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In this paper we consider two coupled scalar fields during the inflation as a dynamical system. With the Poincaré

section method, we investigate the evolution of the coupled scalar fields system. We find that the evolution of the

system changes from a regular motion into a chaotic motion when the energy density and the coupling constant of the

system increase.
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1. Introduction

The evolution of the early universe is an enigma.
Chaotic behaviours have been considered as an inter-
esting phenomenon by many physicists since Lorenz [
found the deterministic non-periodic flow in 1963. In
the past decades, chaos has been one of the most im-
portant ideas to explain various nonlinear phenomena
in nature. After Poincaré researched the three-body
problem, many studies on chaos in celestial mechanics
and astrophysics have been done.?~7 Recently Cor-
nish and Levin ®9 proposed to quantify the chaos in
the Mixmaster universe by calculating the dimensions
of fractal basin boundaries in initial condition sets
for the full dynamics. Some cosmologists are inter-
ested in the effects of anisotropy on the dynamics of
the early universe; they hope to gain a better under-
standing of the behaviour of the model by generalizing
the isotropic mini-super-space to a full super-space by
adding more degrees of freedom. Bianchi cosmolo-
gies with fluid sources are such models. The matter
in these models is either a perfect fluid 1% or con-
sists of massive or massless vector fields.['1:12] Oliveira
et all1316] have studied the chaotic behaviour in the
Bianchi IX model. The work has been driven largely
by inflation,?”18] the most successful known mecha-

nism for explaining the large-scale homogeneity and

isotropy of the universe, and small-scale inhomogene-
ity and anisotropy of the universe.['9:20] According to
inflationary scenarios of cosmic evolution, the universe
undergoes a period of exponential expansion after it
is essentially devoid of matter. At this stage the en-
ergy density is almost entirely of the large oscillating
expectation value of the scalar field that drives infla-
tion. The theory of reheating is concerned with the
question how this energy is transferred from the infla-
ton to other fields and eventually thermalized. Early
calculations assumed that the inflaton would decay to
lighter particles via perturbative decay.?"??! It was
only recently realized 23] that nonperturbative mecha-
nisms may completely dominate the reheating process.
In particular, the classical phenomenon of parametric
resonance may lead to explosive particle product and
very rapid decay of the inflaton field.[24 This stage of
the evolution, called preheating in the literature, leads
to very different physics than would be obtained from

slow perturbative decay.

It is interesting to investigate the dynamics of
multifield models of inflation in which the inflaton is
coupled to another dynamical field during inflation.
These models can lead to a variety of features un-
available in the case of a single field. Such multi-
field scenarios include the well known hybrid inflation

models.[?>26] Hybrid inflation and reheating models
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share important common threads. They both involve
the coupling of two or more dynamical, interacting
scalar fields. An important aspect of such systems is
the possibility of mixing of the fields. We note that
Minkowski spacetime is a good approximation in the
latter stages of certain hybrid inflation models, and
it also allows comparison with much of the original

[21-23,27-29] which often neglects

reheating literature
the effects of expansion, allowing us to directly deter-
mine the role played by the mixing of the fields in the
dynamics.

The outline of the paper is as follows. In Sec.2 we
begin by considering the Lagrangian for N coupled
scalar fields and set up our formalism for the quanti-
zation of the system. This is followed by an outline of
the renormalization procedure. In Sec.3, we follow the
Poincaré section method to investigate the evolution
of the system, and we find the stochastic properties of
the two coupled scalar fields during the inflation. In

Sec.4 a brief conclusion is given.
2.Dynamics of the coupled fields

system during inflation

We work with the following Lagrangian for real

scalar fields &; with:i=1...NN:
N1
L&)=Y 50u@i(2)0" @i(z) — V[&i(2)], (1)
=1

where the potential is
N
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For two fields, the orthogonal rotation matrix can
be written in terms of a single mixing angle 6. The

matrix has the form

cosf sinf
0= (10)

—sinf@ cos@

The motion equations read as

2

.. A g
P mop+ oV + TPt =0,

a (11)

Note that m; j, giji, Aijr are symmetric in each index,
but are generally non-diagonal, resulting in the mix-
ing of the different fields. In what follows, subscripts
and superscripts 7. ..n run over the values 1... N and
we use a convention in which summation is assumed
over repeated subscript indices, but not superscript

indices.

Here we consider a two-field case. It is worthwhile
to look at a few details of such systems. We begin with

a system of two real scalar fields ¢ and 1,

L= (@) + 507 - View) )

with the potential

1 1
Vg, ¥) =5mee’ + omyd?®
A4, K 4, 9 2
Aot Byt L2y, 4
NPT TR s (4)
This Lagrangian has the form of Eq.(1) with

o, = P Py = 1/’; (5)

2 2
mi1 = My, M2g = My, M12 = M21 = 0, (6)
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Ai = Oygijk =0. (8)

The remaining components of A;;x; are determined by

the fact that it is symmetric in each of its indices.

The mass matrix M is

ettt

2 2 2 2 (9)
my + Kky? /24 g% /2

S m2et Bt Lt = 12
b+ my+ e+ SYe” = 0. (12)

The total energy density of the system can be ex-

pressed as
1 -2 1 /,2 1 2,2 1 2,12
E==¢ +_1/) + —mip +_m¢¢

Ay K 4 9222
— — = . 13
TR TE AR s (13)

3. Simulation experiments
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We will numerically analyse the behaviour of the
mechanical system with the potential V(¢,%) given
in Eq.(4) which leads to the dynamical equations (11)
and (12).

of the dynamical system for various choices of ini-

At first let us investigate the evolution

tial conditions. The values of the parameters are

2 _ m?/) =2 A=k =12,¢9°> = € = 10 for Fig.1.

my, =

From this figure we can see the stochastic evolution of
fields in the phase space (¢, ) and (p,1), and from
the last curve in Fig.1 where we plot the evolution of
the field ¢ for two different initial conditions, we can
find that the evolution of the field sensitively depends
on the initial conditions.
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Fig.1.

mi:mi:2,)\:n=12,g2:e:10.
Based on the nonlinear dynamical theory, if the
motion is not chaotic, the plotted points form a closed
curve in the Poincaré section of the 2D (¢, ¢) plane,
because a regular orbit will move on a torus in the
phase space and the curve is a cross section of the
torus. If the orbit is chaotic, some of those tori will be
broken and the Poincaré section does not consist of a
set of closed curves, but the points will be distributed
randomly in the allowed region to form a chaotic sea.
From the distribution of the points in the Poincaré
section, we can judge whether the motion is chaotic
or not. We consider the interacting fields as an effec-

tive mechanical system with coordinates ¢, and the
2

term g—(p21/12 as a perturbation of the unperturbed

system described by the Lagrangian
1

1. 1
_ Lo Lig 1 o9 9
co =3¢+ 07 + smie
1 5 90 A 4 K 4
+§m¢1’b +I(,0 +E¢ . (14)

In order to investigate the evolution of the unper-

70

The evolution of the fields in the phase space and the evolution of the fields for

turbed system described by Eq.(14), we plot the
Poincaré sections in Fig.2 for the values of the pa-
rameters m?P = mf/) =2,A=k=12, ¢ = 0.1 (a)
and g9 = 10(b). From the Poincaré sections in Fig.2,
we find that all trajectories of the unperturbed system
described by the Lagrangian ¢ are either periodical
or quasi-periodical. In order to describe the role of the
perturbation, the Kolmogerov—Arnold—Moser (KAM)
theorem 3% can be applied which states that, if the
perturbation is analytical and small enough, the part
of the phase space spanned by our system can be di-
vided into two regions of nonvanishing volumes, one
of them being small compared to the other and tend-
ing to zero in the limit of a vanishing perturbation.
The larger region consists of invariant embedded tori,
densely covered with trajectories. In other words, for
the majority of possible initial conditions, trajecto-
ries are of the Lissajous type, similar to the oscillator
case. However, there exists a comparatively small re-

gion, corresponding to a small set of initial conditions,
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where trajectories are completely chaotic and may go
astray from the neighbouring ‘restricted’ trajectories.
This region has a nonzero volume and it may be called

the ‘instability region’.
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Fig.2. Pioncaré section (¢, ) across the plane ¢ =
0,121>0f0rm2(p:m12p =2, A=k=12,¢g9 =0.1 (a)
and g9 = 10(b).
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Fig.3. Pioncaré section (¢, ¢) across the plane 3 = 0,4 > 0 for

In order to further investigate the evolution of two
coupled scalar fields during inflation in detail, let us
follow Ref.[31] and seek numerical solutions with La-
grangian € and plot the Poincaré sections for ¢p = 0
under the condition 1/1 > 0. In Fig.3 we present the
Poincaré sections for different values of Lagrangian
with the same coupling constant. Each picture con-
tains a set of trajectories with equal €. If the set of
intersection points for the given trajectory is restricted
to a point, the motion is periodical; if they lie along
the same curve, the motion is quasi-periodical. For
the stochastic motion, the intersection points cover
densely a finite area. Figure 3(a) corresponds to com-
paratively low energy density; it is easily seen that all
the trajectories form closed curves. According to the
KAM theorem, this means that practically the entire
phase space consists of tori, which corresponds to a
quasi-periodical motion. For the higher energy den-
sities such as in Figs.3(b)—(d), the situation is com-
pletely different, and there arise regions of ergodic be-
haviour, though there remain some small regions of
toroidal structure. It should be clearly understood
that the dispersed points in Fig.3(c) and (d) form a
chaotic sea which means that the trajectories com-

pletely change into chaotic evolution.
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In Fig.4 we present the Poincaré sections for dif-
ferent values of the coupling constant with the same
energy density. Figure 4(a) corresponds to a compar-
atively small coupling constant; it is easily seen that
all the trajectories form closed curves. According to
the KAM theorem, this means that practically the en-

tire phase space consists of tori, which corresponds to
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Fig.4. Pioncaré section (¢, ¢) across the plane ¢ = 0, 'c/) > 0 for m

a quasi-periodical motion. For greater coupling con-
stants such as in Figs.4(b)—(d), the situation is com-
pletely different and there arise regions of ergodic be-
haviour. It should be clearly understood that the dis-
persed points in Figs.4(c) and (d) form a chaotic sea

which means that the trajectories completely change

into chaotic evolution.

%)

2

w:m?p:2,)\=fc:12,

e =10 and g = 0.1(a), g = 1(b), g = 2(c) and g = 10(d).

4. Conclusions

In this paper we have investigated the evolution of
the two coupled scalar fields system during inflation.
By numerical analysis we found that the evolution of
coupled scalar fields system may change from a reg-
ular motion into a chaotic motion when the energy
density of the system and the coupling constant in-
crease. This means that the evolution of field system

becomes more chaotic in the earlier universe.
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