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Intense beam nonlinear transport in solenoid lenses’
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Lie algebraic methods are used in the analysis of the nonlinear transport of charged particle beams in solenoid

lenses. Space charge effects are included. The particle distribution we used is a K-V type. Similar procedures can also

be used for magnetic dipoles, quadrupoles, sextupoles and other optic elements.
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1. Introduction

The nonlinear effects of space charge forces can
cause beam emittance growth, beam instability and
beam loss. In the periodic transport or accelerating
structures, space charge effects can cause nonlinear
resonance, halo and chaos. So, to design intense beam
accelerators, space charge nonlinear effects should be
taken into account. The Lie algebraic method [l pro-
vides a good tool to study nonlinear transport of
intense beams. Using the Lie method, we analyse
the nonlinear transport of intense beams in solenoid

lenses.

2.The Hamiltonian and

pansion

its ex-

When a charged particle moves in electromagnetic
fields, the Hamiltonian H; with time ¢ as independent

variable is
H; :[m%c‘l + CQ(PE - qu)2 + 02(py - qu)2
+A(p, — qA.)*+]F + g, (1)

where my is the particle rest energy, g is the charge,
Pz, Py and p, are the z, y, and z components of the
particle momentum respectively, A, A, and A, are
the z, y, and z components of the magnetic vector po-
tential respectively, ¢ is the electric potential, and ¢
is the light velocity. Here, the canonical variables are
n=(z, Y, 2, Pa, Py, P2)-
Introduce a new variable p;:

Pt = _Ht(a::y: ZyPxsPy;Pz; t)

Solving p, from p;, one obtains

K=—p,=—[(pe+q¢)*/c® — mjc® — (pz — qAs)’

1
— (py — 44,)°]% — qA.. (2)
Define another set of canonical variables (= (z, y, T,
mla yl7 p‘r):
m:a:,y:y,t:T—z/,Bo,
&' = pa/po,y = py/po,p- =pr—pr,  (3)

where T = ct, By = ¢/vo (vo is the velocity of the
reference particle); pg is the momentum of the refer-
ence particle; pr = p;/(poc); p% is the value of pr for
the reference particle. Under the canonical transfor-

mation expressed by Eq.(3), the new Hamiltonian is

a9\’
H=- [(pT+p‘%+—>
PocC
1
2

1
ke (2" — qAz/po)® — (¥ — qAy/po)?
0

—qA./po — (p- + p7)/Bo. (4)

For the solenoid magnetic lenses,
1 1
A, =—=-B —B"(X> 2
5 BY+ 1B (X" +97)y,

_ 1 1, 2 2
A, = zBm 16B (X2 + y*)z,
A, =0, (5)

where B is the magnetic field distribution along the
z axis. The electric potential excited by the charged

particle beams in the case of K-V distribution is

3IT,¢

2 2 2_2
e —— 5 2 z ) 6
¢ SweopoYZ(u 2ty + pfor), (6)

*Project supported by the National Natural Science Foundation of China (Grant No 10075005).

TE-mail: jqlu@pku.edu.cn

http://www.iop.org/journals/cp



658 Li Jian-Qin et al

where I is the average beam current of the pulsed
beams; T,¢ is the beam repetition period; X, Y and
Z are the pulsed beam dimensions; p, py and p, are

the beam shape factors of the bundles, expressed as

, :XYny]o ¢
T2 J@+oV@+H@+HE+E)
XYZ77 ¢
) (P + OV O+ (P +6)
. _XYZy / d¢
T2 (@R HoVE@ OO+ E)

(7)

Substituting Eq.(5) into Eq.(4), one obtains

H=- { [(pT +ng - Q(Naxm2 + Nny + N2ﬂ37-2))2

1
1 2 2 2 q9G |, , 2
632 v * 2P0(x )
— (pr + P%)/Bo. (8)
where
_ 3qIT¢ )
 8megyopocXY Z'

Expanding the Hamiltonian (4) about the equilibrium

orbit, we have

Vol. 13
where
1
HO 3
B33
H; =0,

H, =<% - Q#m/ﬁo) z?

G 1
— <370 + Q#z/ﬁo) v+ 5@ +7)

- Q/J‘Z/BOT2 2ﬂ2 2p‘r:
Qug 2 Q.uy 2
H; =— z°p Y pr
Beve T B
1 Qu
+ %(QTQPT + y’sz) ’YOZ 2p‘r 2ﬂ3 2p7—;

...... (11)

3. First-order approximation

The linear map M, is expressed as

My =exp(—: f2:), (12)

where :f5: is a Lie operator; when acting on another

function, it performs Poisson bracket operation, and

fo=—1Hy (1 is the length of the lens). (13)

Let the subscript ‘1’ express the first-order terms of
the map, and M5 act on the components of the canon-

ical variable (; one obtains the first-order approxima-

H— f: H (10) tion solutions of the particle trajectories. Expressed
o " in matrix form, they are
i cos(kgl) cos(kml) ki sin(kg!l) cos(kml) cos(kyl) sin(km1) ki sin(kyl) sin(km1) 0 0 |
Ty £ y x
"”,1 —kg sin(kgl) cos(kml) clos(kml) cos(kml) —ky sin(kyl) sin(kml) 1cos(kyl) sin(kml) 0 0 2
Y1 — cos(kg!) sin(kml) T sin(kgl) sin(kml) cos(kyl) cos(kml) = sin(kyl) cos(kml) 0 0 y
= x Yy
vy ko sin(kol) sin(kml)  — cos(kgl)sin(kml) —ky sin(kyl) cos(kml)  cos(kyl) cos(kml) 0 0 v
e 0 0 0 cosh(k1) sinh(k-1) T
Pr1 ) k-B3vs pr
L 0 0 0 k.B3~3 sinh(k.1) cosh(k.l) |
(14)
where The second-order map M3 can be expressed as
B .t
=L —2Qu./p, M3=:fs:, where
2po
qB
ki = 2 ZQﬂy/ﬂOa l int l
Po f3 = —/ hgn (C,zl)dzl = —/ M2H3(C,Zl)d21.
2 gB 0 0
™ 2y (16)
. 2Qu Let the map M3 act on the linear solution (; =
z
k. = Bove (15) (z1,%,v1,94,71,Pr1,)- One obtains the second-order

4. Second-order approximation

solutions (5 (the subscript ‘2’ expresses second order)

of the map. The results are listed as the following:
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2 k2
z2 =xTBovak. [:—2(13 sin(kgl) — I cos(kyl)) cos(kml) + k—y(Ig sin(kyl) — I15 cos(kyl)) sin(k.l)
Y x
+ ko ((I1 + I) sin(kgl) + I7 cos(kyl)) cos(kml) + ky (115 cos(kyl) — Ig sin(kyl)) sin(k.ml)
kykm

+ (I17 cos(kyl) — Iho sin(kyl)) sin(kml) + km(I11 sin(kyl) + I16 cos(kyl)) sin(kml)]

y
1[k2 k2
+ a:p.,.ﬂ— k—m(Ilz sin(kyl) — I1g cos(kyl)) sin(knl) + k_y(IG sin(kzl) — Is cos(kyl)) cos(k,,l)
0 Y T
+ ky((Is + Is) sin(kyl) + Is cos(kyl)) cos(kml) + ky(I1s cos(kyl) — I1osin(kyl)) sin(k,,[)
kpkp,

+ (T30 cos(kyl) — Iz sin(kyl)) sin(kml) + kp(I14sin(kyl) + I1g cos(kyl)) sin(kml)]

Y

k, k 2
oo

k
T k—y> (I21 sin(kyl) — Iag cos(kyl)) sin(k.ml) + k—g(h sin(kzl) — I2 cos(kzl)) cos(k.l)
y T

x

km, : . km . .
+ k—(Ilo cos(kyl) + I7 sin(kyl)) sin(k.,0) + k—(Ile sin(kyl) — Io3 cos(kyl)) sin(k.,!)
& Y

— (I1 + I) cos(kyl) cos(k,,l) — Iy sin(kyl) cos(k,,
k.l kol k.l kol
, 1 [ke Ky , . k2
+z pTE T (I22 sin(kyl) — Ia4 cos(kyl)) sm(kml)—i—k—2(I8 sin(kzl) — I5 cos(kzl)) cos(k.,l)
Y T x

km km . .
+ k—(Ilg cos(kyl) + Iog sin(kyl)) sin(k..0) + k—(Ilg sin(kyl) — I14 cos(kyl)) sin(k,,!)
T Y

— (I4 + Ig) cos(kyl) — Ig sin(k,l) cos(kml)]

k2 . .
+ y'rﬂofygkz{ (k_z — ky> [(Ias — I1 — In6) sin(kyl) — Ing cos(kyl)] sin(k.ml)
y

k2
+ (k—y — ky | (I21 cos(kzl) — Ig sin(k,l)) cos(kn,l) + k?;ckm (I11 sin(kyl) — I17 cos(kzl)) cos(kml)

— ko (T10 sin(k,l) + I cos(kzl)) cos(kml)}

1 k2 . .
+ ypTﬂ— { <k—z — ky) [(Ia7 — 14 — Ing) sin(kyl) — I3g cos(kyl)] sin(k.ml)
0 2 Y
k2 k,k
+ (k—y — kz) (T2 cos(kyl) — I1g sin(kyl)) cos(kml) + z;g ™ (T4 sin(k,l) — Ioq cos(kzl)) cos(k,,l)

— km (I13sin(kzl) + Ihg cos(kzl)) cos(kml)}

k, k , k2 . .
+ leﬂo’ygkz [(k— — k_y) (I15 sin(kyl) — Iz cos(kzl)) cos(kml) + k—;(bg sin(kyl) — Iog cos(kyl)) sin(k.ml)
Yy T Yy

+ Iz—m(ho cos(kyl) — I1g sin(kzl)) cos(kml) — I;;—m(fu cos(kyl) + I17 sin(kyl)) cos(kml)
x Y

— ((I1 + I5) cos(kyl) + Ing sin(k,l)) sin(kml)}

2
+ y'pTi L (I1g sin(k,l) — Iaq cos(kyl)) cos(kml)—l—k—””(f30 sin(k,l) — Iog cos(kyl)) sin(k,,!)
Bo[\ky Kz ki
+ I]z—m(fly, cos(kzl) — I1g sin(kzl)) cos(k,l) — l;;—m(IM cos(kzl) + Izg sin(kyl)) cos(kml)
x Y
— ((Is + I27) cos(kyl) + Isg sin(k,l)) sin(kml)} (17)

In Eq.(17), I; — I3¢ are some integrations, which can be evaluated numerically, as listed below:
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1 l
I, =— / cos? (k1) sinh(k,1)dz, I, =— / sin?(k,l) sin? (k1) sinh(k,1)dz,
0 0
1 1
I3 = —/ cos2(kml) sin2(kml) sinh(k,l)dz, Iy = —/ cos2(kml) cos(k,l)dz,
0 0
1 1
Is = —/ sin2(kml) sin2(kml) cosh(k.l)dz, Is = —/ cos2(kzl) sin2(kml) cosh(k.l)dz,
0 0
l 1
I; = —/ sin(k,l) cos(k,!l) sin®(k,,1) sinh(k,l)dz, Iy = —/ sin(k,1) cos(kyl) sin®(k,,1) cosh(k,l)dz,
0 0
1 1
Iy = —/ cos(kgl) cos(kyl) sin(kml) cos(km!l) sinh(k,l)dz, Io = —/ sin(kgl) cos(kyl) sinh(k,l)dz,
0 0
1
I = —/ cos(kgl) sin(kyl) sinh(k,l)dz,
0
1
Iis =— / cos(kzl) cos(kyl) sin(km!l) cos(km!l) cosh(k,l)dz,
0
1 1
I3 = —/ sin(kzl) cos(kyl) cosh(k,l)dz, I, = / cos(kyl) sin(k,!) cosh(k,l)dz,
0 0
1 1
Iis = —/ cos(kl) sin(k,l) sin(k,nl) cos(k.,l) sinh(k,l)dz, I = / cos(kyl) cos(kyl) sinh(k,l)dz,
0 0
1
ILir = —/ sin(k,!) sin(k,l) sinh(k.l)dz,
0
1
s = — / cos(kl) sin(k,l) sin(k,,!) cos(k.m!) cosh(k.l)dz,
0
1 1
Iy = —/ cos(kl) cos(kyl) cosh(k.l)dz, Iy = —/ sin(k,!) sin(k,l) cosh(k.l)dz,
0 0
1
Iy = — / sin(k,l) cos(kyl) sin(k.!) cos(k,,!) sinh(k,l)dz,
0
1
I = — / sin(kgl) cos(kyl) sin(km!) cos(km!l) cosh(k,l)dz,
0
1
Ios = — / sin(kgl) sin(kyl) sin(km!) cos(km!) sinh(k,l)dz,
0
1
Iy = — / sin(k,l) sin(k,!) sin(k,,!) cos(k,,!) cosh(k,l)dz,
0
1 1
I = —/ cos?(ky 1) sin? (ky,1) sinh(k,!)dz, I = —/ sin®(k, 1) sin? (k,,1) sinh(k,!)dz,
0 0
1 1
Iy = —/ cosQ(kyl) sin2(kml) cosh(k.l)dz, Iyg = —/ Sin2(kyl) Sin2(kml) cosh(k,l)dz,
0 0
1 1
Ing = —/ sin(k,l) cos(ky,l) sin?(k,,!) sinh(k,)dz, I30 = —/ sin(ky[) cos(ky,l) sin? (k,,1) cosh(k,1)dz.
0 0

Due to the page limit, the second terms of z’, y,

y', 7 and p, are not listed here.

5. Discussions

(18)

It is a very complicated procedure to calculate the
nonlinear transport of intense pulsed beams. Because
the electrical potential of the beams depends on the

beam dimensions, and the beam dimensions are re-
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lated to the electric potential also, we can only solve
the problem by iterations. Usually, we should provide
the initial beam dimensions first, and the first step is:

calculate the electric potential; next step: calculate

the particle trajectories; then go back to the first step

After several iterations we can obtain accurate
solutions. The analytical results will be incorporated
into a computer program LEADS.B!
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