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A simple method for calculating the free-exciton binding energies in the fractional-dimensional-space model for

single-quantum-well structure has been extended to quantum-well wires and quantum dots, in which the real anisotropic

system is modelled through an effective isotropic environment with a fractional dimension. In this scheme, the fractional-

dimensional parameter is chosen via an analytical procedure and involves no ansatz. We calculated the ground-state

binding energies of excitons and donors in quantum-well wires with rectangular cross sections. Our results are found

to be in good agreement with previous variational calculations and available experimental measurements. We also

discussed the ground-state exciton binding energy changing with different shapes of quantum-well wires.
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1. Introduction

With the recent advances in the technique of
molecular-beam epitaxy, it is possible to confine elec-
trons in extremely thin semiconducting wires, namely,
quantum-well wires. In these quasi-one-dimensional
structures the electron motion along the length of the
wire is free but is quantized in the two dimensions
perpendicular to the wire. In particular, due to their
large binding energies, oscillator strengths, and con-
finement effects, excitons may have a large influence
on a variety of physical phenomena observed in such
heterostructures, and have attracted considerable at-
tention from the experimental, theoretical, and tech-
nological points of view.[1—22]

Several authors have calculated binding energies
of excitons in both infinite and finite quantum wires
(QWs). 1,19:10]

which do or do not include different phenomena such

All these calculations are variationa

as valence-band mixing, nonparabolicity of dispersion
relations, effective-mass, and/or dielectric-constant
mismatch between the well and barrier materials,

Coulomb coupling between excitons belonging to dif-

ferent subbands, etc. These calculations require sig-
nificant computation time and the accuracy of the
result depends to a large extent on the form of the
trial wavefunction. In the last few years, the concept
of fractional-dimensional space has been successfully
used in the study of the optical spectra and excitonic

properties of anisotropic systems.[!1=13]

Although the space of the real world is 3D Eu-
clidean, the motion of material objects is not always in
three dimensions. The dimensionality depends on re-
straint conditions. Some people adopt the fractional-
dimensional approach to calculating exciton bind-

s.[11,14-18] The excitons in an anisotropic

ing energie
solid are treated as being in an isotropic fractional-
dimensional space, where the dimension is determined
by the degree of anisotropy. Such a space, termed dy-
namic space, differs from the one that embeds geo-
metric bodies in that its dimensionality is determined
Thus the Schrodinger

equation is solved in a noninteger-dimensional space,

by the physical interactions.

where the interactions are assumed to occur in an

effectively isotropic environment. The Schrodinger
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equation is in fact that of an aD hydrogen atom

problem, for which the discrete bound-state energies
1

1+0
70[_3 PR
n+ 2

—3\2
a, = (1+cr)a*<n—|— QT) , where n = 1,2,3...,

Ry™
and orbital radii are(!®l E, = E, —

m*
is the principal quantum number, ¢ = —-, Ry" and
my
a* are, respectively, the Rydberg and Bohr radius, ei-
ther for excitons or for donors. The binding energy of

1s exciton is given by

B () (e

For the
dimensional parameter «, there are roughly speaking
One of them is the MLC [15:16:18]

approach in particular. A systematic study has been

determination of the fractional-

two approaches.

done in the area of excitonic states and absorption
spectra in semiconductor QW, !5l quantum-well wires,
and double QWs,['%] in which one assumes an ansatz
for the choice of the fractional dimension, and the
other adopts a systematic procedure to determine the
a parameter to avoid an ansatz for the choice of the
fractional dimension,[11=13:17 and it was successfully
used in the study of some excitonic and shallow impu-
rity properties confined in QW, in which 2 < a < 3.
The Hamiltonian corresponding to the hydrogen atom

in a fractional a-dimensional space is

[ 1 a(,,90
o= g [ (' 55)
1 0 ( . 40,0 e?
+ 72 sin"‘29%<sm 6%)} er’ 2)

where @ = 3 and a = 2 are respectively identical to

the 3-dimensional and 2-dimensional hydrogen atom
Hamiltonian. When a < 2, the situation is unfamil-
iar and it is necessary to examine its applicability to
lower-dimensional physics such as the excitonic and
impurity properties in quantum-well wires and quan-
tum dots, etc.

In Sec.2 we present the theoretical framework of
fractional-dimensional scheme used in the calculations
of excitons and donors confined in quantum-well wires
and quantum dots, together with a systematic proce-
dure for the determination of the fractional dimension
for ground states. Theoretical results, discussions and

conclusions are given in Sec.3.

2.Theory

We consider the problem of an exciton confined
in a quantum-well wire with rectangular cross section.
The Hamiltonian for the exciton is given by

T
2m: ¢ 2m}

X fe(Tes Ye) fu(zn, yn)Y (R, )
=FE'fe(@e; Ye) fu(zn, yn) (R, 1), (3)

Vi+Ve+ W

where the z-direction is the free axis, m.* and my*
are the effective masses of the electron and hole, re-
spectively, and V. and V4, are the corresponding con-
fining potentials. ¥(R,r) = exp(iK - R)¢r(r)/VV,
where K is the exciton z-part wavevector, R is the
z-part coordinate of the exciton centre of mass, r
is the relative coordinate. fo(Ze,¥e) = fe(®e)fe(Ye),
fu(zn,yn) = fu(zn)fo(yn), where fe(ze)(or fe(ye))
and fi,(zn)(or fu(yn)) are the z (or y) part of the elec-
tron and hole envelope wavefunctions, respectively, in
the absence of the Coulomb potential. After using
Eq.(3) and assuming the relative motion of the carri-
ers and that of the centre of mass are independent, we

have

VeV - £ )om(r) = Bz (r),
()

( __n
24 h(z,y)
with

me=//ﬁ@ﬁ@—mﬁwﬁw—m%®,

E=FE —E.— Ey,

where p,, is the reduced mass of the exciton in the

well. One may write Eq.(4)in spherical coordinates as
(Hoz + W)¢E = FE¢pg, (5)
where H, and W are given by Eq.(2), and

h2
T 2u,h(z,y)

LRI 000
2y | P21 Or " or
1 O ( . 40,0
- - “ a=29 Y
+ r2sin°‘2989<sm 80)}’ (6)

is the Hamiltonian corresponding to

V- [h(z,y)V]

where H,
the hydrogen atom Hamiltonian in a fractional a-
dimensional space. If one denotes as ¢; and Ej the

eigenfunctions and eigenvalues of Eq.(2), i.e.

Ha¢j :EJ¢J: (7)
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the exciton binding energy may be written, after some
straightforward algebraic manipulations of Egs.(5)

and (7), as

/ he W é,dV

FE= Ej + .
[ hossav

(8)

If one now is interested in evaluating the exciton bind-
ing energy, one may choose the a parameter such that
the second term in the right-hand side of Eq.(8) is
zero for ¢; chosen as the ground state associated with
Eq.(7), so that both ground states coincide. The con-

dition for « is, therefore,
/ h¢pW¢;dV

=0. (9)
/ hpd;dV

One should notice that the above equation provides an
exact expression for determining the dimension of the
a fractional-dimensional space that would model the
actual system for obtaining the exciton ground-state
solution. Of course, the solutions ¢ of Eq.(5) are not
known, and one simple choice is to take ¢ = ¢,
where ¢;_, is the ground-state solution of the a-
dimensional Hamiltonian in Eq.(7), use Eq.(9) to find
a, and obtain the ground state exciton energy of the
problem at hand by solving the a-dimensional equiva-
lent Hamiltonian. One would expect that this simple
choice would give an appropriate physical solution for
the ground-state exciton energy, provided that the ac-
tual system is not strongly anisotropic.

Similarly, we attack the problem of a shallow
hydrogenic donor confined in an infinite quantum-
well wire with rectangular cross section by using the
effective-mass and non-degenerate-parabolic band ap-
proximations, and the relative motion of a donor can

then be described by the Schrodinger equation

o, € h?
<_ Zm*v B ;> ¢(r) - 2m*h/(z,y)

<[ 2 D D) = Boy(r)10

where the z-direction is the free axis, h'(z,y) =
f2(z + zi,y + yi), € is the dielectric constant, r =
\/(1' —z;)%2 4+ (y — y;)? + 22, and the donor is located
at the position (z;,y;). We can notice that the first
term in the right-hand side of Eq.(10) is the Hamilto-
nian of a hydrogen atom in a fractional a-dimensional
space satisfying Ho¢; = Ej;¢;, thus Eq.(10) can be

written as
(Hoa + W')¢p = Ejpp- (11)
The exciton binding energy may be written as
/ I ¢*EW'¢jdV
J W épe;dv

We can determine the a parameter through

FE = E]' + (12)

/ K W' g, dV

=0,
/ K ¢re;dV
and then the donor binding energy F = E;.

Finally, we consider the problem of an exciton
confined in a quantum dot of cubic shape. By using
the effective-mass and nondegenerate-band approxi-
mations, the relative motion of a free exciton can be

described by the Schrédinger equation

h? " e?
(‘ mv - [p(z,y,2)V] — ;)4515(7’)
=E¢g(r) (13)
with

W(2,y, 2) = / / P2 F2(6 — 2) 2 (m) f2(n — )
x f2(7) f2 (v — z)dédndy.

Similarly, we split the Hamiltonian of Eq.(13) into two
parts, H, and W”, thus the a parameter can be de-

h' W $;dV

termined through =0, and then the

W G dV
donor binding energy F = E;.

3. Results and discussion

The fractional-dimensional approach is used to
discuss the exciton and donor binding energies con-
fined in the quantum-well wires. Our results are
just the conclusions for the exciton confined in QW
with the I, = 20a*, compared with the conclusion
in Ref.[20], and obviously compares with it very well
(cf. Fig.1). Figure 2 shows the donor binding ener-
gies in infinite quantum-well wires, and our results fit
very well with the conclusions in Refs.[21,22] adopting
theoretical variational calculations. Figure 3 shows
the exciton binding energies in infinite quantum-well
wires with rectangular cross section and one finds that
the results are in good agreement with the values of
Ref.[10]. All these prove that our results and conclu-

sions are reasonable and reliable.
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Fig.1. Exciton binding energy in infinite QW as a
function of well thickness.
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Fig.2. Donor binding energies in infinite quantum-
well wires as functions of well thickness.
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Fig.3. Exciton binding energies in infinite quantum-

well wires as functions of well thickness.

It is clear from the four curves in Fig.4 that the
effective dimension of the exciton obviously changes
from one-dimensional to three-dimensional for ex-
tremely narrow to large well widths of quantum-well
wires. We can even see from Figs.4 and 5 that both
the effective dimension and binding energies decrease
with the increase of the o value. The reason is that

the electron—hole’s ability to ‘move’ is higher since the

quantities of electron and hole are similar due to the
bigger o value and the fact that the ‘space’ they ‘sense’
is smaller, resulting in lower effective dimension. From
Eq.(1), the exciton binding energy depends on both
and o, and we can see that the effective dimensions
and binding energies are both decreasing with increas-

ing o value in Figs.4 and 5.
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Fig.4. Change of excitonic effective dimensions in in-

finite quantum-well wires with the well width.
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Fig.5. Change of exciton binding energies in infinite
quantum-well wires with the well width.

It is seen from Fig.6 that the donor binding ener-
gies, confined in square sectional quantum-well wires,
decrease with the donor position’s excursion from the
quantum-well wire center. The well has a tendency to
‘push’ the electron to move nearer the donor when the
donor is located at the centre, which results in max-
imum binding energy, and in contrast, to ‘push’ the
electron away from the donor when the donor is lo-
cated on the edge, which results in minimum binding
energy. It is also clear from Fig.6, that in the large-L
limit and infinite barrier potentials, the exact bind-
ing energy of on-centre impurities is Ry*(a = 3) and

on-edge impurities is Ry* /4(a = 5).
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Fig.6. Change of the donor binding energies in infi-

nite quantum-well wires with the well width.

In Figs.7 and 8 we give the effective dimensions of
the exciton/impurity confined in quantum-well wires
with the same cross section area for different shapes
controlled by the values of the I, /l,. We can see obvi-
ously the effective dimension approaching 2 with the

Iz /1y value decreasing close to O.
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Fig.7. The shape effect on the exciton binding ener-
gies in infinite quantum-well wires.

Figure 8 shows in more detail the effective dimen-
sion change with the shape controlled by the values
of the I, /1, for different cross section area (s) when
the value of s is kept constant, and we find that for
different value of s the effective dimension changes
in different manners along with the values of I,/I,
changing from 0 to 1, respectively, corresponding to
the shape changing from that of the two-dimensional
QW to square-sectional quantum-well wires (I, = I, =
a=4/s). We assume that o = 8, + B, + 3., i.e. the
fractional-dimensional parameter a can be taken as
the sum of 3;, By, 8. which are the effective dimen-
sions along different coordination axes directions with
B. = 1. Along with the change of I,,/I, from 0 to 1, the
sides of the rectangular cross section change accord-
ingly, and the form of the QW changes from the ideal

two-dimensional to a wire with square cross section.

In the course, the value of 3, increases and 3, reduces
accordingly. The effective dimension is determined to-
tally by the value of 8, and 8, (8, =1). In Fig.8 we
can find there is a special s denoting as critical area
(s=1.44) in which the binding energy or effective di-
mension is almost keeping constant with different well
shapes. This point is very useful in building an appa-

ratus.
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Fig.8. The shape effect on the impurity binding en-

ergies in infinite quantum-well wires.

It is clearly seen from Fig.9 that there is an
obvious change from the low-dimensional to three-
dimensional limits for narrow and large widths of

quantum dots.

2.6}
& 24}
g
o  2.2F
&
| 20}
3
g 1.8} .
g £.4 —&-0=0.0
S | o =01
g 1.6} ’/,A'V —e—o=0.
r: A/:’ —a—0=0.5
1.4} é’v’ —v—0=1.0
1.2t 7
0 1 2 3 4

Lja*(ly =1y =1.=L)

Fig.9. Change of exciton binding energies in infinite

quantum dots with the well width.

In conclusion, we have developed a systematic
mathematical procedure for determining the fractional
dimensionality of the isotropic effective space which
would model and give reliable values for the energies of
the actual physical system under consideration. Our
work introduces the fractional-dimensional space ap-
proach to deal with the binding energies in quantum-
well wires and quantum dots for the first time and

gives reasonable results.
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