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Closed orbit theory is a semiclassical technique for explaining the spectra of Rydberg atoms in external fields. By

developing the closed orbit theory from two degrees of freedom to three non-separable degrees of freedom, we calculated

the recurrence spectra of He Rydberg atom in perpendicular electric and magnetic fields. The closed orbits in the

corresponding classical system have also been obtained. Fourier transformed spectra of He atoms have allowed direct

comparison between the resonance peaks and the scaled action values of closed orbits, whereas the nonhydrogenic

resonance can be explained in terms of the new orbits created by the core scattering. The semiclassical result is in good

agreement with the quantum spectra, which suggests that our method is correct.
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1. Introduction

The effects of external electric and magnetic fields
on atomic spectra is an important problem in atomic
physics. Du and Delos’s semiclassical closed orbit the-
ory 1 introduced new ways of analyzing the spectra
of atoms in strong external fields. However, up to
now most researchers have concentrated on atoms in
only pure electric or magnetic field or in parallel elec-
tric and magnetic fields.!~11 Because these systems
possess a cylindrical symmetry about the direction of
the magnetic field, the angular motion perpendicu-
lar to the magnetic field can be separated, which re-
duces the problem to a two-dimensional one. As to the
case of perpendicular electric and magnetic fields, the
cylindrical symmetry is broken, and the Hamiltonian
is nonseparable in three degrees of freedom, therefore,
the theoretical treatment is more complicated. Ac-
cording to the closed orbit theory, each classical orbit
that starts at the atom carries along with it a por-
tion of the outgoing electron waves. If such an orbit
returns to the nucleus, its companion wave interferes
with the steady stream of outgoing waves, and this
interference produces an oscillation in the absorption

spectrum. The return of the electron and the result-

ing interference oscillation in the spectrum is called
a recurrence. The more the orbits are focused on
the atom, the stronger the recurrence. Motivated by
non-hydrogenic resonance discovered in experimental

[12] we in-

scaled recurrence spectra of rubidium atoms,
vestigated the influence of the ionic core on the three-
dimensional closed orbits and adopt a new model po-
tential as given in Ref.[2], which includes not only the
Coulomb interaction potential and the core-attractive
potential, but also the exchange potential between the
excited electron and other electrons. We found that
the introduction of the core potential results in an
immense increase of the number of closed orbits as
compared with that of hydrogen atom. The novel or-
bits appear to be composed of two or more hydrogen
orbits and are created through scattering by the core
potential. In this paper, we develop the closed orbit
theory from two-dimensional to three-dimensional one
and calculate the recurrence spectra of He Rydberg
atom in perpendicular electric and magnetic fields.
The calculation of the recurrence spectra by using the
closed orbit theory requires the numerical search for
closed orbits starting and ending exactly at the nu-
cleus. This leads to numerical difficulties because of

the Coulomb singularity of the potential at the ori-
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gin. In order to remove this kind of singularity, we
adopted the Kustaanheimo-Stiefel transformation, !
which transforms the system from a three-dimensional
one to a four-dimensional one. Our results are in good
agreement with the quantum spectra, suggesting that

our results are correct.
2.Theory and quantitative for-

mula
2.1. Hamiltonian and scaled transformation

Since we are dealing with the He Rydberg atom,
where only one electron is highly excited, while the
ionic core remains in the ground state. We can sim-
plify the system by considering the Hamiltonian of a
single electron moving in core potential and external
fields. Assuming the magnetic field pointing in the z-
axis and the electric field pointing in the z-direction,
then the Hamiltonian of the excited electron of He

Rydberg atom is described in atomic units as [14:

1 1
H= §P2+%lz+§'y2p2+Fm+V(r), (1)

where v = B/2.35 x 10° (B is the magnetic field
strength), F' is the electric field strength, V(r) is the
model potential.[?!

The classical motion of Hamiltonian (Eq.(1)) ex-
hibits an important scaling property. If we transform
the variables according to 7 = ry2/3, P = P~1/3,
e = Ey 23, f = Fy*/3, § = tv, then the classical
motion is governed by the scaled Hamiltonian:

1., 1. 1
H = EP + §lz + 3

From Eq.(2), we find that the scaled Hamiltonian

does not depend on the energy F and field strength

P+fE+V(E)=c (2

separately but only on the scaled energy e and the

scaled electric field f, thus remove a parameter B.
2.2. Closed orbits search

In order to solve numerically the equations of mo-
tion and remove the Coulomb singularity generated
by Hamiltonian (2), we implement the Kustaanheimo-
Stiefel transformation ['3! which transform the system
from a three-dimensional to a four-dimensional one.
Removal of the Coulomb singularity makes the nu-
merical calculation very stable and an orbit launched
from the origin can evolve quite a long time without
loss of numerical accuracy. Due to the increased di-
mensionality of the phase space involved, the number

of the closed orbits is large and a search for the closed

orbits is by no means trivial. The difficulty lies in the
fact that for a three degrees of freedom system, one
has to scan two independent parameters (6, ) to lo-
cate the closed orbits, while in the pure magnetic field
only one parameter 6 needs to be scanned. We use the
fifth-order Cash-Karp Runge-Kutta method to inte-
grate the equations of motion. In previous works,6:14]
the core potential is to be switched-off at the begin-
ning and the end of the orbits. In contrast, in our
calculation, we always take into account the core po-
tential. Therefore, this treatment is more complete
and more general. By integrating the Hamiltonian
equations of motion, we found the closed orbits with
scaled actions smaller than 10 at ¢ = —0.6, f=0.06.
For each closed orbit, we evaluate the classical action,
the classical amplitude as well as the Maslov index.

Some of the orbits are given in Fig.1.

Fig.1. Some closed orbits of Rydberg He atom in perpen-

dicular electric and magnetic fields with different stating
angles at ¢ = —0.6, f = 0.06.These orbits are drawn in
the z-y plane. (Horizontal axis: z; Vertical axis: y).

2.3. Oscillator strength density

According to the basic ideas presented by Du and
Delos,!!] the exact quantum expression for the oscilla-
tor strength density in dipole transitions of an initial
state ¢; to final states at energy E can be expressed

as

£(B) = =2 (B~ Bt [ dr(DG) (r)u(r), (3

I
where D is the dipole operator, v; is the initial wave
function and %(r) is a solution to the inhomogeneous

Schrodinger equation:

P(r) = ¢ (r) + " (r). (4)
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Here 9°" is the outgoing wave and ™" is the return-
ing wave.

In order to obtain the outgoing and returning elec-
tron wavefunctions, we divide the whole space into two
regions: the inner region and the outer region. In the
inner region the influence of the external fields can be
neglected. The outgoing wave can be seen as if no

external fields were present (6]

Y (60,0970 (r,7")Y1,m (8, ) Dips(r")dr’,

(5)

with gF=0(r,7') being the radial Green’s function,

2R0,reg(r<)R0,out (7‘>)

9= (rr) = ,Qw[ROreg( ", RO out( ,)]

(6)

where r. = min{r,7'},7~ = max{r,7’'} and w is the
The functions RY"® and

R?’Out are the regular and outgoing solutions to the

Wronskian determinant.

radial part of the Schrédinger equation at £F=0. By
using the asymptotic forms of them,['5! we obtain the

outgoing wave

1,Dout(’r‘,9,g0) - _m Z R?’Om(’r‘)m,m(&(p)Blm’ (7)

I=[m|

where
Bin= [ A DU RISV (8 ¢)

In the outer region where the external fields be-
come important, the outgoing wave 1°%* can propa-

gate semiclassically:

() = 371 /175(0, 65, 04)/ Ju(tx, 0%, o)
k

x ellon=(m /2] ot (pky. (®)

The sum includes all the classical trajectories with en-
ergy E starting radially on the initial sphere; J(t, 6, ¢)
is the Jacobian determinant, tj is the time when the
trajectory reaches the point (7,6, ), S is the action
and py is the Maslov index.

Due to the influence of the external fields, some
of the trajectories will turn back. Let S( ) and ,u(k)
be the action and Maslov index of the closed orbit
respectively. Using the expressions for the Jacobian

determinant as given in Ref.[14], we obtain the semi-

classical approximation for it

i(Sg") —(x/2)m6")

SROEDPRTLE .
C VM

X Z 1)l’ei5l/ Bl’m’}/l’m’ (egk), SDEIC))

XZ

Vi (0, )6 B8 (). (9)

)Y (0, o)

Here, (GEk), gogk)) are the starting angles of the kth
closed orbit and (9’;, go’;) are the returning angles of
the kth closed orbit, §; is the phase shift caused by
the core potential and Mék) is related to the stability
matrix of the closed orbit.[14]

By substituting the above functions into Eq.(3),
we can obtain the oscillator strength density:

f(B) = - 2(E - E)Im / dr(Dupi)* ()62 ()

w:}lw

- —(E- E,-)Im/d3'r'(D1,b,-)*(r)¢“°‘t(r)
T
=f(E) + fo(E). (10)
The first term is a slowly varying background of
the spectra, which can appear without the external

fields.

tributions from the returning closed orbits, leads to

The second part, which is composed of con-
oscillations in the absorption spectra. Inserting i*t
into the above equation, we have

(88" —(x/2)u")

26” m

X Z( ]-)l elél’Bl’m’le’m’(e( 5Q0

U',m!

2

fOSC

K3

—1)Yi (65, o) Bime®®. (1)

For the He Rydberg atom, the electron is excited
to the 2s state, thus the initial state wave-function is:
Yi(r,0,¢)
light, then the nonvanishing coefficients of By, are
Bi1 and B;_; with the relation B;; = —Bj;_1. In this

case, the oscillating part of the absorption spectra is

= Rao(r)Y00(0, ). If we use the z-polarized

foSC(E) :B11647r

R

sin 01(16) sin 9; ) cos 505 ) cos go(f )

X sin [sg’“) ~ZuP 261] . (12)
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2.4. Recurrence spectra

Recurrence spectra are the Fourier transforma-
tion of the photoabsorption spectra.  After the
scaled transformation 5,(()k) = 71/3S(gk) and Mék) =
72/3M(§k), we obtain

1 ~
fosc(z) — ; ZAk Sin |:S((]k)z — gl‘l’(()k) + 261:| 3 (13)
k

where z = y~1/3 and

sin GEk) sin Hj(ck) cos <,o§k) cos <,o§ck)

=~ (k
VI
The Fourier transformed recurrence spectra can
With z =
1/2(z1 + 22), Az = 29 — z; and approximate 1/z by

Ak = 311647r

be calculated in the interval [z1, 2]

1/z, we obtain the recurrence spectra:

o 1 sin[Az(S{F) — 9)]

X iexp[ - i<§ék)z - gu(()k) + 251>} . eizg.(14)

For a finite length Az, F (5’) are complex num-
bers. In our calculation, we take the absolute value of

F(S).
3. Results and discussions

Figure 1 gives the recurrence spectra of atoms in
perpendicular electric and magnetic fields at ¢ = —0.6,
f = 0.06, z = v /3 in the range of 60-120. Figure
2(a) is the recurrence spectra of He atoms, and (b)
is the recurrence spectra of H atoms. Each peak is
associated with a closed orbit. Some of the orbits
are shown in Fig.1. Due to the core scattering, the
orbits possess some repetition. With the change of
the starting angles, the orbits consist of more and
more “loops”. For example, at the starting angles
(6 = 90.4°, ¢ = 9.12°), there are only two “loops”
while at the starting angles (0 = 91.2°, ¢ = 5.02°),
there are five “loops”. From Fig.2, we can see that
for smaller S, the structures of spectra for He and H
atoms are analogues. As S increases, there are some
new peaks (as indicated by arrows) appear in the spec-
tra of He atoms. This can be interpreted as follows: in
order to calculate the recurrence spectra of He atoms,
we have taken into account the effect of the core po-
tential. The main effect of the core potential lies in
the creation of a huge number of new closed orbits.

These new orbits appear to be composed of two or

more hydrogenic orbits originating from the scatter-
ing of hydrogenic orbits by the core potential. This
can be clearly seen from the closed orbits of Fig.1.
Figure 3 displays the semiclassical recurrence spec-
tra of Rydberg He atoms in perpendicular external
fields at ¢ = —0.45, f = 0.02. In order to compare
the results between the semiclassical and the quantum
spectra, we calculate the recurrence spectra of He Ry-
dberg atoms in perpendicular electric and magnetic
fields by using quantum mechanical method as given
in Ref.[16]. Figure 3 (a) is the quantum calculation
result; (b) is the semiclassical calculation result. It is
apparent from this figure that the quantum recurrence
spectrum retains the pronounced peak structures as in
the semiclassical spectra. Even for the largest action
considered, the quantum and semiclassical recurrence
spectra agree well quantitatively, suggesting that our

method is valid.
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Fig.2. The recurrence spectra of atoms in perpendic-
ular electric and magnetic field at ¢ = —0.6, f =
0.06.  (a)semiclassical calculation for the He atom;

(b)semiclassical calculation for the H atom.
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Fig.8. The recurrence spectra of Rydberg He atom in
perpendicular electric and magnetic field at e = —0.45,
f =0.02. (a) Quantum calculation result; (b) Semiclassi-

cal calculation result.
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4. Conclusion

By extending the closed orbit theory to three non-
separable degrees of freedom, we have calculated the
recurrence spectra of He Rydberg atoms in perpendic-
ular electric and magnetic fields. The non-Coulombic
core potential has been considered in the classical tra-
jectory calculations, and some core-scattered nonhy-
drogenic closed orbits have been discovered. The new
peaks in the recurrence spectra of He atoms have been

considered as effects caused by the core scattering of

returning waves at the ionic core, from which we gain
a deep understanding of the highly excited Rydberg
atoms in perpendicular electric and magnetic fields.
Because these atoms represent a system nonseparable
in three degrees of freedom which behaves classically
chaotic. Our results are in good qualitative agreement
with the quantum spectra. Presently no experiments
on the recurrence spectra of He atoms in perpendic-
ular external fields have been carried out. We hope
that our calculations may be helpful in future mea-

surements.
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