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The coupling effect and stability property of symmetric bright holographic soliton pairs have been investigated

numerically. Results show that when any one of the two solitary beams from a pair is perturbed in amplitude or width,

both beams will be affected by such a perturbation via the coupling effect between the beams, thus resulting in both

beams propagating in the medium without a constant shape; however, these two solitary beams are still stable against

small perturbations. When both solitary beams from a pair are perturbed simultaneously in amplitude, for some given

absolute values of the perturbations, the two beams are stable against these perturbations if both beams are perturbed

with the same sign, whereas are unstable with the different signs. When the two beams are simultaneously perturbed in

width, both beams exhibit their stability property similar to that when only one beam is perturbed no matter whether

both perturbations have the same or different signs.
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1. Introduction

Optical spatial solitons have been extensively
studied during the last three decades. To date, many
topics have been researched in the area including
Kerr solitons, photorefractive (PR) solitons, incoher-
ent solitons, quadratic solitons, Bragg solitons, dis-
crete solitons, cavity solitons and magneto-optic soli-
tons and so on.[!l PR spatial solitons have become
a convenient playground to study soliton phenomena,
since they are observed at low light powers and exhibit
robust trapping in both transverse dimensions.[2~14
So far, the mechanism to support the steady-state
PR solitons is the self-phase-modulation self-focusing
mechanism that originates from the spatially nonuni-
form screening of the applied field to form screening
solitons,?3! or from the photovoltaic effects to form
photovoltaic solitons,*®! or from both simultaneously
to form screening-photovoltaic solitons.[6~13] Through
this mechanism, an optical beam modifies the refrac-
tive index (that is, the refractive index in the centre
of the beam is larger than at the beam’s margins)

and induces an effective positive lens. The refractive-

index structure of the medium then resembles that of
When the optical beam

that has induced the waveguide is also a guide mode

a graded-index waveguide.

of the waveguide that it has induced, the beam’s
propagation becomes stationary. Recently, Cohen et
all'%) proposed a new kind of steady-state spatial soli-
ton, namely holographic solitons, supported by biased
PR crystals with a process of PR two-wave mixing
(TWM) in a special case in which there is not any
energy exchange between the beams and the absorp-
tion of the crystal is not taken into account. The
mechanism to support the holographic solitons is the
holographic focusing mechanism instead of the self-
phase-modulation self-focusing mechanism. The holo-
graphic focusing mechanism arises from a grating in
the refractive index induced by interference between
the signal and pump beams via TWM. Through the
grating (i.e. the induced periodic modulation of the re-
fractive index) the beams are coupled through Bragg
reflections. Each beam is Bragg reflected and coher-
ently added into the other beam. This can lead to fo-
cusing of narrow beams when the reflected beams are

/2 phase retarded with respect to the primary beams.

*Project supported by the National Natural Science Foundation of China (Grant No 10174025) and the Key Project Foundation of

the Education Ministry of China (Grant No 011118).
fCorresponding Author: E-mail: jsliu4508@vip.sina.com

http://www.iop.org/journals/cp



No. 5

Coupling and stability of bright holographic soliton pairs 705

The holographic focusing mechanism was most prob-
ably presented first in the pioneering experimental
demonstration of spatial Kerr solitons,'® which uti-
lized interference between two beams to arrest trans-
verse instability. An effect related to holographic fo-
cusing in PR materials has been reported,'”] in which
the mutual focusing/defocusing of two beams with
slightly different frequencies was demonstrated with
a biased SBN crystal.

soliton with both the holographic focusing mechanism

Another new kind of spatial

and the self-phase modulation self-focusing mecha-
nism (for example, photovoltaic or screening mech-
anism) was proposed by Liu very recently for PR dis-
sipative systems that consist of an open-circuit photo-

(18] [19] 4nd

voltaic PR crystal or a biased PR crystal
a strong pump beam with a uniform spatial distribu-
tion in both transverse dimensions. Such solitons were
termed rigid PR solitons, including rigid photovoltaic

solitons 18] (19]

and rigid screening solitons.

PR soliton pairs, such as incoherently coupled
PR soliton pairs 2922 and separate PR soliton pairs
[23-29] have been investigated extensively, in which
there are three types of pairs: bright—bright, dark—
dark and bright—dark. A holographic soliton consists
of two mutually coherent field components. As a re-
sult, holographic solitons are existent in the fashion
of a pair. However, there are only two types for holo-
graphic soliton pairs: bright—bright and dark—dark.
So in this paper, we use the terms bright and dark soli-
ton pairs to denote the bright—bright and dark—dark
holographic soliton pairs, respectively. The symmetric
solutions of the holographic soliton pairs are obtained
in Ref.[15] in which both components have the same
amplitude and width. In other words, the two solitons
in a pair are just the same in steady state.

Although the existence of both bright and dark
holographic soliton pairs are proved in Ref.[15], the
stability property and the coupling effect between the
two solitons in a pair have not been investigated. In
this paper, we take a numerical approach to study
the stability property and coupling effect. Our results
show that when one of the two solitary beams from
a soliton pair is perturbed in amplitude or width, the
perturbation can affect the propagation characters of
both beams via the coupling effect between the two
solitons. Whether one or two solitary beams from a
bright soliton pair are perturbed, both beams are sta-
ble against small perturbation. For dark soliton pairs,
our results indicate that they cannot overcome the nu-

merical noises that come from the actual calculation

process, which means that dark holographic solitons
are unstable relative to small perturbation. In other
words, we cannot find a stable numerical solution for
the dark soliton case.

This paper is organized as follows. In Sec.2, the
formulae to be used in the paper are listed. In Sec.3,
the effects of the perturbations in one beam on the
stability property of both beams are analysed numer-
ically. In Sec.4, the effects of the perturbations in
both beams on the stability property of both beams
are analysed numerically. Finally, we draw some con-

clusions in Sec.5.
2.Formulae

Figure 1 shows the configuration to support holo-
graphic solitons, which is taken from Ref.[15] (see
Fig.1 and the text describing the arrangement in
Ref.[15]). We start with the nonlinear coupled-wave
equations that have been given in Ref.[15] and they

read as

Fig.1. The schematic of a holographic soliton in a PR
medium. Taken from Ref.[15].
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X B =0,
|Al? +|B|* + Ip

where A and B are the complex envelope of the am-
plitude of the beams, k = ngko, ko = 27/Ag and A is
the free-space wavelength of the lightwave employed,
ng is the ordinary index of refraction, 6 is the angle
between the vector k of each beam and the z-axis, Ang
is, in general, a complex factor that depends on the
specific material parameters and the applied voltage,
and I is the uniformly illuminated background inten-

sity. Holographic solitons can exist only when Ang is
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real, which can be approximately satisfied by select-
ing a very small angle between the two beams, such
as 0.1° and a strong bias field, such as 1000 V/cm, as
proposed in Ref.[15].

Let s = x/xq, & = 2/z0, 20 = kaxlcosf, o =
(zok)?Ang cos(26) /ng, A = 1}13/2U, B = 1}13/2V, where
Zp is an arbitrary spatial width. Equations (1) can
then be written as two coupled equations in dimen-

sionless variables:

U 182U V2

i— + -

=0, (2a)

g
9t 2 9s? UP + VPP +1
vV 18%V |U?
i— + = o 2b
o6 205 U+ V[ +1 (20)

To seek a symmetric soliton solution, we can express

the normalized envelops U and V as
U=V = (r/2)"2y(s)exp(iv¢), (3)

where v represents a nonlinear shift to the propaga-
tion constant, r is the total peak input intensity of the
two light beams normalized to I, namely r = Iy/Ip,
and Iy = I(s = 0, = 0) for the bright soliton and
Iy = I(s = 00, = 0) for the dark soliton, and
I(s,€) = I|U(s,8)|* + |V (s,€)|?] is the sum of the
average intensity of the two beams.
Substituting of Eqs.(3) into Eqs.(2), we have

Y Ty
-2 ———7 =0. 4
ds? Vy+01+ry2 (4)
Both bright and dark soliton solutions of Eq.(4) have

[7=9] and this equation

been discussed in great detail
is known to allow bright and dark solitons when o > 0
and o < 0, respectively.

For bright soliton, we require that y(0) = 1,
7(0) = 0 and y(s = +oo) = 0, the solution of Eq.(4)
can be written as

1

1/244
124 _ 4 r Y
y n(l+ry?) —g*In(1+r a
i /1 ;2 721 1/2’(5)
y
o 1
v=g 1—;1n(1—|—r). (5b)

For the dark soliton, we require that y(0) = 0,
g(o0) = 0, g(oco) = 0 and y(s — +oo) = 1, the solu-
tion of the Eq.(4) can be written as

0
(14 7)1/2dg

(_0)1/2S:i/ [(g2 Ly T—:l N <1+r92>r/2

y
1+

(6a)

V=S (6b)

Equations (3) and (5), as well as Eqs.(3) and (6), are
the bright and dark symmetric soliton solutions of
Egs.(2), respectively. These solutions are equivalent
to the symmetric holographic soliton solutions given
in Ref.[15].

When ¢ and r are given, from Egs.(3) and (5), we
can determine two bright soliton solutions in a pair,
i.e. U and V. Taking the two solitary beams as the in-
put beams, their dynamical evolution in the medium
can be analysed by numerically solving Egs.(2) with
the same value of 0. Figure 2 gives an example for
r = 10 and o = 4, from which we can see the two
bright solitary states can remain invariant with prop-
agation distance. For the two bright solitary beams,
their intensity full width at half maximum (FWHM)
is Wy=1.75.

(a)

[
548
ul?

Fig.2.
graphic soliton pair (intensity profiles) with r=10 and
o=4. (a) U and (b) V. The intensity FWHM of U
and V is Wy=1.75.

Simultaneous propagation of a bright holo-

3.Soliton stability property for
one perturbed beam

In this section, we will take a numerical method
to simulate the dynamical evolution of bright holo-
graphic soliton pairs in biased PR crystals when one
solitary beam from this pair is perturbed in ampli-
tude or width. The approach used in this section is
as follows. At first, we give two bright solitary so-
lutions, U and V, from Egs.(3) and (5) with r = rq
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and o = 0, and the intensity FWHM of these beams
is Wy. And then, we use a matching Gaussian beam
to express any one of the two bright solitary beams.
Such as, U is expressed as U = (r/2)1/2exp(—s2/w§)
with » = rg and wy = 0.85W,, which has approxi-
mately the same amplitude and width as that of the
holographic bright solitary solutions from Egs.(3) and
(5) with » = 7y and o = 0¢. The following tasks are to
perturb the matching Gaussian beam by introducing
two additional parameters dr and §s in the expression

of U as follows.
U=[r(1+ 5T)/2]1/2exp{—s2/[w0(1 +38s)%}, (1)

where ér = Ar/r and és = As/wy denote the rela-
tive amplitude and width perturbations and, Ar and
As denote the absolute ones, respectively. Taking U
and V as the input beams, in which U is a perturbed
matching Gaussian beam given by Eq.(7) and V is
still an exact symmetric bright holographic-soliton so-
lution determined by Eqs.(3) and (5) with ¢ = o9
and r = 7y, the evolutions of the two input beams in
the medium can be analysed by numerically solving
Eqgs.(2) with ¢ = o and a given set of ér and §s,
from which we can obtain the information about the
effects of the amplitude or width perturbation on the
stability of the two solitary beams.

Here we consider a holographic bright pair with
r = 10 and o = 4 that are shown in Fig.2 as the un-
perturbed original beams with their intensity FWHM
being Wy = 1.75. As a result, the amplitude and
width of the matching Gaussian beam U should be
taken as r = 10 and wg = 0.85W, = 1.49. The evo-
lutions of U and V in the medium are shown in Fig.3
for ér =50% and ds = 0. Although V is still an ex-
act bright holographic-soliton solution, both solitary
beams from this pair cannot propagate smoothly with
a constant shape because the amplitude perturbation
for U affects not only the evolution of U, but also
the evolution of V via the coupling effect between the
two beams. However, although both solitons cannot
remain invariant with propagation distance, each of
them tends to evolve into a solitary beam after a short
distance, which means this pair is stable against the
50% relative amplitude perturbation in one solitary
component. If we take a larger amplitude perturba-
tion, such as ér = 500%, both solitons from this pair
cannot propagate stably, as shown in Fig.4. The evo-

lutions of the peak intensity and intensity FWHM of

U and V for different values of ér are shown in Fig.5,
from which we can see that this holographic soliton
pair is stable against small amplitude perturbations

in one solitary component.

(2)

IU(s,&)P

Fig.8. Effects of a small amplitude perturbation in
one solitary component on the evolutions of both soli-
tary beams from a bright holographic soliton pair with
r = 10 and ¢ = 4. Input conditions: (a) U =
[r(1 + 67)/2]*/2exp{—s? [[wo(1 + 85)]?} with r = 10,
wo = 1.49, ér = 50% and és = 0. (b) V is an exact
bright holographic soliton solution with » = 10 and

o =4.

Fig.4. Effects of a large amplitude perturbation in
one solitary component on the evolutions of both soli-
tary beams from a bright holographic soliton pair with
r = 10 and ¢ = 4. Input conditions: (a) U =
[r(1 + 67)/2]"/2exp{—s? [[wo (1 + 85)]?} with r = 10,
wo = 1.49, ér = 500% and 8s = 0. (b) V is an exact
bright holographic soliton solution with » = 10 and

o =4.
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Fig.5. Evolutions of the peak intensity and intensity FWHM of both solitons from a bright soliton
pair with » = 10 and o = 4 for different values of relative amplitude perturbation in U. Input
conditions: U = [r(1 + 57“)/2]1/2exp{—32/[w0(1 + 65)]2} with » = 10, wg = 1.49, and s = 0 and V
is an exact bright holographic soliton solution with » = 10 and ¢ = 4. (a) Peak intensity of U. (b)
Peak intensity of V. (¢) FWHM of U. (d) FWHM of V.

We then consider the effect of the width pertur-
bation in one solitary component on the evolutions of
both solitons from a bright holographic soliton pair
with = 10 and o = 4. Figure 6 gives an example
with a width perturbation ds =10%, from which we
can see that although the width perturbation makes
both beams propagate in the medium without a con-

stant shape, each of the two beams tends to evolve into

U(s, €)1

o v A O

a solitary beam over a short distance. That is, this
pair is stable against a 10% width perturbation. The
evolutions of the peak intensity and intensity FWHM
of both solitons from this pair for different values of
ds are shown in Fig.7, from which we can see that this
holographic soliton pair is stable against small width

perturbations in one solitary component.

|V(37£)|2

T N

202 1 A3
s 40

Fig.6. Effects of a width perturbation in one solitary component on the evolutions of both

solitons from a bright holographic soliton pair with » = 10 and o = 4. Input conditions:
(a) U = [r(1 + 6r)/2]'/2 exp{—s2/[w0(l +685)]2} with » = 10, wg = 1.49, §r = 0% and
6s =10%. (b) V is an exact bright holographic soliton solution with » = 10 and o = 4.
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Fig.7. Evolutions of the peak intensity and intensity FWHM of both solitons from a soliton pair
with » = 10 and o = 4 for different values of relative width perturbation for U. Input conditions:
U=[r(1+ 5r)/2]1/2exp{—s2/[w0(l + 85)]2} with 7 = 10, wo = 1.49, and §r = 0 and V is an exact
bright holographic soliton solution with » = 10 and o = 4. (a) Peak intensity of U. (b) Peak intensity

of V. (c) FWHM of U. (d) FWHM of V.

4.Soliton stability for two per-

turbed beams

In this section, we investigate the dynamical evo-
lution of bright holographic soliton pairs in biased PR
crystals when both solitons from a pair are perturbed
in amplitude or width. We pay attention on the sign
of perturbation in both beams and we mainly consider
three cases: i.e. both beams have a positive perturba-
tion, both beams have a negative perturbation and one
beam has a positive perturbation while the other beam
has a negative one. At first, we determine a bright
soliton pair with two solitary components U and V
from Eqs.(3) and (5) with 0 = 4 and r = 10, which
have been shown in Fig.2. The intensity FWHM of
the two solitons is W =1.75. We then perturb both
beams, U and V, by approximately matching them

into Gaussian beams given by
U = [r(1+ 6r1)/2]/exp{~5®/[wo(1 + 851)]%}, (8a)
V = [r(L+ 6ra) /2] 2exp{—s® /[wo(1 + 852)]}, (8D)
where dr; = Ar;/r and és; = As;j/wo (j=1,2) de-

note the relative amplitude and width perturbations
and Ar; and As; (j=1,2) denote the absolute ones,
respectively. When rq = 10, wg=0.85 and W, = 1.49,
we have Ar; = 0and As; = 0 (j=1,2), and Egs.(8) are
slightly different from those exact bright holographic-

soliton solutions with ¢ = 4 and r = 10 in their max-

imum amplitudes, widths and functional forms. Tak-
ing U and V as the input beams, the evolutions of the
two input beams in the medium can be analysed by
numerically solving Eqs.(2) with ¢ = o and a given
set of dr; and ds; (j=1,2), from which we can obtain
the information about the effects of the amplitude and
width perturbations on the stability of the two solitary

beams.

At first, we consider the case of amplitude per-
turbations. Putting amplitude perturbations into U
and V simultaneously, the evolution of the two beams
in the medium are shown in Fig.8 for dr; = drs =
5,0ry = dry = —50% as well as dr; = 5 and dry =
—50%, from which we can see that when the pertur-
bations for both solitary beams have the same sign,
the two beams are stable against the perturbations,
whereas when they have different signs, the two beams

are unstable.

We then consider the case of width perturba-
tions. Putting width perturbations into U and V si-
multaneously, the evolution of the two beams in the
medium is shown in Fig.9 for ds; = dsy = 10%,
ds7 = dsg = —10% as well as 6s; = —10% and
dsg = 10%, from which we can see that both beams
exhibit a stability property similar to that when only
one beam is perturbed, no matter whether both per-

turbations have the same or different signs.
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Fig.8.

= 10 and o = 4.

[

v

Effects of an amplitude perturbation in both solitary components on the evolutions of both soli-
tons from a bright holographic soliton pair with »

Input conditions: U = [r(1 +

57‘1)/2]1/2exp{—s2/[w0(1 + 8s1)]2} with 8s; = 0 and V = [r(1 + 6ra)/2]1/2 exp{—s2/[w0(1 + 852)]2} with §s2 =0
as well as r = 10 and wg = 1.49. (a) U for éry = §ro = 5; (b) V for §r1 = érg = 5; (c) U for ér1 = §ra = —50%;
(d) V for ér1 = érg = —50%; (e) U for §r1 = 5 and érg = —50%; and (f) V for ér; = 5 and dry = —50%.

6 o 6 o
4% 4w =
2 2 2 = e
OQ OE =
5 5 2
A4
o
23 2 2
0= o
5 5

Fig.9. Effects of a width perturbation in both solitary components on the evolutions of both solitons from a bright
holographic soliton pair with » = 10 and o = 4. Input conditions: U = [r(1 + 51‘1)/2]1/2exp{—s2/[w0(1 + 6s1)]2}
with §r1 =0and V = [r(1 + 61‘2)/2]1/2 exp{—s2/[w0(l + 852)]2}with §ra = 0 as well as 7 = 10 and wo = 1.49. (a)
U for §s1 = §s2 = 10%; (b) V for §s1 = dsa = 10%; (c) U for sy = 8sa = —10%; (d) V for §s1 = dsa = —10%; (e)

U for §s1 = —10% and §s2 = 10%; and (f) V for §s; = —10% and ds2 = 10%.

5. Conclusion

In this paper, we have numerically investigated
the coupling effects between two solitons from a holo-
graphic soliton pair when one or both initial input
solitary beams are perturbed and the stability prop-
erties of the two solitons against these perturbations

are discussed. Our results show that when any one

of the two bright solitary beams from a bright soliton
pair is perturbed in amplitude or width, both beams
can be affected by the perturbation via the coupling ef-
fects between the beams, thus resulting in both beams
propagating in the medium without a constant shape;
however, both beams are still stable against small per-
turbations. When the two bright solitary beams from

a bright soliton pair are simultaneously perturbed in
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amplitude, for some given absolute values of the per-
turbations, the two beams are stable against these per-
turbations if both solitary beams are perturbed with
the same sign, whereas they are unstable when per-
turbed with different signs. When the two bright soli-

tary beams from a bright soliton pair are simultane-
ously perturbed in width, both beams have a stability
property similar to that when only one beam is per-
turbed no matter whether both perturbations have the

same or different signs.
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