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The exact normalized bound state wavefunctions and energy equations of Klein—-Gordon equation with equal scalar

and vector ring-shaped Kratzer-type potential have been obtained.
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1. Introduction

It is well known that when a particle is in a strong
potential field, the relativistic effect must be consid-
ered, which gives the correction for non-relativistic
quantum mechanics. Except for a few examples,
such as the hydrogen atom and electrons in a uni-
form magnetic field, perhaps because of the difficul-
ties in mathematics, in relativistic quantum mechan-
ics the problems that can be exactly solved for Klein—
Gordon or Dirac equations are few. In recent years,
some researchers, by assuming that the scalar poten-
tial is equal to the vector potential, solved the Klein—
Gordon and also the Dirac equations, then obtained
the s-wave bound-state solution of particles in some
typical potential fields.l'=8 We also solved Klein—
Gordon and Dirac equations for some equal scalar
and vector central potentials and obtained complete
solutions instead of only s-wave solutions.[®1% Shen
solved Liouville equation for some typical potential.l'!]
It is obvious that the studies mentioned above are

On the

other hand, some authors solved the ring-shaped cen-

only aiming at central potential fields.

tral potentials,['2=16] but for non-relativistic quan-
We also solved the Klein—Gordon

equation for equal scalar and vector potentials in

tum mechanics.

ring-shaped harmonic oscillators.”) In this paper we
shall solve the Klein—Gordon equation for the ring-
shaped Kratzer-type potential. The so-called ring-
shaped Kratzer-type potential is a combination of a
Kratzer-type potential and a ring-shaped potential.

A Kratzer-type potential is also a combination of a
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Coulomb potential with an inverse square potential,
but a ring-shaped potential can be in the form of
Csec?6/r? or C csc?/r.

The Klein—Gordon equation with equal scalar and

vector potentials is (h = c¢=1)
[P? —(E—-V(r)/2)*]Y = —(u+V(r)/2)*, (1)

where P is the momentum operator, and E and p are
the energy and rest mass of a particle respectively. For
a ring-shaped potential

4

r2

V(¢)

. )
r2sin? 6

V(r)=V(r)+ (2)

we separate variables in Eq.(1), and obtain three equa-
tions:

K"(¢) - [a5 V(¢) — m*] K(¢) =0, 3)
H"(0) + cot(6)H'(6) — [m2 csc2(9)
+a3V(0) — s(s+1)|H(6) =0, (4)

(r*R'(r))' = [s(s + 1) + &3 (o] + V(r)) 7*] R(r) = 0,
(5)
where m and s are separating-variable constants, and

a1 =+/p—E, a;=+/pu+ E. (6)

For V(¢) = 0 Eq.(3) becomes

K"(¢) + m*K(¢) =0, (7)
which has the solution satisfying periodic boundary
conditions

1 .
K(¢) = ™ m=0,+1,42,... (8)

V2r
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In Secs.2 and 3, we focus our attention on the po-
tentials including a ring-shaped potential C sec?6/r?
and give the corresponding wavefunction and energy
equation. In Sec.4 we briefly give the main result for
the potential containing the term C csc? 8/r2. We will
discuss the non-relativistic limit of our part result in

the last section.
2.The solution of f—dimensional

equation
For the potentials

_4A_B

V(r) = V() =0, V()= C'sec” 6, (9)

Eq.(4) becomes
H"(6) + cot(6) H'()
+[s(s+1) — m? csc?(6)
— C a2 sec*(0)]|H(9) = 0. (10)

In order to solve Eq.(10), letting

z=cos?(f), v=4/1+4Ca2,

H(6) = (cos(6))2 ") sinl™\(6) f(2),  (11)

we obtain
(1—z)zf"(z) + [1 +5- <2 +|m| + 5)9:] f(z)

S CRRVET R

1—12
4

T (ml+ 1>u] J(&) =0, (12)

which is a hypergeometric equation and its solution
is (18]
is

f(z) = 2Fi(e, B,7, ), (13)

where o F (a, 8,7, z) is a hypergeometric function and
a= i(1+2|m| —-2s+v),

B = %(3+2|m|+2s+v),

7:1+g. (14)

In order that f(z) is finite in the range [0,1], f(z)
must terminate as a polynomial. This demands that

a or (3 be equal to zero or negative integers. But if

1
B=B+2|ml+2s+v) =~k k=0,12,.., (15)

3
then s = — 2k+|m|—|—l/—|—§ < 0. Tt is easy to

see that when there is no ring-shaped potential, i.e.

C = 0, the potential turns into a central potential.
The corresponding solution of Eq.(10) is an associ-
ated Legendre function P,!ml(cos 0). In this situation
s must be positive integer. So generally, we can only
take

1
a= Z(1+2|m|—23+u):—k, k=0,1,2,3,...,
(16)
and obtain

1+v
2

ﬁ:1+|m|+k+§, s =2k + |m| + . (17)

Finally, we have the normalized wavefunction of -

dimension
H(0) :Ck,m(cos(a))%(l‘i'”) sinl™l(9)
X oFy | —k, 1+ |m|+k+ §,1+ %,cos2(9) ’
(18)

where the normalization constant is

(—k)q<1+ Im| + k + %) F<1+q+ g)
q

k
q=0 q!<1+§)F<2+|m|+q+—>

q 2

14 124
X qu[—k,1+q+§,1+|m|+k+§,

1+g,2+|m|+q+5,1],

. (19)

and (A),, is the Pochhammer symbol; ,F, stands for

the general hypergeometric series.[!8]

3. The

r-dimensional equation

solution of the

If we substitute the first formula of Eq.(9) into
Eq.(5), we obtain

%%(TR(T)) — [s(s _: 1) + (a1 ag)?

r

(20)

This equation is the same as Eq.(3) of Ref.[10] in form
and s in Eq.(20) corresponds to I in Eq.(3) of Ref.[10].
So we can directly write down the solution of Eq.(20)

and obtain the energy equation as follows:

R(r) = CriF e 2" Fl-n,14+6§,2a;as7], (21)
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where the normalization constant is

The energy equation is

(201 )3 ! I'(1+n+4)
Cot = . (22 142 2s+12+4A(u+ E
= TTA4s) \Urentoratay 2 (1+2n+ Vs + 17 +4A(u+F))
xv/u—E—By/u+E=0. (24)
and
5= \/ (2s+1)2+4A402 Recalling that s is given by the second formula of
Eq.(17), we can alternatively write the energy equa-
=@k +2m| +2+ )2 + 4403 (23)  tion as
(1—1—2n+ \/(Ql'—i— 1—|—4C(u+E))2+4A(u+E))\/u—E—B w+E=0, (25)
where where
I'=2k+|m|+1=1,2,3,... (26) Ch _ 1
b T oui 120 (1 v)
4. The solution for ring-shaped \/(1 +4k+20)0(1+ 2k +2v)
X
. ' )
potential C csc?(6)/r? @kt
v=4/m?+4Ca2,
When V(r) and V(¢) in Eq.(9) are unchanged, s=2k+u, E=0,1,2,... (30)

but the ring-shaped potential becomes

_ Ccsc? 6

2 3

V(6)

(27)

r
Eq.(4) turns into

H" () + cot(0)H'(6)

+ [s(s + 1) — (m? + Ca2) csc®(0)|H(0) = 0. (28)
Except that here we have used some different nota-

tion, this equation is the same as Eq.(9) of Ref.[17].
So we can directly obtain the solution of Eq.(28) from

On the other hand, the radial equation for this ring-
shaped potential is unchanged as in Eq.(20) and also
is the same as Eq.(3) of Ref.[10] except that [ is re-
placed by s. So, if we replace ! by s in Eqgs.(15) and
(16) of Ref.[10], we can easily obtain the solution of
the radial equation for this ring-shaped potential,

R(r)=Cr7 e %" Fl-n,1+4 0,201 az7], (31)

where F represents the confluent hypergeometric func-

tion F[a, 7, z],/**] and the normalization constant is

Ref.[17], (2 ag)%+1 I'l4+n+o)
Cnr = ,  (32)
I'l+o) nl(1+2n+o0)
Hk(G) :Ck,m sin”(9)
=4/(2 1)24+4Aa2
3 Fi[—k,k + v +1/2,1+ v,sin*(6)), 7 \/( s+1p +44daz
(29) :\/(4k +2v+1)2 +4 Aad. (33)
The energy equation is
(1+2n—|—\/(4k—|—1+2\/m2+4C(,u—|—E))2+4A(u—|—E))\/u—E—B\/u—{—E:O. (34)

When there is no ring-shaped potential, i.e. C = 0,
the potential becomes the one we have researched in
Ref.[10], and v = |m|. Therefore, if we let

l=2k+|m|=0,1,2,..., (35)

Eq.(34) becomes

(1+2n++/(21+1)2+4A(u+ E))
x+/p—E—By\/u+E=0. (36)

This is just the Eq.(11) of Ref.[10].

5. Discussion

In the above sections, we have exactly solved the
Klein—Gordon equation for two kinds of ring-shaped
Kratzer-type potential. At this stage it is interest-

ing to analyse the non-relativistic limit of our result.
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When A = 0, the two potentials discussed above de-
generate into the ring-shaped Coulomb potential. Ref-
erence [12] had solved Schrodinger’s equation for the

ring-shaped Coulomb potential

2 2
V= <h—) b(b—i—l) sec? g — Z_e’ (37)
2p r r

and obtained the energy equation

pet 72

2 )
h* o2

W, = — oc=b+1,b+2,...,b+n,..., (38)
where W,, represents the kinetic energy of a particle.
In order to be in accord with our notation, we use
u, instead of M, to express the rest mass. We have
resolved this problem and find that there is a little

mistake. The energy we found is

pet Z2

Wn = T 79 5
2h% o2

c=b+2,b+3,.... (39)
Now we will show that if one takes some proper ap-
proximation, one would obtain Eq.(39) from Eq.(25).
For this purpose, we let A = 0 in Eq.(25) and use
a3 to express the relativistic energy equation for the

ring-shaped Coulomb potential as

(1+2n—|—2l'—|—\/1+4C(2u—a%))a1

—B4/2pu— a2 =0, (40)

where 21’ + /1 4+4C(p + E) > 0 has been used. We

expand the left-hand side of Eq.(40) as a series of a;:

—B\/2p+(2n+2I'414++/14+8Cp)oy

B 2 3
+ —ai +0(a1)" =0. 41
2\/5/1, ! ( 1) ( )

If we only take the term of aj, which is not higher

than one, we obtain
V2uB
a; = .
YT on+2l+1+It8Cu

Now, if we make the substitution C — b(1 +b)/(2 p)
and B — €% Z (h = 1), then we finally obtain

(42)

4 r72
pne*Z
W,=FE—pu=—-a’=-— )
l’l’ al 20_2
c=n+l'+1+b=b+2,b+3,..., (43)

which is consistent with Eq.(39).
Finally, we point out that we have also solved

Schrodinger’s equation for the ring-shaped Coulomb

potential
A*\ b(b+1 Ze?
v=|[— wcscﬂg_—e’ (44)
21 r2 T
and find the energy expression to be
4 Z2
n = Be 1=1,2

g Ly enn

2h% (\/b(b + 1) + [m[Z + 1)’

(45)

Similarly, if one takes some proper approximation, one
would obtain Eq.(45) from Eq.(34).
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