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The exact bound state wavefunctions and energy equations of Klein-Gordon and Dirac equations are given with

equal scalar and vector potential s(r) = v(r) = V(r)/2 = Vp tanh?(r/d). The relation between the energy equation and

that of relativistic harmonic is discussed.
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1. Introduction

It is well known that central force field is a class

Typi-
cal examples of this kind of problem are the hydro-

of solvable problems in quantum mechanics.

gen atom and the three-dimensional harmonic oscil-
lator, both of which have been solved completely in
the non-relativistic quantum mechanics.[!! In the rel-
ativistic quantum mechanics the hydrogen atom has
also been solved successfully and its result has ex-
plained the fine structure of the hydrogen atom.?!
Yet the problems that can be exactly solved are rare
In the rela-

tivistic quantum mechanics in order to solve prob-

in the relativistic quantum mechanics.

lems which have been solved in the non-relativistic
quantum mechanics, some authors have assumed that
the scalar potential is equal to the vector poten-
tial and solved the Klein—-Gordon and Dirac equa-
tions for some typical central potential. For ex-
ample, we have solved the Klein—Gordon and Dirac
equations and obtained the normalized wavefunction
and energy equation for the relativistic harmonic
oscillator.¥] We have also obtained the bound state
solution for a combined potential of a Coulomb po-
tential and a inverse square potential.l¥! On the other
hand, there are a number of potentials, such as
the Hulthen potential,[®%! Morse potential,[”l Wood-
Saxon potential,[® tan?(7nr) potential,l¥! reflection-

[10,11]
)

less type potential, etc. which have also been

solved in relativistic quantum mechanics. But unfor-
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tunately, for these kinds of potentials, one can only ob-
tain the s wave (I = 0 for Klein—-Gordon and K = 0 for
Dirac equations) bound state solutions. In this paper
we shall solve the Klein—-Gordon and Dirac equations
for Vp tanhz(r/d) potential ['2l and discuss the rela-
tion between this potential and the three-dimensional

harmonic oscillator in the following sections.

2.Bound-state

Klein—Gordon equation with

solution of the

scalar and vector potentials

equal to each other
According to Ref.[2], the Klein—Gordon equation

for equal scalar and vector potential is (h=c=1)

oo o) o

where P is the momentum operator, and F and p are
the energy and rest mass of the particle, respectively.

In spherical coordinates, the radial part of Eq.(1) is

1 82 I(1+1)
+ o R - |1

+ ag(ag + V(r))] R(r) =0,
(2)

where

ar=p—FE, as=p+E. 3)

The radial wavefunction R(r) must satisfy the bound-

ary condition that R(r) becomes zero when r — oo,

http://www.iop.org/journals/cp
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and R(r) is finite at » = 0. Now letting so —a must be odd integers, i.e.
F(z)
=r/d = 4 1 1
z=r/d, R(r) . (4) a:§+d'y—5\/(1+2d’y)2—4(da1a2+’y)
for the potential =—(@2n+1), (n=0,1,2,--). (14)

V(r) = Vy tanh®(r/d) = V, tanh®(z) (5)
and s wave (I = 0), we obtain the equation of F(z),
F"(z) —d? ag (an + Vo tanhz(m)) F(z)=0, (6)

where F’ stands for 0F/0z.
z — 00, F(z) is finite and F(z) = 0 at point z =
0(r = 0), can R(r) satisfy the above boundary condi-

Obviously, only when

tions. Now if we introduce

L 1 — tanh(z)
i —
Y= Va2(al+%)a
F(z) = [cosh(z)] "% f(2), (7)

then we obtain the equation of f(z),
(1—2)zf"(2) + (1 - 22) (1 +dv) f'(2)
—d(dajaz+7) f(z)=0. (8)

This is a hypergeometric equation,'3] and its solution,

which can satisfy the boundary conditions, is
f(z) = 2Fi(a,b,c, 2), (9)

where oF) represents the hypergeometric function,

and
1 1
a= §+d’7—5\/(14'2‘17)2—4(61041&24-7),
1 1
b=g+dv+ 5\/(1—|—2d'y)2—4(da1a2 +7),
c=1+d~. (10)

In order to use the boundary condition of f(z) at
z = 0, we can use the relation between hypergeometric

function and Gegenbauer function [13],

Cl(z)=T(a+2v)['(a+ 1)F(2u)_1
1
2

N | =

)

Xgq F1 (a+2u, —a,v+

1
to express the solution of Eq.(8) as

_ I'(1+2d~) s+dy anh(z
= Tlat2d)|I-d] C2, (tanh(z)). (12)

a

f(=z)

Because only when « is an integer can C%(z) become a

polynomial, Gegenbauer or ultraspherical polynomial,
and [13]

0, n odd
I'(v+m)

Cn(0)= .
—1) T'(v)I(m+1)

n even and n=2m,

(13)

Now we can completely write down the radial wave-

function R(r) as (unnormalized)

R(r) :% lcosh(r/d)]

><2F1<—(2n—|— 1,2(n+1+4dy),

1 — tanh(r/d)
1+d~, f)
= F(l—I—Zd'y) lcos T —dy
_(2n+1)!F[2(n+1+d’Y)]7"[ (/)™
x G5, [ (tanh(r/d). (15)

3. Bound-state solution of the
Dirac equation with scalar and
vector potentials equal to each
other

The Dirac equation with scalar potential s(r) and

vector potential v(r) is (h=c=1)
{a P+ B[+ s(r)}y =[E—v(r)ly. (16)

In relativistic quantum mechanics, the complete set
of the conservative quantities of a particle in a central
field can be taken as (H, K, J2, J,), the eigenfunctions

of which are [14]

1| F(r)jm,

== (K=j+1/2), (17)
r 1G(r)¢fmj
1| F(r)¢n,
Y == I (K=-(+1/2)), (18)
r iG(r)¢§‘mj
where
4 1 VIi+m+ 1Y,
jm; V2041 ’/l_m_Yl,erl )
5 1| VT m I Yiam
A (19)
V2U+3 | VIi+m+1Yi1me
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Substituting Eq.(17) or (18) into Eq.(16) we obtain

the radial part of the Dirac equation as

dFF K
e ?F: [t+ E+ s(r) —v(r)] G,
dG K

+- G=[p—E+s(r)+o(r)F. (20)

dr
Taking s(r) = v(r) = 3V tanh®(r/d) in Eq.(20) leads

to the following equations:

dFF K
— ——F= E)G
T (k+E)G,
dG K
O +=G=(p-E+V tanhz(r/d)) F. (21)
r o7
Eliminating G from Eq.(21), we obtain
K (K -1
F”('f‘) _ ( 5 ) F('f‘)
r

— as (al +V tanh2(r/d)) F(r)=0, (22)

where a; and ay are the same as in Eq.(3). For the s

wave, i.e. K =1, Eq.(22) becomes

F"(r) — ag (a1 +Vo tanhz(r/d)) F(r)=0. (23)

G(r) =— i[cosh(T/d)]‘“{% X 2F1[— (2n+1),2(n+14+dv),1+d~,

201+ 2n)1+n+dv)

— XQFI[—2n,2n+3—|—2d'y,2—|—d'y,

d(1+ d~) cosh®(r/d)

If we change variable r to z = r/d, we obtain

F'"(z) — d? ay (g + Vptanh®(z)) F(z) = 0. (24)

This equation is identical with Eq.(6), and of course
the solution is the same as that of Eq.(6). So the
solution of Eq.(23) is

F(r) =[cosh(r/d)] ¢
X 2F1<—(2n—|—1),2(n—|—1—|—d'y),

1- tanh(r/d))

1+d~, 2

B r(1+42dx) .
“ G DR+ 1ty /)] ¢

x G377 (tanh(r/d)).

(25)

Now, we can substitute F(r) into the first equation of
Eq.(21) and keeping in mind that K = 1, we obtain

1- tanh(r/d)]
2
1- tanh(r/d)]
2

2

+ 2 tanh(r/d) x oF; [ —@2n+1),2(n+1+dy),1+dy, 1- tanh(r/d)}}

B I'(1+2d~)
Cday(2n+ 1) T2(n+ 1+ dy)]

—d cosh(r/d) [% cosh(r/d) + 'ysinh(r/d)} Czli%lfld”’(tanh(r/d))}-

Substituting F(r) and G(r) into Egs.(17) and (18)

yields the spinor wavefunction of the Dirac equation.

4. Energy equation and discussion

4n+3+4+2d\/(n+ E)(u— E + Vp)

[cosh(r/d)]~ 347 {(1 +2d~)C32 4 (tanh(r/d))

(26)

Because Eqs.(6) and (24) are the same, for the s
wave, the Klein-Gordon and Dirac equations give the
same energy equation. From Eqgs.(14), (3) and (7), we

obtain the energy equation

—\/4[d (2 — B?) + u + B) (= B+ Vo)) + [1+2d/(u + B)(u — E + ).

If we square the two sides of above equation, we

can the express energy equation in a simpler form:

2(n+1)(2n+1) +d(p* — E?)
+[1+2d2n+1)]/(Vo+u—E)(u+E)=0. (28)

In Egs.(27) and (28), n are non-negative integers and
their values must ensure 0 < E — pu < Vy. Although
we can exactly solve Eq.(27) or (28) for E, the expres-

sion of E is too complicated to see its meaning. So we

(27)

discuss the energy equation as follows.
If we expand the potential V} tanhz(r/d) as the

power series of r, we have

Vor: 2Vprt
Vi =—g ~3a

When a particle moves in the bottom of the poten-

+O(r)°. (29)

tial well, its radial coordinate r is far smaller than the
characteristic parameter d. So in this case, d is a large

quantity. If we only take the first term in the above
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expansion, and identify it with a harmonic oscillator
potential, then we obtain the relations of the proper
frequency or elastic coefficient of a harmonic oscillator
and the maximum Vj of the potential as follows:

1
2
On the other hand, for a particle moving in the bottom

1
Vo= -pd*w® = 5d? k. (30)

of the potential well, its kinetic energy Ey, = F — u =

—a; is also far smaller than the maximum V; of the

(4n+ 21+ 3)VEk — (E — p)

For the s wave, i.e. [ = 0 or K = 1, the above two

equations have the same form:

(An+3)Vk—(u—E)\2(u+E)=0

(n=0,1,2,--), (32)

2(p+E)=0
(4n+2K+1)Vk—(E—p)\/2(p+ E)=0 (for Dirac)

potential. So compared with |a;|, Vp is also a large
quantity. The above analysis tells us that it is essential
for our following discussion that Vy and d are large.
In order to further investigate the relation between
potential Vj tanh®(r/d) and the harmonic oscillator
potential, let us review the main result of Ref.[3]. The
energy equations of a relativistic harmonic oscillator

are

for Klein — —Gord
(for Klein ordon) (n=0,1,2,-"). 31)

where we have expressed the rest mass of the particle
by p instead of m.

In the following, we will show that if we keep in
mind that V; and d are large and make some approx-
imation, we shall obtain Eq.(32) from Eq.(27). For

simplicity, we use a; and as to express Eq.(27) as

4n + 3 + 2d\/ (12(011 + V()) - \/[1 + 2d\/ O[z(al + %)]2 —4 [d a1 Q9 + vV (12(011 + V())] =0. (33)

To further discuss, we rewrite Eq.(33) as
dn+3+dvV2v2a; flay) =0, (34)

where

f(al):\/V0+041—2d\1/£

x /A +2d7)7 —4{daraz +7). (35)

In Eq.(35) « is given by the second formula in Eq.(7)

and ay stands for 2y — a;. If we expand f(a;) as a

power series of a; and only take the first two terms,
however, we obtain a complicated expression. But re-
calling that Vj and d are large and taking a proper

approximation, we obtain a very concise formula,

1
2%

Substituting Eq.(36) and a; as well as a; into Eq.(34),
then using Eq.(30) to simplify, we obtain Eq.(32) ap-

proximately.

flaa) = (36)
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