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Using Newtonian forms for equations of motion, we consider the motion of particles and photons in the dilaton

spacetime. Some classical gravitational effects, such as the bending of light rays, the perihelion advance of a planet,

the delay of radar echo, and the gravitational redshifts, have been investigated. The results show that the gravitational

effects arising from the dilaton can be observed provided that the dilaton is large enough.
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1. Introduction

The gravitational field was first regarded by Ed-
dington as an optical medium,!) and this idea has
been developed in more detail by others, such as
Plebanski 2 and de Felice.’] James Evans[*9 used
the variational principle to derive an equation, with
the form F' = ma, governing the shape of a light ray
in a medium of varying refractive index, and solved
some problems in gradient-index optics. Evans et all®]
and Nandi and Islam [7] demonstrated that the Newto-
nian forms, F' = ma, can also be used to describe the
motion of particles and photons in the Schwarzschild
spacetime, and applied these equations to some prob-
lems of physical interest. The approach can also be
used to discuss the general relativistic effects on the
quantum interference of de Broglie waves associated

with thermal neutrons.[8—14l

We all know that the four-dimensional dilaton
charged spacetimes obtained in the low-energy effec-
tive field theory describing strings have qualitative dif-
ferent properties [1%:19] from those that appear in the
ordinary Einstein gravitational theory. Therefore, it
is worth investigating whether or not the Newtonian
forms can be extended to dilaton charged spacetimes,
and whether or not the dilaton presents observable

gravitational effects. The purpose of this paper is to

investigate the motion of particles and photons in dila-
ton spacetime by applying the Newtonian forms, and
then present some interesting effects resulting from
dilaton charge.

This paper is organized as follows. In Sec.2, the
important formula of Nandi’s work is listed for con-
venience. In Sec.3, we derive equations of motion for
both particles and photons in dilaton spacetime. In
Sec.4, we use the new equations to show some concrete
application, involving the tests of some classic effects
in dilaton spacetime. Some concluding remarks are

given in the last section.
2.Relativistic particle mechanics

in Newtonian form

In many metrics of physical interest, the space
part of the line element may be written in isotropic
form through transformation of coordinates. If, in ad-
dition, the metric has no explicit time dependence, the

line element may have the form
ds? =0%(r)cadt®* — & 2(r)
x [dr? + r2d8? + r? sin® d¢?]
=0%(r)cadt?* — & 2(r)|dr|?, (1)

where » = (r,0,¢), 2 and & are functions of the

isotropic coordinates r, 6, ¢, and ¢ is the vacuum
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speed of light. The coordinate speed of light, ¢(r), is
determined by putting ds? = 0:

d(r)

e(r) = ‘—

2| = coB(r)2(r). 2)

Thus the effective index of refraction for light in the

gravitational field is
n(r) = 1 (r)27 (r). (3)

This concept of optical mechanical analogy can be
used to recast the geodesic equation for both massive
particles and photons into a single exact Newton form

of equation of motion, which is given by [

d2r 1,5
@:VG"“)’

d? 1
# = V<§n2c(2)), (for light), (5)

(for massive particles), (4)

where for particles
v=con 1 —cin*/H?/?, (6)
and for light (H — o0)
v =con !, (7

and A is a stepping parameter of the path, which is
defined by

dr
dA

2

= nv, (for massive particles).  (8)

From Eq.(8), it is easy to find that the relation be-

tween A and t is given by

dt

da == (9)

Equation (8) can also be treated as a conservation
condition of energy

1]drl|?

2 |dA

1
— 5n4v2 =0. (10)

The left-hand side of Eq.(4), d?r/d A2, takes the form
of an acceleration, and the right-hand side of the
equation can be considered as a force. The function
L 42 . .
—pnv plays the role of a potential energy function.
The corresponding velocity is dr/dA. Thus, the anal-
ogy of the kinetic energy is |dr/dA|?, and the total
energy is the sum of the potential and kinetic energy

given by Eq.(10).
3. Equations of motion for par-
ticles and photons in dilaton

spacetime

The dilaton in heterotic string theory has a lin-
ear coupling to F2, so every solution with nonzero
Thus the

Reissner—Nordstrom solution, which describes charged

F,, must have a nonconstant dilaton.

black holes in general relativity, is not even an ap-
proximate solution of string theory. Starting from

the four-dimensional low-energy Lagrangian obtained
[ dtav=gl-R + 270" +
e_2¢F2], where F),, is the Maxwell field associated
with a U(1) subgroup of Es X Eg or Spin(32)/Z,.

Garfinkle et all'” found a solution for a statically

from string theory, S =

charged black hole in the string theory

2 o2m\ "
ds? :cg<1 - _’?)dt2 - (1 - _’?) ar”
T T

—r'(r' — a)(dé? + sin” Ady?)
=c20?(r)dt* — & 2(r)

x (dr? 4 r2(d6? + sin® 8dp?)), (11)

where
m=MG/C2, (12)
a :Q2e2¢0 /m, (13)

and M is the mass of the central gravitational body, G
is the gravitational constant, @ is the magnetic charge,
and ¢ is the asymptotic constant value of the dila-
ton. The presence of the dilaton was found to have

important consequence. (15-17]

Here, and hereafter, (t,7', 6, ¢) are the standard
coordinates, and (t,7,0, ¢) are the isotropic coordi-
nates. Equating the angular and the radial parts of

two line elements, we have

r'(r' —a) = & %2, (14)

om\ !
<1 - —’T‘) dr'? = ¢~2dr2. (15)
r
Dividing Eq.(15) by Eq.(14) to eliminate &, then inte-

grating and considering that at large radial distances

r and v’ must be asymptotically equal, we obtain

1
2r =r' — E(Zm +a)

+ ['r"2 —(2m+a)r' + 2ma]1/2. (16)
The inverse transformation is

r=r+ %(2m+a)+(2m—a)2/16r. 17
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Using these transformations, we have
2%(r) =[1 — (2m — a)?/16r%)?
x[1+ (2m+a)/2r
+ (2m — a)? /161272, (18)
&72(r) =[14 (2m + a)/2r + (2m — a)?/16r%].(19)
The horizons of the spacetime occur at rs = (2m —

a)/4, and the effective index of refraction is described

by

n(r) =[14+ (2m+a)/2r + (2m — a)2/16'r'2]2

x [1—(2m — a)?/16r2] 1. (20)
1 1 .
Let u= - and v’ = —, then it is easy to show that
r r
du=ndu’ or dr= @n"1dr, (21)
u=90"1u or r=&r. (22)

Then we have
() :i{l - %(Zm +a)
+[1— (2m+ a)u’ + 2mau?]'/?}2, (23)
2%(u') =1 — 2m + a)u + 2mau’?, (24)
n(u') =d7 1 ()27 (). (25)

The singularities of n(r), or equivalently, the hori-

zons of the spacetime, occur at r, = Z(2m — a), pro-

vided that 2m > a. The expression for n(r) is valid in

the region r > r,. If 2m = a, r, = 0, the event horizon

2
2

shrinks to zero size. In this case, n(r) = (1 + _m) ,
T

which is regular everywhere for r > 0. If 2m < a,
the function n(r) is not singular anywhere since rg
becomes imaginary.

In spherical symmetric spacetimes, n, v, 2 and
@ are functions of the radical coordinate only. The
orbit of light or a massive particle lies in a plane con-
taining the force centre and there is a constant of the
motion analogous to the angular momentum. Let ¢
be measured in the plane motion, then from Eq.(10)
we know

d
h= 7‘2£ = const. (26)

It is interesting to note that h is related to the clas-
sical mechanical angular momentum per unit mass

d¢
=p2_"
h0<_r dt) by

h = n2hy. (27)

From the conservation condition of energy (10),
2

in plane—polar coordinates.

we may write out

Then A can be eliminated by means of Eq.(26). The
orbit shape ¢(r) is thereby reduced to an integral ex-

pression
¢ = h/ r2[n*v? — K2 /72" 2dr. (28)

We can also obtain another useful form of the orbit

equation:
h2[(du/d¢)? + u?] — n*v? = 0. (29)

Let w = 1/r, then differentiating with respect to u, we
obtain

d?u 2 d 40

r&+UZh @(nv /2) (30)
Inserting Eq.(6) for v(r) in the right-hand side of
Eq.(29), we find

du\ 2
(ﬁ) +u® — (co/h)*n?[1 — gH202% = 0. (31)
Using Eqgs.(21) and (22), Eq.(31) can be rewritten as
du\? 2 2 2 477-2 2
@ +u#02° — (co/h)*[1 —cgH “2°] =0. (32)
Substituting Eq.(24) for £2%(«'), then differentiating

with respect to ¢, we obtain

d2/ . (2m +a)c§

agz " T T onzme

2mact 3
= _ hTZ;;O u + 5(2m + a)u'2 — 4mau/3. (33)

The differential equation (33) describes the motion of

massive particles and photons in dilaton spacetime.

4.Some applications

In this section, we utilize Eqs.(26) and (33) to
study some interesting gravitational effects in the dila-
ton spacetime, such as the bending of light rays, the
perihelion advance of a planet, the radar echo delay,

and the gravitational redshifts.

4.1. Bending of light rays

The equation of motion for a light ray can be
derived from the limitation of H — oo in Eq.(33),
which can be explicitly expressed as

dzu/ 3 5

Fre) +u' = 5(2m + a)u? — 4mau’. (34)
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If the right-hand side of Eq.(34) is temporarily put

equal to zero, we obtain the straight-line solution

, sing
u=—p
where R is the distance of closest approach to the ori-
gin. Substituting the zeroth-order solution sin ¢/ R for
u’ in the right-hand side of Eq.(34), and solving the
resulting differential equation for u'(¢), we obtain the
solution of first order:
, _sing

_R

(2m + a) [ 1ios 2¢]

2R3 ¢ cos ¢ — —=sin 3¢. (35)

As 7 — oo, u' — 0, and ¢ — ¢oo. The angle ¢

may be small practically. Thus Eq.(35) reduces to
b0 2m4a  IMade
R + R? + 8R3

The total deflection is A¢so = 2|do|, that is

2em+a) <1 - g;g). (37)

2 2
Effects 2 w result from dilaton a. It is

3
obvious ﬁlat the e%@ct will be observed provided that
the parameter a is large enough. If the celestial body

= 0. (36)

Noo

is an extreme black hole, i.e. 2m = a, the bending of
the light ray is almost twice as much as that for the
general black hole. For the case of a = 0, the result
(37) reduces to the bending effect of light rays in the
Schwarzschild spacetime, A¢o, = 4m/R.[18]

4.2. Perihelion advance of a planet

If we treat some of the terms on the right side
of Eq.(33) as perturbations, no precision will be lost
by replacing the constants of the motion h and H by
their classical limits: H? ~ Cj, h ~ h (at sufficiently

large 7). Thus we have

d2 ! 2 2
u - ( m+2a)co
dg¢? 2h
2maco o 3 13
= P2 + = 5 (2m + a)u? — 4mau”. (38)
If we temporarily put the terms in 4’2 and u’® equal

to zero, we obtain a differential equation that may be

solved exactly:

d24/ 1
o' = — 39
gt ~ (39)
where
k* =1 + 2mac) /hZ, (40)

o =2h2/(2m + a)cl. (41)

The solution is a precise ellipse
u' = a™'(1+ ecos(ke)), (42)

where e is the eccentricity of the ellipse and « is the

semi-latus rectum

2

2
a=ap (1 + "ZZC°>. (43)
0

The advance of the perihelion per revolution of the
planet on its orbit is
2mmacy m(2m+a) 4ma

fi= Ty = T T ()

The terms in 4?2 and «® may be treated as pertur-

bations. One inserts Eq.(42) in these two terms on

the right-hand side of Eq.(38) and solves the resulting

12

equation, the term in u'?, acting alone, produces

6m(2m + a)?cz  3m(2m + a)
8y = = . 45
2 4h(2) Qo ( )

Combining the results (44) and (45), we find the total

perihelion advance § of the planet per revolution:

d=101+062 =

3r(2m + a) 4ma
3(2m + a)?

| o)

o]

The advance of perihelion per revolution resulting

3 4
from dilaton a is ora smma
Qg ao(2m + a)

enough, the effect can be observed. For the case a = 0,

If a is large

Eq.(46) gives the advance of perihelion per revolution

in Schwarzschild spacetime.[!8]
4.3. Radar echo delay

We now consider the propagation in time of radar
pulses in dilaton spacetime. Without loss of general
properties, we can assume that the motion takes place
in the 8 = 7/2 plane. Writing the conservation equa-
tion of energy (10) in plane—polar coordinates and

making use of Eqgs.(7) and (26), we obtain

dr\?® &2
<a> +r_2_n 22 =o. (47)

In order to evaluate the constant of the motion, h, we
let ro denote the distance of approach of the ray to
the centre of the gravitational body. When r = rg, we

have dr/dA = 0. Thus Eq.(47) gives

h = ron(ro)co, (48)
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which is analogous to the classical-mechanical expres-  Thus we have
sion rov(rg).

By using Eqgs.(21), (22), and (9), we have the B(r1)A(r1)n(ry) = B(ra)A(r2)n(rs), (54)

equation of motion for the radar pulse
dr' 2 2 92(,’.1)
— | =24eE |1 - L. 49
(&) R o
The time of travel from r¢ to 7’ is then

92 /)
’ )[1 — 72792 12):| d'r".
(50)
Using Eq.(24) to write out 2(r') and £2(ry), then ex-

pending to first order, we obtain

At:co

’

At:cal/ 1-

2m + 2m+a)ry, 3
% [1+ m’r’ - ;T’TZI" —53'7;(; B :_Za}dr’
0
2m +a
Co

(r? - ’2)1/1

12
TL)—I/2
/2

:Cal(ra _ 7"62)1/2 +

/
© jin (_) - Smma, (51)
The first term in the right-hand side of Eq.(51) is the
transit time of light in Euclidean space. The At(rq,r")
due to general-relativistic effects is the sum of the re-
maining terms, and the terms containing a resulting
from dilaton a. When a = 0, we gain the delay of

radar echo in Schwarzschild spacetime.[!8]
4.4. Gravitational redshifts

The gravitational redshifts are not dynamical ef-
fects, so we do not need to solve an equation of motion
in order to work them out. However, it is interesting to
study the gravitational redshifts by using the effective
index of refraction. Analogous to the ordinary optics:
A(r1)n(ry) = A(r2)n(rz), we have a connection be-
tween |Ar| and n at different points of spacetime in

general relativity.[®!
|Ar1|n(ry) = [Arz|n(rs), (52)

where |Ar| is the distance between successive crests of
a light pulse located at . The metric length X of the
pulse at point 7 is obtained by applying metric (1) to
the coordinate length |Ar| of the pulse, which is

A(r) = 671 (r)|Arl. (53)

or by using Eq.(3), we have the usual gravitational

redshift relation

A('I"]_).Qil('l"]_) = /\(7'2)()71(7'2). (55)

Now let us apply it to the case of the dilaton
spacetime. Given the source of light located at 7y
and an observer at 73, sufficiently far from the central
gravitational body so that we may put 2(ra) ~ 1,

then, with the use of Eq.(24), Eq.(55) gives

2 =(A(ra) — A(r1))/A(r1)
=[1— (2m+a)/r" +2ma/r'?]"V/? -1
m n a (56)
T2

Compared with the Schwarzschild metric, dilaton a

results in a redshift % in the dilaton spacetime.
r
5. Conclusions

The Newtonian forms and the conservation con-
dition of energy for the geodesic equations offer some
practical advantages for the calculation of gravita-
tional effects. By using this new method the equa-
tions of motion for both the massless particles and
the massive particles in the dilaton spacetime have
been established. As examples of the applications
of the equation, we use it to discuss the motion of
massive particles and photons in the dilaton space-
time. Some interesting gravitational effects result-

(1) the bending of
2a  9ma(2m +a)

ing from dilaton a are found:

light rays is given by A¢, =

4R3 ’
(2) the perihelion advance of the planet per revo-
3 4
lution is Ad, = e ﬂ; (3) the delay
Qg ao(2m+a)

a !
of radar echo is At, = —In [_/ + +
Co To

1/2
a (-7 2 3ma .1 (T
e \ ! 7 + ———sin ]
2co \ ' + 7| T(Co T

the gravitational redshift is z, = i,. All the results

show that the gravitational effects arising from the

(T‘I2 _ T62)1/2:|

!
To

3mma

and (4)

2r{co

dilaton can be observed provided that the dilaton is
large enough. By observing these effects, it is possible

to test the string theory.
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