) Ap 1+ A;-Ll:

while the aggregate A; of size [ gains a monomer with

a rate K'(l; 5') according to the immigration scheme

K’ I i’ _
Al + Ajl (4 ) Al+1 + A]-,l.
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Here A;-Ll represents the A; aggregate containing a
‘positively charged’ monomer and A]T,I denotes the
Aj aggregate with a ‘negatively charged’ monomer.
Meanwhile, we assume that a couple of charged ag-

gregates react spontaneously in the scheme A;-Ll —+

J (G5! . .
Aj_,1 Gi) A; + Aj/, with the rate J(j;j') = oo. The
migration scheme of our model is thus equivalent to

the catalysis-driven migration reaction
Aj;Ajl
A+ A — Ap—1+ A,

where the aggregates A; and A; play the roles anal-
ogous to the monomer sink and source, respectively.

We believe that our model may mimic some so-
cial and economical processes. For example, one per-
son leaves his own company and temporarily joins an-
other one, so the latter company contains a ‘positively
charged’ staff member, while a company that is de-
prived of a staff member by another one leaves an
unoccupied position. On the other hand, if possible,
the temporary person in the ‘positively charged’ com-
pany may easily take over the vacant position in the
‘negatively charged’ one. This phenomenon may oc-
cur frequently in a commercially developed area. It
is also believed that the migration-driven aggregation
processes are of interest in studying the scaling prop-
erties of their evolution behaviours. According to this
work, it was found that the evolution of the system
falls in a conventional scaling regime and the aggre-
gate size distribution approaches a scaling form quite
different from those found in Refs. [16,17]. The results
also exhibited that in some special cases, the conven-
tional scaling description of the aggregate size distri-
bution may reduce to the well-known Smoluchovski
scaling form.

This paper is organized as follows. In Sec.2, we
study a migration-driven aggregate growth model with
a general rate kernel and obtain the asymptotic solu-
tion of the aggregate size distribution by means of
mean-field rate equation. We also propose a gener-
alized scaling form to describe the evolution charac-
teristic of the aggregates. Finally, a brief summary is

given in Sec.3.
2.The model of migration-driven

aggregate growth

We assume that the system has a spatial homo-
geneity, so that the fluctuations in densities of the re-
actants are ignored and the aggregates are considered

to be homogeneously distributed in the space through-

out the process. Thus, the theoretical approach to
investigate the kinetics of aggregate growth can be
based on the mean-field rate equation, which assumes
that the reaction proceeds at a rate proportional to
the reactant concentrations. Let a(t) be the concen-
tration of the A aggregates of size k at time t. By
generalizing the rate equation of the migration-driven
aggregation model given by Leyvraz et al,'”! we write

the corresponding rate equation for our system as fol-

lows:
da > .
d—tk = ZK(k +1;j)ak+1a;
j=1
+ ZKI(k = 1;j)ak-1a;
j=1
= Y Kk j) + K' (ks )lakas, (1)
j=1

where we impose the boundary condition as ag(t) = 0.

For simplicity, we consider a model with a sym-
metrical reaction rate kernel. The rate of the Ay ag-
gregate gaining or losing one monomer is directly pro-
portional to k™ of itself and to 7V of the opposite ag-
gregate Aj, i.e. K(k;j) = K'(k;j) = Tk*j” (I 'is a
constant). Here, u and v are the migration rate in-
dices which may interpret the degree of ‘richness’ in
When the values of

u and v increase, the aggregate becomes much more

the migration of an aggregate.

generous in emigration and much greedier in immigra-
tion. This restriction of the rate kernel can follow the
conservation law of the total size of the aggregates. It
is also natural that the overall migration rate varies
as a power law in some scale factor.[!”] On the other
hand, the resulting model can be explicitly solved and
this provides a helpful understanding of the reversible

migration mechanism. Then Eq.(1) reduces to

d(;% = IM,[(k+1)"ag+1+(E—1)"ar_1—2k"ax], (2)
where M, (t) = Z;‘;lj”aj(t). By summing up Eq.(2)
we find My(t) = Y72, kax(t) = 0, which indicates
that the total size of the aggregates obeys the con-
servation law. This is a natural characteristic for our
migration-driven aggregation system without any an-

nihilation of the aggregates.

By defining a modified time variable T'(¢),

T(t) = I/Ot dt' M, (t'), (3)
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we recast Eq.(2) to

dadk—;T) =k + 1)*ar41(7)
+ (k— D%ap—1(T) — 2k"ar(T), (4)

with the boundary condition ao(T) = 0.
Eq.(4) we find that M;(T) is conserved, namely,
dM;(T)/dT = 0. Now, the problem is reduced to

determining the solution of the aggregate size distri-

From

bution a(T') from Eq.(4). We first investigate several
simple cases in which the integral index u can be ex-
plicitly solved.

When u = 0, Eq.(4) reduces to the simple discrete

diffusion equation

dag (T
D) — (1) + 0 a(T) — 204(T). (3)
Equation (5) can be readily solved under arbitrary

initial conditions.['9] Here, we consider a simple but
important case in which there only exist monomer ag-
gregates at t = 0 and their concentration is equal
to unity. Then the initial condition is ax(0) = &1,
k =1,2,3,... Under the monodisperse initial condi-

tion, from Eq.(5) one can obtain the solution
ar(T) = e [Iy1(2T) — I;41(27))], (6)
where I,, denotes the modified Bessel function of order

n.12% In the long-time limit, Eq.(6) can be asymptot-

ically rewritten as

k k2
T) ~ —— . 7
ak( ) \/mexp< 4T) ( )
This result is similar to that for the random asset ex-
change model in Ref.[15]. Equation (7) shows that

the expression of the aggregate size distribution ag(T")

may be written in the conventional scaling form [7]

ar(T) = k= "T~“®[k/S(T)], S(T)xT*  (8)

where S(T') denotes the system’s typical aggregate size
which plays a role analogous to that of the correlation
length in critical phenomena and the scaling function
P(r) ~1forz < 1and &(z) ~0for z > 1. In
this case, the scaling function takes a stretched expo-
nential expression, @#(z) = exp(—z?), and the typical
aggregate size grows as T'/2. Moreover, the govern-
ing exponents for this case are 7 = —1, w = 3/2 and
z = 1/2. On the other hand, each a;(T) continuously
decreases to zero at the end.

We then discuss the 4 = 1 case. Equation (4)
reduces to
dak(T) _

T = (k + 1)ak+1 (T) + (k - 1)ak,1(T) - 2kak (1("'))
9

This system has been investigated by Ref.[18]. Here,
we simply recover the results by using another math-
ematical method. Under the unitary monodisperse
initial condition, Eq.(9) can be solved with the help

of ansatz [21]

ai(T) = A(T)[a(T)", (10)

under the initial condition a(0) = 0 and A(0) = 1.
Substituting Eq.(10) into Eq.(9), we obtain

da(T) _ 2
ar [1—a(T)",
dA(T) _
T = —2A(T)[1 - o(T)]. (11)

Equations (11) can be easily solved to yield the exact

solutions
aT)=1—(T+1) Y, AD)=(T+1)2 (12)

Thus we obtain the exact expression of a(T) as fol-

lows:
ap(T) = (T +1)2[1 = (T + 1)L, (13)

In the region of £ > 1 and T > 1, the aggregate size
distribution ag(7T') approaches the well-known Smolu-
chovski scaling form (see, e.g., Refs.[1,21-23])
ap(T) ~T720[k/S(T)], S(T)xT, (14)
with the scaling function ¢(z) = exp(—z). It is obvi-
ous that Eq.(14) is a reduced form of Eq.(8).
Now we investigate the general cases. Under
the monodisperse initial condition, we generalize the
asymptotic solutions (7) and (14) of ax(T) in the
above-mentioned special cases and, therefore, make
the conventional scaling ansatz (8) for the large-time
behaviour of ar(7T) in general cases. Since our system
obeys the mass conservation law, one can easily find

the following exponent relation in the scaling form (8):
w=(2-171)z. (15)

Equation (15) implies that for the system in which the
total mass is conserved, the scaling ansatz (8) is valid
only in the case of 7 < 2. On the other hand, if 7 > 2,
it follows from the mass conservation that the expo-
nent w in Eq.(8) is w = 0; however, this can never
be the case unless the system gels because the total

density of aggregates in the nongelling system always
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decreases with time. Here we only consider the non-
gelling case, i.e. 7 < 2. Inserting Eq.(15) into Eq.(8),

we then rewrite the scaling ansatz as follows:

ar(T) ~ k~7[S(T)]""2®[k/S(T)], S(T)oxT>.
(16)
Then what we shall do is to find the index 7, the typi-
cal aggregate size S(T') and the scaling function é(z).
We first determine the typical aggregate size
S(T). By making use of Eq.(16) one can find M3(T) ~
S(T). Multiplying Eq.(4) by k? and summing over k,
we obtain AM(T)
2
a7 = 2M,(T). (17)
It is not difficult to find that for the scaling function
&(z) defined in Eq.(8), Z;‘;l j* ®[j/S(t)] is approxi-
mately equal to C;,[S(¢)]**?! for v > —1, Cy, In[S(2)]
for v = =1 or Cj5, for v < —1 (here Cy,, Cy, and
Cj3, are integration constants dependent on the value
of the index v). By substituting Eq.(16) into Eq.(17)
we find

[S(T)* ! if 1 <u+1,
%(TT) ~ L[S 2InS(T) ifr=u+1, (18)
[S(T)]" 2 if 7>u+1.

On the other hand, we sum up Eq.(4) and then obtain
the evolution behaviour of My(t) as follows:
dMo(T) _

= —a(D). (19)

Inserting Eq.(16) into Eq.(19) yields another set of

evolution equations of S (T) in different cases,

[s(m)" if 7 <1,
%(TT) ~{ S(T)/mS(T) if =1, (20)
S(T) if 7> 1.

We then make a trivial comparison between Egs.(18)
and (20). It is found that the asymptotic behaviour
(18) (or equivalently, Eq.(20)) of S(T') is only valid in
the first case of T <u+1(or 7 < 1) and 7 =u — 1.

From Eq.(18) we easily derive the asymptotic so-
lution of the typical size S(T') as follows:

S(T) ~ [(2 — w)T]V/ 7, (21)

which is valid only in the case of u < 2. In the
u > 2 case, from Eq.(18) we find that the typical
size S(T') grows only at finite time T < T, (T, is

the critical time of the gel point) and the scaling
form of Eq.(16) is thus invalid; hence, the system may
undergo a gelation-like transition after a sufficiently
long time (see, e.g., Refs.[24-26]). As for the border-
line case of u = 2, we have the relation 7 = u — 1
so that we have 7 = 1, and thus the conventional
scaling form (16) of the aggregate size distribution
breaks down. One may modify the scaling ansatz
(8) as ap(T) ~ kK "T %[InS(T)] 1 d[k/S(T)], with
S(T) x T?. By employing the above-mentioned tech-
nique we find that for the u = 2 case, the typical
size S(T) grows exponentially, i.e. S(T) ~ exp(T).
In this work, we only focus on the more interesting
case of u < 2, in which the aggregate size distribution
infinitely evolves according to a conventional scaling
regime.

Now we turn to determining the scaling function
&(z). Substituting the scaling ansatz (16) into Eq.(4),
we find the following differential equation of ¢(z) for
the Ay aggregate with size k > 1:

2" (2)+(2+px? ) ¥ (2) ~ p(u—3)z' “d(z), (22)

where p is such a separation constant for the z and T
dependence that [S(T)]l_"S(T) = p. Equation (22)

can be solved to yield
&(z) ~ Crexp(—Coz® %), (23)

where C is an integration constant and Cy = p/(2 —
u). Since our system obeys the mass conservation law,

C4 and p are related as

/O‘X’ dm{Clm27“eXp[—pm27“/(2 —u)|} =1

For simplicity, one may choose the constant p so that
C; =1, and it is thus verified that &#(z) ~ 1for z <« 1
and é(z) ~ 0 for z > 1.

In order to determine the explicit ¢t-dependent so-
lution of the aggregation size distribution, we devote
our attention to the important case of z < 1 and
k > 1. Based on the above analyses, one can find

that ar(T) approaches the following scaling form:

ar(T) ~ k' 4(2 — w)T)] G~/ CWexp(—Coz?4),
z oc KT~/ (2~w) (24)

We can then use the scaling form (24) to approxi-

mately estimate M, (T) in the u < 2 case,
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T=1)/(2=u) ifo>u—2,

My(T) =Y k’ax(T) ~ { T"H/C=InT if v =u—2, (25)
k=1 T(u=3)/(2-w) ifo<u-—2.

Inserting Eq.(25) into Eq.(3), we then obtain the
asymptotic expression of the modified time variable
T(t) as follows:

exp(Cist)
+(2—w)/(3—u—v)

if v=3-—u,
T fu—2<v<3—u,
(t) ~ (tln )@ )/ (-2

t(27u)/(572u)

ifv=u—2,

if v<u-—2,
(26)

kl—ue—(3—u)03t/(2—u)

kl7ut7(37u)/(37u7v)exp(_czngu)
E'=%(tIn t)_(3_“)/(5_2")exp(—Cgl'g_")
klfut7(37u)/(572u) exp(—Cga:i_")

ak(t) ~

with the different scaling variables z; o< ke=Cst/(2—w),

Ty o bt~/ Gmu) g k(tlnt)_l/(5_2") and x4 o
Et—1/(5—2u)
S(t) grows as t1/(3=%=v) in the general u — 2 < v <
3 — u case; while it grows as exp[Cst/(2 — u)] in the
u+v =3 case and as (tInt)'/(®~2% in the v = u — 2
The most interesting results in this model is
that the typical size S(t) grows as t'/(>~2%) in the

v < w — 2 cases, which is independent of the in-

It is also found that the typical size

case.

dex v. Moreover, it is worth noting that the in-
dex u of the priority aggregate (which gains or loses
a monomer on its own initiative) plays a more im-
portant role in the scaling behaviour of the system
than the index v. On the other hand, Eq.(27) also
shows that in the general case, the evolution be-
haviour of our migration-driven aggregation system
obeys a scaling law quite different from the generalized
Smoluchovski form ay(t) ~ t "Yexp(—k/t*) abided
by the irreversible self-coagulation models (see, e.g.,

Refs.[1,21,23]).

3. Summary

We have proposed a general migration-driven
aggregation model with a rate kernel K(k;j) =
K'(k;j) = Tk,

we analysed the evolution behaviour of the aggregate

Based on the mean-field theory,

eXp(—Cﬁ:ffu)

where Cj3 is a constant dependent on the details of the
migration kernel. On the other hand, from Egs.(3)
and (25) we cannot deduce the infinite ¢-dependent
solution of T'(¢) if u+ v > 3. So we conclude that for
our model the system may undergo the gelation-like
transition in both the v+ v > 3 and u > 2 cases.
Thus we find that in the system with u +v < 3
and u < 2, the size distribution of the aggregates a(t)

with k > 1 approaches the conventional scaling form

if v=3-—u,
fu—2<v<3—u,
(27)

if v=u-—2,

ifv<u-—2,

size distribution in several cases with varying indices
u and v. The results showed that in most cases with
u < 2 and u + v < 3, the aggregate size distribution
always approaches a conventional scaling law, while
the system may undergo the gelation-like transition
both in the w > 2 case and in the u + v > 3 case.
In particular, the aggregate size distribution satisfies
the exponential-correction conventional scaling form
in the case of u + v = 3 and u < 2, while the evo-
lution behaviour of the system evolves according to
the logarithm-correction scaling law in the case of
v = u— 2 and u < 2. Moreover, the conventional
scaling description of the aggregate size distribution
may reduce to the Smoluchovski form in the u = 1

case.

On the other hand, for the system with u < 2, the
typical average size S(t) grows exponentially in the
u+v =3 case and as (tInt)'/5=2%) in the v = u — 2
case; while S(t) grows as t1/(3=%=%) in the general case
of u —2 < v < 3 —u. The most interesting result is
that if v < u — 2 and u < 2, the typical size S(t)
always grows as t'/(5~2%) and its increasing rate is in-
dependent of the index v. This model is expected to
provide some predictions for the distribution of city
populations as well as the evolution of the wealth dis-

tribution in economical activities.



No. 5

Dynamic scaling of migration-driven aggregate growth

7

References

1]
(2]
(3]
(4]
(5]

(6]

[10]
[11]
[12]
[13]

Friedlander S K 1977 Smoke, Dust and Haze: Fundamen-
tals of Aerosol Behavior (New York: Wiley)

Silk J 1980 Star Formation (Sauverny: Geneva Observa-
tory)

Pimpinelli A and Villain J 1998 Physics of Crystal Growth
(Cambridge: Cambridge University Press)

Meakin P 1983 Phys. Rev. Lett. 51 1119

Meakin P 1992 Rep. Prog. Phys. 55 157

Liao B, Xue Y and Chen G Z 2002 Acta Phys. Sin. 51
215 (in Chinese)

Xue Y and Chen G Z 2002 Chin. Phys. 11 684

Ke J H, Lin Z Q and Wang X H 2003 Chin. Phys. Lett.
20 151

Ke J H, Lin Z Q and Wang X H 2003 Chin. Phys. 12 443
Vicsek T and Family F 1984 Phys. Rev. Lett. 52 1669
Vicsek T, Meakin P and Family F 1985 Phys. Rev. A 32
1122

Kang K and Redner S 1984 Phys. Rev. A 30 2833
Family F and Meakin P 1989 Phys. Rev. A 40 3836
Ernst M H 1985 Fundamental Problems in Statistical
Physics VI ed Cohen E G D (New York: Elsevier)

Song S and Poland D 1992 Phys. Rev. A 46 5063
Krapivsky P L and Redner S 1996 Phys. Rev. E 54 3553
Bray A J 1994 Adv. Phys. 43 357

Zanette D H and Manrubia S C 1997 Phys. Rev. Lett. 79
523

Marsili M and Zhang Y C 1998 Phys. Rev. Lett. 80 2741

(14]
(18]

[16]

(17]
(18]

(19]

(20]

(21]
(22]
(23]

(24]

(25]

[26]

Schweitzer F. 1998 Adv. Complex Syst. 1 11

Amaral L A N, Gopikrishnan P, Plerou V and Stanley H
E 2001 Physica A 299 127

Ispolatov S, Krapivsky P L and Redner S 1998 Fur. Phys.
J. B 2267

Leyvraz F and Redner S 2002 Phys. Rev. Lett. 88 068301
Ke Jianhong and Lin Zhenquan 2002 Phys. Rev. E 66
050102

Feller W 1971 An Introduction to Probability Theory (New
York: Wiley)

Bender C M and Orszag S A 1984 Advanced Mathe-
matical Methods for Scientists and Engineers (Singapore:
McGraw-Hill)

Krapivsky P L 1993 Physica A 198 135

Smoluchowski M V 1917 Z. Phys. Chem. 92 129

Ke Jianhong and Lin Zhenquan 2002 Phys. Rev. E 65
051107

Ke Jianhong and Lin Zhenquan 2002 Phys. Rev. E 66
041105

Ernst M H, Hendriks E M and Ziff R M 1982 J. Phys. A:
Math. Gen. 15 L743

Ziff R M, Ernst M H and Hendriks E M 1983 J. Phys. A:
Math. Gen. 16 2293

Van Dongen P G J and Ernst M H 1985 Phys. Rev. Lett.
54 1396

Yu J and Hu G 1989 Phys. Rev. B 39 4659
Yu J and Hu G 1989 Phys. Rev. B 40 661



