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We have studied the kinetic behaviours of irreversible aggregation—annihilation models with cluster removals. In

the models, an irreversible aggregation reaction occurs between any two clusters of the same species and an irreversible

annihilation reaction occurs simultaneously between two different species; meanwhile, the clusters of large size are grad-

ually removed from the system. In a mean-field limit, we obtain the general solutions of the cluster-mass distributions

for the cases with an arbitrary removal probability. We found that the cluster-mass distribution of either species satisfies

a generalized or modified scaling form. The results also indicate that the evolution behaviours of the systems depend

strongly on the details of the reaction events.
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1. Introduction

In the past few decades, much interest has
been focused on the irreversible aggregation and
annihilation system, which may unfold nonclassi-
cal kinetic behaviours.'=71 Recently, many works
have been devoted to the understanding of the
competition between aggregation and annihilation
processes.[8=16 Krapivsky studied the kinetics of an
irreversible two-species aggregation model with par-
tial annihilation.®=% Zhang and Yang[3:'4 general-
ized the two-species system to the multi-species case
and analysed the evolution behaviour of the cluster-
Ben-

Naim and Krapivsky proposed an irreversible aggre-

mass distribution in some symmetrical cases.

gation model with complete annihilation and found
the scaling description of the cluster-mass distribu-
tion for some special cases.['!! We then probed into the
kinetic behaviour of the irreversible aggregation sys-
tem with complete annihilation in general cases.[15:16]
All these works show that the cluster-mass distribu-
tion in the irreversible aggregation—annihilation sys-
tem may also satisfy the conventional scaling form at
large times. Moreover, there are also a few works con-

cerning the aggregation process with input and/or re-

moval term. Practically, the input and removal pro-
cesses are of practical significance in real systems. For
example, in the stirred tank reactors for aerosols, the
large particles are removed by outflow from the chem-
ical chamber. On the other hand, these processes
It was found that

in the presence of sinks, the coagulation system usu-

are also of theoretical interest.

ally evolves to a steady state and never reaches the
gelation transition.'718 Racz[®) and Vicsek et al[?°]
investigated the aggregation process in the presence
of sources and sinks and developed a scaling theory
for the evolution of cluster densities. In our previ-
ous work, we investigated the kinetic behaviour of the
aggregation—annihilation model with input term and
found that the system possesses nonuniversal scaling
properties.[21l We also found that the scaling descrip-
tion of the cluster-mass distribution may break down
in an irreversible aggregation system with a removal
term.22] However, as far as we know the aggregation—

annihilation processes with sinks remain unexplored.

In this work, we investigate the kinetics of ir-
reversible aggregation—annihilation processes in the
presence of cluster removals. There are two types of
species in the system, A and B. Irreversible aggre-

gations occur only between two clusters of the same

*Project supported by the National Natural Science Foundation of China (Grant Nos 10305009, 10275048 and 10175008) and by
the Natural Science Foundation of Zhejiang Province, China (Grant Nos 102067 and 101002).

tE-mail: wangxh@wznc.zj.cn

http://www.iop.org/journals/cp



766 ‘Wang Xiang-Hong et al

Vol. 13

species, A; + A; Lﬁg’) A;yj and B; + B; Iﬂ) Biyj;
meanwhile, irreversible annihilation reactions occur
between two clusters of different species, A; + B; J(ﬁ;)
inert product (a complete annihilation scheme) or
A;+ B; 169 A;_;(i> j)/Bj_i(j > i) (a partial anni-
hilation scheme). Here A; denotes a cluster consisting
of 2 monomers of species A, and similarly for B;. The
rate of the aggregation between the A; and A; clus-
ters is equal to I4(4,7) and that between the B; and
B; clusters is Ig(7,j). The rate of the annihilation
between the A; and B; clusters is equal to J(z,j).
Meanwhile, the removal probabilities of the A; and
By, clusters are denoted by P4(k;t) and Pg(k;t), re-

spectively.

Our investigation is based on the mean-field the-
ory, which assumes that the reaction proceeds at
a rate proportional to the reactant concentrations.
Thus the mean-field approximation neglects the spa-
tial fluctuations of the reactant densities and, there-
fore, applies to the case of the spatial dimension d
of the system greater than or equal to a critical di-
For the d < d. system, the fluctua-

tions in the densities of the reactants may lead to a

mension d..

dimension-dependent kinetic behaviour in the long-
time limit. It is found that for the irreversible two-
species aggregation—annihilation system, d, = 2.[10:11]
For simplicity, we assume that the spatial dimension
d of our system is greater than 2. By solving the
mean-field rate equations, we have derived the general
asymptotic solutions of the cluster-mass distributions
for arbitrary removal probabilities. The results show
that the evolution behaviour of either species may sat-

isfy a generalized or modified scaling law.

This paper is organized as follows. In Sec.2, we
consider an irreversible two-species aggregation and
complete annihilation model with cluster removals.
We derive the asymptotic solutions of cluster-mass
distributions for different cases and then discuss the
evolution properties of the system. In Sec.3, we study
the kinetics of the irreversible aggregation and par-
tial annihilation process with removal term. A brief

summary is given in Sec.4.
2.Model of irreversible aggrega-
tion and complete annihilation

process with cluster removals

In our investigation, the theoretical approach to

this model is based on the mean-field rate equations.

We first investigate the system with complete annihi-
lation. The concentrations of A; and By clusters of
k-mers are denoted as aj and by, respectively. We con-
sider a simple model with a constant reaction rate ker-
nel. The annihilation rates J(i,j) are equal to a con-
stant J, and the aggregation rates 14(4,j) of species
A are equal to I;, and those of Ig(i,7) of species B
equal to Is. Without any loss of generality, we as-
The removal probabilities P4 (k;t)
and Pp(k;t) are the same size-independent function
P(t) (P(t) > 0), which may be defined by the practi-

cal process. By generalizing the rate equations of the

sume [; > Is.

aggregation—annihilation process given by Ben-Naim
and Krapivsky 11 the corresponding rate equations

for our system read as

dak 1 >
E:II 52 aiaj—akZaj
itj=k j=1

- Jakibj —P(Zk,

j=1
dby, 1 -
- =k E.Z bibj—kabj
i+j=k j=1
—kaZaj—Pbk. (1)
j=1
Consider the monodisperse initial case,
ie. ar(0) = Aodr1 and bi(0) = Bodr;. With the

help of ansatz (8]
ar(t) = AW)a®)]* ™, (1) = BO)P)]* 1, (2)

we transform the rate equations (1) into the following

differential equations:

da LA dA I, A2 AB

@2 @ 1-a i T4

db LB dB I,B? AB

-2 @~ 1.5 Jia B O
with the initial values

a=0, b=0,

AZAAO7 B:Bo, PZPO at t=0. (4)

Introducing two new variables,
B=(1-b7", (5)

we recast the differential equations (3) to the following

a=(1-a)",

equations:

d%a 2J 1 dadp da
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with the corresponding initial conditions

a=1, p=1,
da N I]AO d,B _ I2BO _
- 3 @ 3 at t=0. )

From Eqs.(6) one can easily obtain

da IIAO —2J/I

= _10p /12

dt 2 h ’

dB I:Bg —oJ/I

e _ 270, /1

dt 2 ¢ ’ ()

where the shorthand notation

E(t) = exp [— /OtP(t’)dt’} .

Introducing a new time variable

WF[“WF[?MML

one can recast Egs.(8) to the following equations:

da\ "2/% @24

&) @
—I,/2J

_ _JB, <112Ao> / o—20/mde

dr’
g\ """ a2p
dr dr2

B IQBO —I,/2J _2_]/12dﬂ
—-aao (B2) gL )

It is reasonable to assume that the system reaches
its steady state as t — oo and the steady state condi-

tions are given as follows:

da 1 da

& a

da_ 2 a4 (da\® _

dt  La?2dt? La3 \dt) 7

db 1dg

_—= —— = O’

dt ~ p% dt

dB 2 d2 4 [dp\?

B _ 2 &8 95Y 0. (10
dt  LA2de2 LA \dt

It can be concluded from Egs.(10) that we must have
either a (8) — oo or da/dt, (d3/dt) — 0 as — oo.
When 7(t) — 79 (70 is a finite constant) as t — oo,
from Egs.(9) and (10) one can find that a(co) and
B(o0) are two finite constants. This case also implies
that the function E(t) decreases with time and its de-
cay rate is faster than that of t~!. In the long-time

limit, from Egs.(9) we derive the asymptotic solutions

a(t) = ClT(t): /B(t) = C2T(t): (11)

where

Cy = (I Ay /2)B7 2™

and

02 = (1230/2)(11_2J/Il .

The asymptotic solutions of ar(t) and by (t) are then

obtained as follows:

ai(t) ~ [1 = (Crmo) " E(t)exp(—2),
b(t) ~ [1 = (Como) 'I*E(t)exp(-2),  (12)

oo

where z < k E(t)dt. Equations (12) indicate that

for the monodtisperse initial case the cluster-mass dis-
tribution of either species falls in a scaling regime. In
general irreversible aggregation processes, the average
mass of the clusters increases indefinitely with time.
Thus one may assume that this typical mass plays a
role analogous to that of the correlation length in ordi-
nary critical phenomena. Introducing such a charac-
teristic mass S(t), one can write the cluster-mass dis-
tribution in the following conventional scaling form:!®!
ap(t) ~t Y dk/S(t)], S(t)xt>. (13)

It is found that for this case, both species do not
scale according to the conventional form of Eq.(13)
but their cluster-mass distributions satisfy the modi-
fied scaling form ay(t) ~ h*F(t) ®[k/S(t)] (here h de-
notes a constant and 0 < A < 1). The modified scaling
form indicates that two different mass scales, a grow-
ing scale and a time-independent scale, are associated

with either species. Both species have the same grow-
oo -1

ing scale S(t) oc < / E(t")at'

, which is forced

by the removal procetss. The time-independent scale
for species A is Sy, = C;i7y and that for species B
is Sgp = Cs71g, which will respectively dominate the
asymptotic behaviours of species A and B in the long-
time limit. It is also instructive to determine the total
mass densities. By summing up Egs.(12) we find that

in the long-time limit,
Mu(t) =) kax(t) o E(t),
k=1

Mp(t) = i kb (t) o E(t). (14)

k=1

Equations (14) imply that both species cannot survive
at the end.
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When 7 — 0o ast — oo, Eqgs.(9) are similar to the
governing differential equations (11) in Ref.[23], ex-
cept for some trivial difference in the algebraic denota-
tions. Employing the technique introduced in Ref.[23],
we obtain the scaling solutions of the cluster-mass dis-

tributions in the following different cases.
2.1. I; > 2J and I; > 2J case

From Eqgs.(9) one can easily obtain the following

equations:

j‘j (Ca al~ 2J/11+C) 2J/(Is— 2J)

dg 1-2J/1I, —2J/(I,—2J)

P =y ) )
where

Cy =[(Iy — 2J) 11 Bo/2(I1 — 2J)](I1 Ag/2) /%,
Cs =(I1/2)(I1 Ao /2) 12/?7
X [A(] — B(](IQ — 2])/(]1 — 2J)],
Cy =[(Iy — 2J) [, Ao /2(I5 — 2J)] (1B, /2)~1+/2]
and
Cs =(I2/2)(I2Bo /2)~"/?7
X [BO — A()(Il — 2J)/( 2 — ZJ)]
From Eqgs.(15) we know that both & — oo and 8 — oo
ast — oo. Hence, a > 1 and 8> 1 at t > 1. Thus

one can obtain the following asymptotic solutions of
a(t) and B(t) in the long-time limit:

a(t) ~ Ce[r(t)]™, Bt) ~ Cr[r()], (16)
where
Co = 05211J/(111274J2)71_71,
Cp = O /(2477 =
mn = (L1 = 2I1J) /(. Iy - 4J?)
and

Yo = (I1 I3 — 2I,J) /(I Iy — 4J%).

We then obtain the asymptotic scaling solutions for

the cluster-mass distributions in the long-time limit,

ai(t) ~ E(t)[r(t)] " texp(—z),
bir(t) ~ E(t)[r(t)] "> exp(—y),

These indicate that the cluster-mass distribution of ei-

T okt

y o< kT 72.(17)

ther species can be written in the following generalized

scaling form:[15:16]

c(t) = [g(®)] ™ [F (D) B[k/S(2)],
S(t) o [g@OI [F(D17, (18)

where f(t) and g(t) are two unusual functions of time,
and ¢'(t) and f'(t) > 0 (such as e’, Int, 2¢, and so
on). The results also imply that the governing scaling
exponents may depend crucially on the aggregation—
annihilation reaction rates (I;, Is, J) and the re-
moval probability function P(t). Moreover, we ob-
tain the total mass densities, M4 (t) o< E(t)[r(t)]" !
and Mp(t) < E(t)[r(t)]2~1. It is not difficult to find
that for an arbitrary removal probability P(t), the to-
tal mass of either species always decreases with time.

Hence, neither species can be conserved finally.

2.2. I, > 2J and I, = 2J case

In this case, by employing the above-mentioned
technique, the asymptotic solutions of the long-time
mass distributions of A and B clusters are then ob-

tained:

ap(t) ~ E@)[r(t)] HnT(t)] "t exp(—z),
z o k[lnT(t)] 73,

bi(t) ~ E(t)[(t)]*[ln ()] exp(—y),
y o k[r(8)] ™ [ (£)]™, (19)

where y3 = I /(I1 — 2J) and v4 = 2J/(I1 — 2J). The
results indicate that the cluster-mass distribution of
either species also satisfies the generalized scaling law
(18). Comparison between the total mass of species A
and that of species B, M4(t) oc E(t)[r(t)] " [InT(¢)]
and Mp(t) < E(t)[InT(t)]77* at t > 1, shows that
the large B clusters dominate over the corresponding
A clusters in the long-time limit. This is independent
of the initial concentrations Ay and By. Moreover,
we again find that for this case both species cannot

survive at the end.

2.3.I; >2J and I; < 2J case

In this case, by solving Egs.(9) we can also obtain
the scaling solutions of the cluster-mass distributions

as follows:

k
wl)~ (Ft) BOrO] ™ en(-a),
o< K{r(1)] 7,
belt) ~ B(®)ir(8)] exp(-),

y o< k[T(t)] Y, (20)

where Cg = (I2B0/2)Il/2'70511/(1172']) and v5 =
I5)/Is.
tion of species B obeys the scaling law (18) while

(2J —

These show that in this case, the evolu-
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that of species A obeys a modified form cg(t) ~
hrg(t) [ (0] Blk/S(0)].
species B is S(t) o 7(t). As for species A, the grow-
[7(¢)]* and the time-independent
scale is S; = Cg. We also determine the total mass of
clusters A and of clusters B, M4(t) oc E(t)[r(t)] 771
and Mp(t) « E(t), which imply that the large clus-

ters B dominate over the corresponding clusters A in

The typical mass of

ing scale is S(t)

the long-time limit. In this case, only species B may
survive finally, which is independent of the initial con-

centrations Ag and By.

2.4. 1, = I, = 2J case

For this special case, the scaling solutions of a(t)

and by (t) are obtained as

ak(t) ~ E(t)[r(t)] ™ lexp(—z),
bi(t) ~ E(8)[r(8)] 7 exp(—y),

z o k[T(t)] e,
y oc k[r(t)] 777, (21)

where v = Ao/(Ao + Bo) and v; = By/(A¢ + Bo)-
These scaling solutions indicate that the mass distri-
butions of both species can be written in the scal-
We also find that in the long-time
limit the total masses of the two species are M 4(t)
E(t)[r(t)]**~! and Mp(t) < E(t)[r(t)]""~!, respec-
tively. Since ~¢/v7 = Ao/Bo, the heavy species with

ing form (18).

the larger initial concentration will dominate over the
light species throughout the process. However, both

species cannot be conserved at the end.

2.5. I = 2J and I, < 2J case

For this case, the solutions of Eqs.(9) are similar
to those for the third case of this section and there-
fore the cluster-mass distributions also take the forms
of Eqs.(20) except for the constant Cy substituted by
— I5)Bg]. Thus we ob-
tain the same results for this case as those in Case

2.3.

another constant exp[l; Ag/ (I3

2.6. I; < 2J and I, < 2J case

We also obtain the differential equations (15) for
this case. It is obvious that Cs > 0 and C4 > 0 in this
case. The solutions of a(t) and 3(t) are dependent on
the values of Cy and C4y.

When Ag(2J — I;) > Bo(2J — 1), we obtain the

asymptotic scaling solutions of the cluster-mass dis-

tributions
ai(t) ~ E(t)[7(t)] " *exp(~z),
z o k7(t),
)~ (222) Pror ey,
y o k()] 7, (22)

where Cy = (I3 A¢/2C17)2/?7 and g = (2J — ) /1.
The results indicate that for this case the evolution of
species A obeys the scaling law (18) while the mass
distribution of clusters B satisfies a modified scaling
form cy(t) ~ h¥g(t)~*1[f(t)]~*2 ®[k/S(t)]. Compar-
ison between the total mass of clusters A and that
of clusters B shows M4(t) « E(t) and Mp(t) «
E()[r ()],

nate over clusters B in the long-time limit. Moreover,

This implies that clusters A domi-

only species A might survive in the system at the end.
The results of this case are contrary to those in the
third case of this section.

When A¢(2J — I) < Bo(2J — I1), we find that
B — oo as t = oo. By employing the above method,
one can obtain the asymptotic equations (20) for a(t)
and bg(t). So, the evolution behaviour of this system
is similar to that in Case 2.3.

Finally, we turn to the borderline case, Aq(2J —
I;) = Bo(2J — I1). It is found that for this case, the

results of this case are identical to those in Case 2.1.
3.Model of irreversible aggrega-
tion and partial annihilation

process with cluster removals

In this section, we turn to investigate the kinetics
of the irreversible aggregation and partial annihila-
tion process with cluster removals. We also consider
a constant-reaction-rate model with the generic con-
ditions similar to those in Sec.2. Then the governing

rate equations for this system read as

dak
= E a;a; — ag E a;

z-l—] k

+J Z apby — akij
p—q=k Jj=1

_Paka
db’“: Z bib; —kab
z+] k

+J — ay Z b; | — Pby. (23)

p—

Q
1
El
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Under the monodisperse initial conditions, with
the help of ansatz (2) we again introduce the vari-
ables @ = (1 —a)™! and 8 = (1 — b)~! to transform
the rate equations (23) into the following differential

equations:
d%a _2J 1 da dg da
dt2 L a+p-14dtdt dt’
d2g 2J 1 da dg dg
— = _—— - P— 24
dt2 = L a+fB-1dtdt dt’ (24)

with the initial values (7). We then find two integrals
of Egs.(24) as follows:

da dﬂ I1[2

Izd——Ild ( O_BO)a
Iz I
(&) ()7 - ()" ()
x (a+p-1)"%. (25)

We then discuss the solutions of Eqs.(25) in two dif-

ferent cases.
3.1. Symmetric initial case

For the symmetric initial conditions Ay = By,

Egs. (25) can be immediately solved to yield

L L
t) = Cro7(t) + 1]
A A
2 Il
t) = Cro7(t) + 1] 26
B) = T2 Cor @+ 1" + =, (26)

where ClO == (I] + IQ + 2J)A0/2 and Yo = (Il +
I)/(I1 + Ia + 2J).
When 7 — 73 as t — 0o, we obtain the asymptotic

scaling solutions
ax(t) E(t)exp(—z),
T x k/ E(tat',
t
bi(t) ~ (1 — Ci2)* E(t)exp(—y),
Y k/ E(t)dt', (27)

~(1-Cn)t

where

Ci1 = (I + L)/[I2 + Ii(Ciomo + 1)7]

and

012 = (Il -|— IQ)/[Il -|— 12(0107'0 -|— 1)79].

Equations (27) are similar to Egs.(12) and, thus, the
results of this case are identical with those for the
corresponding case in Sec.2. This implies that for this
condition the evolution of the system may depend only

on the removal term.

When 7 — o0 as t — oo, we again obtain the
revised scaling solutions (17) for the cluster-mass dis-
tributions, where both ~; and -2 in the origin forms
(17) are now replaced by 9. The results indicate that
the cluster-mass distributions of both species take the
It is also observed that the total
mass of either species decays as E(t)[7(t)]* 1. We

scaling form (18).

can conclude that for arbitrary removal conditions

both species cannot survive finally.
3.2. Asymmetric initial case

Now we turn to the asymmetric initial case Ag >
By. We discuss the general solutions of the cluster-
mass distributions in two different subcases.

When 7 — 79 as t — oo, the solutions a(t) and
B(t) of Eqgs.(25) are similar to Eqgs.(11). So, this case
is also equivalent to the corresponding ™ — 7y case in
Sec.2.

When 7(t) = oo as t — oo, from Eqgs.(25) we

derive the asymptotic solutions at large times,
d
a(t) ~ Ci37(t), —dﬂ ~ Crar 2/ (28)
T

where

013 = Il(AO — Bo)/2

and

Cis = I, BoC2" " [Ao /(Ao — Bo))™2/ 11 /2.

Equations (29) imply that the evolution of species
A obeys the scaling law (18) while the evolution of
species B depends crucially on the ratio between the
aggregation rate I; and the annihilation rate J. More-
over, it is not difficult to find that the total mass of
species A is Ma(t) o< E(t). When E(t) — const. as
t — o0, clusters A can survive at the end. When E(t)
decreases with time, species A cannot be conserved
finally. We then investigate the evolution behaviour
of species B in several subcases as follows.

When I; > 2J, from Eq.(28) we have § ~
110147172']/11/(]1 — 2J). Thus we obtain the asymp-

totic scaling solution

bi(t) ~ E(@)[r(1)] 2+ T exp(—y),
y o< k[r(t)] 72/ 0. (29)

This indicates that for I; > 2J the evolution of species
B also obeys the scaling law (18). In this case, the
asymptotic behaviour of the total mass of species B is
Mp(t) o< E(t)[r(t)]"2?/11, which implies that species
B cannot survive at the end. When E(oco) — const.,
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the exhaustion of species B is forced by the annihila-
tion process. When E(oo) — 0, that species B cannot
survive is crucially due to the removal process.
When I; < 2J, from Eq.(28) we again have
B~ Boo — LiIClar' =2/ j(2] — 1), where B is a
finite value and f — B as t — oo. Unfortunately,
we cannot determine the explicit expression of (.

The asymptotic solution of by () is then obtained:

bi(t) ~ (1= B )P E@)[r (8)] >/ " exp(~y),
y o< k[r(t)] T2/ E (30)

This indicates that for I; < 2J the evolution of
species B obeys the modified scaling law bg(t) =~
hEg(t)~w1[f(t)]*2 ®[k/S(t)]. In this case, we observe
that the total mass of species B always decreases with
time and clusters B are exhausted by the annihilation
reaction as well as the removal event.

In the last case of I; = 2J, we find that § ~
Ci4In7 in the long-time limit. We then obtain the

scaling solution

b(t) = o BOr(t)] Inr(t)] Pexp(-y),
y = (k/Ci4)[InT(t)] 7 . (31)

This indicates that for I; = 2J the evolution of species
B also obeys the generalized scaling law (18). In this
case, the total mass Mp(t) of species B changes as
E(t)/7(t) at large times. Thus species B is also ex-
hausted finally for this case.

4. Summary

We have studied an irreversible aggregation—
annihilation model with cluster removals on the ba-
sis of mean-field theory. Considering the constant-

reaction-rate model, we analysed the kinetic be-

haviours of the aggregation—annihilation processes
with cluster removals.

We first considered the irreversible aggrega-
tion and complete annihilation system with the re-
moval term. By solving the mean-field rate equa-
tion, we obtained the general solutions of the
cluster-mass distributions in the cases with an ar-

bitrary injection probability P(t). When 7(c0) =

[e’s} t’
/ dt'exp —/ P(t”)dt"} — const., the cluster-
0 0

mass distribution of either species may obey a mod-
ified scaling law and both species cannot survive in
the end, which is independent of the initial monomer
When

7(00) — oo, the evolution behaviour of the system

concentrations as well as the reaction rates.

then depends strongly on the ratios of the aggrega-
tion rates to the annihilation rate J, and the cluster-
mass distributions may satisfy the generalized scaling
form. In short, the evolution of the total mass depends
crucially on the removal probability. Meanwhile, the
details of the reaction event also play an important
role in the kinetic behaviour of the system.

We have also studied the irreversible aggregation
and partial annihilation model with cluster removals.
The results indicate that the evolution behaviour of
the system depends strongly on the initial conditions.
For the symmetric initial case, the two species evolve
according to a same scaling law. Under the asym-
metric initial conditions, the evolution of the heavy
species with larger initial concentration satisfies a sole
scaling law while the light species may scale accord-
ing to three distinct forms in different cases. On the
other hand, the kinetic behaviour of the system also
depends on the details of the reaction rates and re-

moval probability.
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