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The effect of dust charging and the influence of its adiabatic variation on dust acoustic waves is investigated. By

employing the reductive perturbation technique we derived a Zakharov—Kuznetsov (ZK) equation for small amplitude

dust acoustic waves. We have analytically verified that there are only rarefactive solitary waves for this system. The

instability region for one-dimensional solitary wave under transverse perturbations has also been obtained. The obliquely

propagating solitary waves to the z-direction for the ZK equation are given in this paper as well.
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1. Introduction

Nonlinear waves, which have become ubiqui-
tous in many branches of physics, have been stud-
ied extensively.!=3] Since it was initiated in plasma
physics, the reductive perturbation technique has
been the main approach for deriving various nonlin-
ear wave equations, such as the Korteweg de Vries
(KdV) equation, Kodomtsev—Perviashvili (KP) equa-
tion, Zakharov—Kuznetsov (ZK) equation and the
nonlinear Schrédinger equation (NLSE).! Recently,
many researchers have theoretically and experimen-
tally studied various aspects of linear and nonlinear
waves in dusty plasmas. For example, the dust acous-
tic wave (DAW) was first predicted by Rao et all%l; on
the other hand, Shukla and Silin [®! showed the exis-
tence of dust-ion-acoustic waves (DIAW). Recent ex-
periments on dusty plasmas have confirmed the ex-
istence of DAW and DIAW.["®] Furthermore, low-
frequency electrostatic ion-acoustic and ion-cyclotron
waves have also been studied in a magnetized dusty
plasma.[®! A theoretical investigation has been made

on the instability of propagating electrostatic soli-

tary structure in a magnetized three-component dusty
plasma, which consists of a negatively charged dust
fluid, Boltzmann distributed electron and free as
well as fast ion.[1%11] Recently, Nejoh 12 pointed out
that the dust charge variation with some parameters
would affect the characteristic collective motion of the
plasma. Ma and Liu 3l and Xie et al['*15] have con-
sidered this effect and showed the existence of dust
acoustic solitons. Based on the same model as pre-
sented by Mamun,[1%11] we studied the low-frequency
dust acoustic solitary waves in a magnetized three-
component dusty plasma, but only considering the
contributions of charge variations of dust grains. We
find that there are only rarefactive stationary solitary
waves which have been verified analytically in this pa-
per. The solitary wave which propagates in an oblique

direction is also given in this paper.

2.ZK equation and its solutions

We now consider a three-component dusty plasma
consisting of massive, negatively charged dusty fluid,
Boltzmann distributed electrons and ions in the pres-

ence of an external static magnetic field || B., || k,
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where k is a unit vector along the z-direction. Thus,
we have njg = Zgngo + Neg, Where n;9, nqo and neg are
the unperturbed ion, dust grains and electron number
densities respectively. Zgq is the number of electrons
residing on the dust grains. If we consider both the
dust temperature and the charge variations of dust

grains for low-frequency dust acoustic waves, the equa-

tions of motion are as follows:14-10:16]
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where nq and pg are the dimensionless number den-
sity and the pressure of the dust grains respectively;
Z4 is the number charge residing on the dust grains, ¢
the electrical potential, n; the number density of ions,
n. the number density of electrons, and u, v and w
are the components of the velocity of dust grains in
the z, y and z directions respectively. For simplic-
ity, we have normalized all the quantities. The den-
sities of ions and electrons are normalized by Zggngg,
the dust density is normalized by ngq9, and Z4 by
Zao. The space coordinates z, y and z are nor-
malized by Apg = (Teff/47er0nd062)1/2, time t is
normalized by w;dl = (md/47rnd0Z§062)1/2, veloc-
ity by Cq = (ZdOTeﬁ/md)1/2, ¢ by Tug/e, pressure
by naoTaZdo respectively, where ¢ = Ty/T;, Ty is

the dust temperature. wqq = (ZaoeBm)/(Mawpa)-
B =T/T.. s=1/(p+vB). Obviously p = v+ 1.
Tesr is an effective temperature which is defined by
Teg = TiT./(uTe + vT;), where T, and T} are the
temperatures of electrons and ions respectively. For
the isothermal case v = 1, but for the adiabatic case
v &~ 3. Moreover, we know that Zq = 14+ ¢+~242.[14

We now follow the reductive perturbation tech-
nique and construct a weakly nonlinear theory for
electrostatic waves with a small but finite amplitude,
which leads to a scaling of the independent variables

through the stretched coordinates

T

=arl (9)
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where € is a small parameter measuring the weakness
of the dispersion, and vg is the unknown wave phase
velocity (to be determined later). It may be noted
here that &, n and (, are all normalized to the De-
bye length (Apa4), 7 is normalized to the dust plasma
period (w,, 1) and v is normalized to the dust acous-
tic speed (Cg). We can now expand the perturbed

quantities about their equilibrium values in power of

€ as
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Substituting Eqgs.(9) and (10) into Egs.(1)—(8) and col-
lecting the terms in the different powers of €, we have,

for the lowest order,
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‘We also find that
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For the higher order of €, we obtain the following equa-
tion:
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The two-dimensional (2D) ZK equation (16) also has
a one-dimensional (1D) stationary solitary wave solu-

tion, as follows:

$o = pmsech [C UOT] (22)

B
where ¢, = ?:TO and w — are the amplitude
Ug

and width of the soliton respectively. It is easy to
find that both B and C are positive, so whether the
solitary wave of Eq.(22) is compressive or rarefactive
depends on whether A is positive or negative. We now
try to find if A is positive or negative. Here we select
v =~ 3. It is found that

dA  2pvg(B +1)

g (wtvpP
Therefore at 3 = —1, there is a maximum value of A
Amax = _q(p - 1) (23)

We let Ay denote the value of A when § =
1

Ay = —q( — —). A, denotes the value of A
I

1
when 8 — oco. A, = —q<p+ —). Note that
v

1 1 dA
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So for —— < p < —, A can be positive, and A =0 at
v

the point of 8.
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Finally we obtain the following results:
, Ase < A< Ay <0, (8 >0), there
are only rarefactive solitary waves.

1
2. Forp=—, Ao < A <0, (8 > 0), there are
u

1. Forp>

only rarefactive solitary waves.
1 1
3. For —— <p< —,0< Ay, < A < Ag (when
v p

0 < B < B.), there are compressive solitary waves;
A=0(B=p0.), A<0 (B> B.), there are rarefactive

solitary waves.

4. For p = —1 and p < —1, we find that A > 0;
for 8 > 0, there arg only comprelésive solitary waves. It
is reported that v; > 0,72 > 0,[1415] therefore p > 0.
We also consider the real case 8 > 0, v > O, > O.

So, case 4 is not a real case. It is noted that for p > 3

1 1
we have p > 1, therefore the situation of —— < p < —
v

does not exist. It can be finally concluded that thelffe
are no compressive solitary waves. We now study the
1D solitary wave solution of Eq.(22) under transverse
It has been found that there is insta-
bility to perturbations with wavenumber k such that
0 < k < k¢ for the 2D ZK equation, where k. is a cer-
tain critical wavenumber.[17:18 Here we study a simi-
lar problem for a 3D ZK equation to find the instabil-

ity region and the critical wavenumbers k.. and k.

perturbations.

We use the following transformations:
z' = Juo(¢ — upT), (25)
y' = Vuof, (26)
2 = \Jugn, (27)
t' = ug\/ugT, (28)

and then the ZK equation (16) becomes

O¢1 3(]51 A 8¢1 3 &1
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We assume that there are higher-order transverse per-

turbations to the 1D stationary solitary wave

¢1($I: y’: ZI; tl)
=go(a’) + [5g(a’)e!Fu¥ TR T (30)
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z' 3ug
where ¢o(z') = Gmsech? y b = —,
(=') Wi v
the growth rate. If w > 0, there is instability for the
solitary wave, otherwise the solitary wave is stable.

Substituting Eq.(30) into Eq.(29), we obtain

and w is

85¢ A 9 | 12 98¢
Bt + o= 1= 0 ] G5
A d¢
+ <w + %@) 6¢ = 0. (31)

After one integration of Eq.(31) at w = 0, and requir-
ing that §¢ and its derivatives tend to zero as ' — 0,

we obtain the following associated Legendre equation:

d 5 dég A B
E[(1—T T TN+~ 5 166 =0, (32)

:EI
where T = tanh ——=, N = 3, A = 4(1+ Ck2, + Ck?).
Wi ( v )
In order to obtain a real solution of §¢, A should sat-
isfy A = 22,32, For A = 4, ky. = koo = 0. For
A=9,

2 2
k2o + k2, = (33)

2 N @ '
v(l+m)? Wl
This indicates that there are real solutions of k. and
k.. When kz, + k% < kz,c + k%,_, the 1D solitary
waves are unstable under transverse perturbations.

In order to find a solitary wave solution propagat-

ing obliquely to the z direction for the ZK equation
(16), we let

d1=d1(x) = d1(C+ kel + kyn — MT). (34)

Substituting Eq.(34) into Eq.(16), we obtain

It is found that there is a soliton solution for Eq.(35),
61 = dmsech’ H (36)
w

3 B+ Ck} + Ck2

ﬂ’ w= 9o/ "€ "™
A Ug

amplitude and width of the soliton respectively. This

where ¢,, = are the

indicates that the amplitude of the oblique solitary
waves is the same as that for 1D solitary wave, but
the width is different. The width of the solitary wave
for the oblique one will increase as the coefficients of
both B and C increase. It also increases as k,» and k.
increase. So the width of a solitary wave propagating
obliquely to the z direction is larger than that of the

1D one propagating in the z direction.
3. Conclusions

We have considered the effect of dust charging and
the influence of its adiabatic variation on dust acoustic
waves, and found that a ZK equation is the govern-
ing equation for small amplitude dust acoustic waves.
After investigating this ZK equation, it seems that
there are only rarefactive solitary waves for this sys-
tem. The instability region for a 1D solitary wave un-

der transverse perturbations has been obtained. The
5
results are: when k2, + k2, < , the
v e 2 N 403
vw(l+m)?  wly
1D solitary waves are unstable under transverse per-

turbations. The obliquely propagating solitary wave

to the z direction for the ZK equation is given in this

paper. The amplitude and the width are ¢,,, = 3ug/A,

B+ Ck} + Ck;,
Uo

ent from those of waves propagating in the z direction.

w=2 respectively, which are differ-

01 o (43 2 2, 0%01
M Al (2 B+ Ck2 + Ck = 0.
8x+ 8x<2 +(B+ Ck + ")ax3

(35)
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