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A novel adaptive control for uncertain nonlinear chaotic system is presented. A dynamical neural networks is

used to perform ‘black box’ identification. Based on the identifier, the state feedback control is employed to drive the

unknown chaotic system toward the desired target. Simulations show the derived control via the neuro-identifier turns

out to be very effective.
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1. Introduction

Chaos is a relatively new branch of mathematical
science that seeks to interpret complicated nonlinear
phenomena. Controlling chaos has recently been fo-
cused on in the nonlinear dynamics literature.[!~7]

In general, the unknown chaos is a black box be-
longing to a given class of nonlinearities. Therefore,
adaptive control method is required, and a nonmodel-
based scheme is suitable. A neuro-controller is popu-
lar for regulating uncertain chaotic system. As power-
ful tools for learning highly nonlinear systems, due to
their massive parallelism, very fast adaptability, and
inherent approximation capabilities, neural networks
have attracted a lot of research, especially in the field
of identification and control.

In this paper, singular perturbation analysis is ap-
plied to study the stability and robustness of a dy-
namic neural network identifier. A dynamic state
feedback control based on neuro-identifier is devel-
oped to direct the unknown chaotic system toward
desired trajectories. The effectiveness of the suggested
approach is illustrated by its implementation on the
Dulffing equation.

This paper is organized as follows. In Section 2

we describe the concept of identification chaos using

neural networks. In Section 3 we present a dynamical
neural networks identifier. In Section 4 we develop
adaptive state feedback control and prove the conver-
gence of error and boundedness of all signals in the
closed loop. In Section 5 the scheme proposed is ap-
plied to identify and control chaotic system. Finally,

conclusions are summarized in Section 6.
2.Statement of the problem

Consider the nonlinear system given by
z = f(a:a t) + G(.’L‘)’u,, (1)

where z € R™ is the state vector of the system, con-
trol action u € p C R™ where p is the class of ad-
missible input, f is a smooth nonlinear function with
unknown parametrics describing the system dynam-
ics, G is a matrix with columns G;, i = 1,2,...,n,
G = |G1,Gs,...

and suppose also that all states of the system are avail-

,Gy], where G; is a smooth vector,

able for measurement, and suppose:

A1l: Given p, for any finite initial condition, the
system states are uniformly bounded.

A2: f,G are continuous and satisfy a local Lip-
schitz condition so that the solution z(t) to Eq.(1) is

unique.
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To identify the dynamical system (1), we take the

following dynamic neural networks (DNNs):

where z,,,, € R" is the state of the DNN, control input
u € p C R™, A, B are n x n diagonal matrices with
elements a;, b;, for all ¢« = 1,2,...,n. W € R™*"
is a matrix of weights, and W,,41 is a n x n di-
agonal matrix of weights having the form W, ,; =
diag[w1 nt1, Wa,nt1,- - Wnnt1]. Vector o(z) € R™
and ¢ are n X n diagonal matrices, with elements
o(z;),d(x;) respectively, both being smooth, mono-

tonically increasing functions.
3. Dynamic neuro-identifier

This section aims at finding a learning law that
guarantees stability of the neural networks and con-
vergence of its output and weights to desired values.
Due to parametric uncertainties, we may assume that
there exist weights W*, Wy, | such that the system

(1) is completely described by a neural network
&= Az + BW"o(z) + W, ,19(z)u, (3)

where all matrices are as defined previously. Define
the error between the identifier states and the real
system states as € = Zp,, — 2. Then from (2) and (3)

we can obtain the error equation
é = Ae + BWo(z) + BWgY(z)u, (4)

where Wy =W _W* Wp =W, - W), ;.
The Lyapunov stability theory is applied to de-
rive stable adaptive laws. Take the Lyapunov function

candidate

vie,Wy,Wg)

1 1 1
:§eTPe T Etr{WEWA} + §tr{WgWB}7 (5)

where P > 0 is chosen to satisfy the Lyapunov equa-
tion ATP 4+ PA=—1I.

Differentiating (5) along the solution of (4), we
can easily obtain the learning law in an elementary

form as

wi; = —b;pio(z;)e;,
Wi nt1 = —biH(x;)piuie;, (6)

for all 2,5 = 1,2,...,n, which can guarantee v =
1
~Sllelz <o,
Generally speaking, the model of neural networks

is of lower order than the actual system, in view of

the unmodelled dynamics present in the system, thus
we extend the theory of singular perturbations to the
case where dynamic unknown plant can be completely

represented by

& =Az + BW"o(z) + W;:+119(1')u
+ (2, W, Woi1) Ay BoWou + ¢ (2, W, Wip1)6,
M6 =Ad + BoWou,é € R, (7)

where ¢ is the state of the unmodelled dynamics and
A > 0 a small singular perturbation constant. Then
from Egs.(2) and (7), the error equation can be for-

mulated as

é =Ae + BWao(z) + BWpd(z)u
— (@, W, Wy y1) Ay BoWou + (2, W, Wyy1)4,
M6 =A¢d + BoWou,é € R, (8)

where (z, W, Wn+1)A51B0Wou, Y(z, W, Wyy1)d in
Eq.(8) are bounded and differential for all wy € £2,,,
a ball in R", wp € 2,, a ballin R" and z € {2, a
ball in R™.

Note that § is large since A is small, hence the
unmodelled dynamics are fast. For a singular pertur-
bation from A > 0to A = 0 we have § = —AalB()WO’U,.
As is well known from singular perturbation theory,

the state § may be expressed as

52’)’(I,p)+p, (9)

where «y(z, p) is defined as the quasi-steady-state of
d and p due to its fast transient. Thus y(z,p) =
— A5 BoWou. Substituting (9) into (8), the singularly

perturbed model can be written as

é =Ae + BW0(z) + BWpd(z)u
—Y(z, W, Wny1)p,
)\p ZAop_ )".)/(67WA5WB7P7U)7 (10)

where

. 9. oy .. oy .
Y(e,Wa, Wp, p,u) = 8—Z€+ aW’YAWA+ 81/;3 Wp.

Lemma 1 The j(e, W4, Wg, p,u) is bounded by
|4 (e, Wa, Wg,p,u)|| < ai|le|| + az|p| provided that
the following properties hold:

| Wa|| < Bolell, v, W | < 81 el

e BWsd(@)ul < B el e BWao (@) < B el
Ve (z, W, W)l < a2,

e el < B lell vl < Bs il
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and
oy = Bo+ B+ B2+ Bz + Bs+ Bs.

Theorem 1 The equilibrium of the singularly
perturbed model is asymptotically stable for all A €

0, ————— | and an estimate of its region of at-
T1To + 27'3
traction is

A= {37WA7WB7P : V(67WA7WB7P) S T}7

where 7 is the largest constant such that the set A
is confined to B, X By X By, ,,. Also, the following

properties are guaranteed:
8¢, Tnn, P, VV; Wn+1 € Loo: e, pE L2-
y tliglo e(t) = O’tliglo p(t) =0,
lim WA(t) =0, lim WB(t) =0.
t—o0 t—o0
Proofs of the above can be found in Ref.[8].
4. Adaptive tracking control

In this section we investigate a more general

case where parametric and dynamic uncertainties

W = —EBPS,,

are present. In the tracking problem we want the
real system states to follow the state of a reference
model. Let the reference model be described by
Tm = @(Tm,t),Zm € R™. Define the error between

the identifier states and the model states as
€c = Tpn — Tom- (11)

Thus, the control scheme is now represented by the

following differential equations:

é = Ae+ BWyo(z) + BWed(z)u — (2, W, W, y1)p,
€c = Aec: /\P = AOP - /\’.)’(6, WA: WB: P U), (12)

u = —[BW,119(x)] Az, + BWo(z) — o(zm,1)].

To apply the control law u in (12), we have to assure
the existence of [BW,;19%(z)| ™!, namely w;, 41 #
0,Vt >0,Vi=1,2,...,n. Hence, W,,11(t) is contained
through the usage of a projection algorithm [ to the
set 2 = {Wyoy1 : |[Wa]| < wm} where w,, > 01is a
constant. Therefore, the standard adaptive laws (6)

can be modified in the form of matrix

—BPYUE if W, 41 € A or {||Wg| = wm and tr{—BPYUEWg} < 0},

Wigr = 1+ [ Wall\?
—BPYUE + tr{BPYsUWg} <7> Wg if {|Ws|| = wm and tr{— BPOUEW5} > 0},
Wm

‘Where all matrices are defined as follows:

P = diag[p1,p2,...,Pnl,
B = diag[by, ba, . . ., by],
E = diagles, e, ..., €4,
U = diagluy, ug, . . ., Uy,
o(z) o(zn)
So =
o(z1) o(zn)

Theorem 2 The control scheme (12) is asymp-
totically stable for all A € (0,)g), where Ay =

1 1
2 <m> . Moreover, the learning law (13)
guarantees the following properties:

oc,ec, P; Tun, Wa,Wp € Lo, €,€c,p € La.

¢ tlggo e(t) = O’tliglo ee(t) =0, tllglo p(t) =0,

lim Wy(t) = O,tlggo Wpg(t) = 0.

t—oo

(13)

Proof: Construct Lyapunov function candidate

1 1
v(e,Wa, Wz, p) zikleTPe + 5kle;fpec
1 1
+ 5k2pTPOp + 5kltr{ijWA}

1
+ §k2tr{WgW3}, (14)

where P, Py > 0 are the solutions of the Lyapunov
equation ATP+PA = —1I, Ag‘PO—{—POAO = —JI. Then
the derivative of (14) is

k
v :%(—eTe + 0T ()W} BPe + uT9(x)WgBPe

k

= pT 0" (@&, W, Woi1)Pe) + (07 (2) Wi BPe)T

+ (uT¥(2)WpBPe)T — (pT¢™ (2, W, Wn11)Pe)")
k . .

- %efec + kytr{WiW4} + kotr{WEWg}

ky, 1 _

f(‘xPTP — (¥" (e, W4, Wg, p)Pop

- (;YT(ea WA: WB; p)POP)T)

+
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Note that Using the learning laws obtained previously, (15) turns
out to be
oT(2)WIBPe, uT9(z)WpBPe,

pTQDT(CE,VV,Wn+1)P€, ;YT(eawA:WBap)POP

are scalars, consequently
oL (z)WTBPe = (¢ (z)W3BPe)T,
uT9(z)WpBPe = (uT9(z)WpBPe)T,
and
Pt (@, W, Wy y1)Pe= (p"¢" (2, W, Wpy1)Pe)?,
7t (e, Wa, Wa,p)Pop = (¥ (e, Wa, W, p)Pop)™.

Thus v becomes

k
%L (= lell* + 20" (@)WaBPe + 2u™9(z) Wi BPe

k
~ 29" (2, W, Woy1)Pe) — o [lecl|”

v =

+ ktr{WiWa} + kotr{WZ Wp}

ka1 :
+ > ( =5 llell” = 20" Po™ (e, WA7WB7P)) -(15)
kq
S gk
2 .y
b <Ll ol lledl 1| =ik b 5~ ka)
0 0

The 3 x 3 matrix in (16) is positive definite when

1 1
A< §<m) Since ¥ < 0 we conclude

that v € Lo, which implies e, e., p, Wa, Wp €
Lo. In addition, z,, = e +z, W = W4 + W*,
Wpy1 = Wp+ W, are also bounded. Consider that
v is non-increasing function of time and bounded, the
lim v = v exists. Therefore by integrating v from 0

t—o0 .
to 0o, we obtain

kl e 2 1 o 2
— dt+ kol — — k dt
2 [T lelPas (g5 k) [Tl

k oo oo
+5 [ ledPat = 2baka [ el ol
0 0

— L,(1 + wm)? / tr{ BPYUEWg}dt
0

S [VO _Voo] < oo,

which implies that e, e., p € Ly. On the basis of
(12): since u, AO; ¥ (e; WA: WB: p): O'(JL‘), 79(‘1") are
bounded, €, é., p € L. Since e, €., p € LoaN Ly, using

R Y P A
2 2 2
—k1p" 0" (z, W, Wy 1) Pe
— ko T (e, Wa, Wa, p) Pop
1+ Wl

m

2
+ Ltr{tr{BPYUEWpg} < ) WEWg

kl 2 kl 2 k2 2
< —— [ [ ——
< =% el = 5 lleell® = 35 Il

+ kol e, W, W) [P el
+ k2 [[9(e, Wa, Wi, p)|| || Poll |

1+w 2
+ Intr{BPﬂUEWB}< ’”) IWgl|.

Wm

According to Lemma 1 we establish

. k k k
b <=2l = 2 leel® = 52 [l

+ 2k ks [|ol| lell + kaks [lo]”
+ Ltr{BPOUEW3B}(1 + wm)?,

provided that a; ||Py|| < k1, ||e(z, W, Wi )|| 1P| <
ka, as || Py|| < k3 which finally takes the form

0

[lell

loll | + Lntr{ BPOUEWg}(1 + w,,)%.  (16)
k1 [lecl
2

Barbalat’s lemma 1% we conclude that tlim e(t) =0,
— 00
tliglo ce(t) =0, tliglop =0
Considering the boundedness of u, o(z), ¥(z) and
the convergence of e(t) to zero, we conclude that Wa,

WB also converges to zero.
5. Simulation results

In this section, a typical chaotic system is cho-
sen to demonstrate the abilities of the neuro-identifier
and adaptive tracking controller based on the identi-
fication estimations. The Duffing equation describes
a specific nonlinear circuit or the hardening spring ef-
fect observed in many mechanical problems and can

be written as

-’il =T+ uq,
. 3 (17)
L9 = —c1x1 — cax)] — cx2 + g cos(wt) + ug,

where ¢, c;, ¢, g, w are constants and u = [ug, ug]T

is control input. It is known that the solution of (17)
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exhibits almost periodic and chaotic behaviour in the
uncontrolled case if we select ¢=0.4, ¢;=1.1, ¢c3=1,
g=2.1, w=1.8. To identify system (17),

the neural

we use

L (a)

1}
Z 0
8
~1t
2t
0 5 10 15
t/s

T9 (t)

t/s

Fig.1. Identification curves of the system state z1, z2.

network as in (2), where A = diag(—6,—6), B =
diag(12,12). The elements of o(z),d(z) are repre-

b

sented by sigmoids of the form o(z;) = =y
et

Ha;) = %—FE for alli =1,2,...,n, where &,
represent the bound (k) and slope (1) of sigmoid’s cur-
vature and € > 0 a constant that shifts the sigmoid,
such that #(z) > 0. These parameters are selected
as k=3, I=1.6, ¢=0.1, with initial value zo = [1,0]T.
The identification results are shown in Fig.1. The solid
lines correspond to the state of the uncontrolled sys-
tem and the dashed lines are the states of the neural
network identifier. Then we implement the control law

given by (12) based on the identification estimates.

The nonlinear reference model to be followed is se-
lected as a circle z,,, = (cos(t),sin(¢)). The trajectory
tracking results are shown in Fig.2. The solid lines
are the given reference trajectories and the dashed
lines are the controlled trajectories. Simulations show
that good identification results provide a small enough

tracking error.

(a)

0 5 10 15
t/s

T2 (t)

t/s

Fig.2. Tracking control of the Duffing system.

6. Conclusions

This paper studies a new adaptive control of
unknown chaotic system. A dynamical neural net-
works is employed to conduct ‘black box’ identifica-
tion. Based on the identification estimates, the state
feedback control is developed to appropriately reg-
ulate chaotic states, and simulation results are pre-

sented to illustrate the suggested scheme.
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