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We propose a new technique of using the least squares support vector machines (LS-SVMs) for making one-step and

multi-step prediction of chaotic time series. The LS-SVM achieves higher generalization performance than traditional

neural networks and provides an accurate chaotic time series prediction. Unlike neural networks’ training that requires

nonlinear optimization with the danger of getting stuck into local minima, training LS-SVM is equivalent to solving

a set of linear equations. Thus it has fast convergence. The simulation results show that LS-SVM has much better

potential in the field of chaotic time series prediction.
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1. Introduction

Time series prediction is a very important practi-
cal problem with a diverse range of applications from
economic and business planning, inventory and pro-
duction control, weather forecasting, signal processing
and control.l'! The problem of predicting the values of
one variable in a future point in time is a time series
prediction problem. The chaotic time series predic-
tion can be looked upon as one of its varieties. Since
chaotic systems depend sensitively on initial condi-
tions, the trajectories starting at two similar state vec-
tors will diverge exponentially, which leads to the ap-
parent unpredictability of chaotic systems. However,
a great deal of research effort has shown that reliable

short-term prediction can still be achieved.

Most traditional time series models, such as
autoregressive, moving averaging and autoregressive
moving averaging, are of linear type, but there are
also many nonlinear time series prediction problems
in practical situations. The artificial neural network
(ANN), as a powerful tool of nonlinear processing, has
already been used in nonlinear time series modelling
and chaotic control in recent years.2~14 In the area
of chaotic time series forecasting, the most popular

neural network model is the feed-forward neural net-

work, in which the back propagation (BP) algorithm is
usually used, due to its simple architecture yet power-
ful problem-solving ability. However, the feed-forward
neural network based on BP algorithm suffers from
drawbacks like the multiple local minima problem, the
choice of the number of hidden units and the danger
of over fitting.[19]

In this paper, we explore an additional possibility,
namely the use of least squares support vector ma-
chines (LS-SVMs) 1618 for predicting chaotic time
LS-SVM is established based on the struc-

tural risk minimization principle rather than minimiz-

series.

ing the empirical error commonly implemented in the
LS-SVM achieves higher general-

ization performance than traditional neural network

neural networks.

in solving these machine learning problems. Another
key property is that unlike neural networks’ training
that requires nonlinear optimization with the danger
of getting stuck into local minima, training LS-SVM is
equivalent to solving a set of linear equations. Conse-
quently, the solution of LS-SVM is always unique and
globally optimal. In order to demonstrate the predic-
tive capabilities of LS-SVM, experiments were carried
out on the Makey—Glass equation.['¥ In all cases, the
LS-SVM was able to find an appropriate representa-

tion to internally encode useful information.
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2.Problem description

A time series is an array of values belonging to
subsequent samples usually coming from a chaotic dy-
namic system’s output. It is assumed that neither
the state of the dynamic system is measurable nor
the equation describing its state is known. If the dy-
namic system is deterministic, we can try to predict
the time series by reconstructing the state space. The
object of our work is building an estimate function
for the system’s transfer function only using its out-
put. Many conventional regression techniques can be
used to solve problems of estimating function. In this
investigation, we concentrate on the LS-SVM, a novel
regression technique developed by Suykens et al.[16—18]

Mark a chaotic time series as {z;}, its mathemat-

ical model can be described by

(L't+p = f(a:t, Lt—gyee- ,(L't_(m_l)_r)_ (]_)

Here p = 1 means one-step prediction, and p > 1
means multi-step prediction; 7 is the time delay.
In this paper, both one-step prediction and multi-
step prediction of 7 = 6 are analysed. The chaotic
time series prediction can be stated as a numeri-
cal problem: split the time series {z;} into windows
Tt .., Ty (m—1) Of size m, then find a good estimate
for the function f : R™ — R such that

Ttyp = f(ﬂ’/'ty-”l/'t—ly .-

. 7mt7(m71))- (2)

We try applying LS-SVM to estimate the unknown
function f(-) in Eq.(2).

3.LS-SVM predictor

LS-SVM is a new technique for regression. The
LS-SVM predictor is trained using a set of time se-
ries historic values as inputs and a single output as
the target value. The LS-SVM method of performing
time series prediction can be called the sliding window
technique as the historic values input slides over the
full training set.

In the following, we briefly introduce LS-SVM,
which can be used for chaotic time series prediction.

Consider a given training set of IV data points
{zk,yx}_, with input data z; € R"™ and output
yr € R. In feature space SVM models take the form

y(z) = whe(z) +b, 3)

where the nonlinear mapping ¢(-) maps the input data

into a higher dimensional feature space. Note that the

dimension of w is not specified (it can be infinite di-
mensional). In LS-SVM for function estimation the

following optimization problem is formulated:
1 1
minJ(w,e) = E'wT'w + 75 ; e, (4)

subjecting to the equality constraints
y(z) =wTp(zr) +b+ex,k=1,...,N.  (5)

Important differences from standard SVM 20211 are
the equality constraints and the squared error term,
which greatly simplifies the problem.

The solution is obtained after constructing the

Lagrangian

L(w,b,e, )
=J(w,e) — Z ar{wTo(zy) +b+ex —y}  (6)

with Lagrange multipliers aj. The conditions for op-

timality are

( N
oL
e 0—-w= Zakgo(mk),
k=1
N
oL
=5 =0~ Y ar=0,
k=1 (7)
oL
——=0— o= Y€k,
é)ek
oL
— =0 wlo(z) +b+er —yr =0,
L E)ak
for k = 1,...,N. After elimination of e; and w the
solution is given by the following set of linear equa-
tions:
0 17 b 0 ®)
1 p(ze)Te(@) +77 | | @ y |
where y = [yi;...5yn], 1 = [L;..51], a =
[a1;...;an] and the Mercer condition

W(mkaml) = QO((I,’k)TQO(.’L‘l), kal = 15 e 5N (9)

has been applied. This finally leads to the following

LS-SVM model for function estimation:
N
y(@) =Y o ¥(z,mk) + b, (10)
k=1

where ay,b are the solution to the linear system,
U(-,-) represents the high-dimensional feature spaces

that is nonlinearly mapped from the input space
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z. The LS-SVM approximates the function using
Eq.(10).

The choice of the kernel function ¥(-,-) has sev-
eral possibilities. In this work, the radial basis func-
tion (RBF) is used as the kernel function of the LS-
SVM because RBF kernels tend to give good perfor-
mance under general smoothness assumptions. Con-
sequently, they are especially useful if no additional
knowledge of the data is available. For RBF kernels
one has

W(og, ) = exp(— ]z — all? fo?), (1)

where o is a positive real constant. Note that in the
case of RBF kernels, one has only two additional tun-
ing parameters o in Eq.(11) and v in Eq.(4), which is
less than for standard SVM.

4. Simulation and results

In this section, we present one example showing
the effectiveness of using LS-SVM for chaotic time se-
ries forecasting. In this paper, we use data sets gener-
ated by the Mackey—Glass differential-delay equation.
All the data sets are partitioned into two parts ac-
cording to the time sequence. The first part is used
for training, the second part for testing.

We generate a time series by numerically integrat-
ing the Mackey—Glass time-delay differential equation

dz(t az(t— A
dEt) = —bz(t) + 1+m(10(t —)A)

(12)

with parameters a = 0.2, b = 0.1, A = 17 and ini-
tial conditions z¢g=1.2 and z;=0 for ¢ < 0. Equation
(12) was originally introduced as a model of blood cell

(191 The time series data were obtained by

regulation.
applying the conventional fourth-order Runge—Kutta
algorithm to numerically solve Eq.(12). This time se-
ries is chaotic, and so there is no clearly defined period.
The series will neither converge nor diverge, and the

trajectory is highly sensitive to initial conditions. The
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prediction of future values of this series is a benchmark
problem.

From the Mackey—Glass time series {z;}, we ob-
tained training and test sets. Following the con-
ventional settings for predicting the Mackey—Glass
time series, we set m = 4 and a sampling rate 7=6
(@4, Tt 7y e vy Ty—(m—1)r), Where t=118 to t=1117.
The input data for LS-SVM is a four-dimensional vec-
tor and the output data is a one-dimensional vector.
The first 400 pairs were used for training, the remain-
ing 700 were used for testing the model of prediction.

The problem can be formulated as: given values
Tty Tt—1,- -5 Ti—(m—1); determine z;,,, where m and
p are fixed positive integers and t is the series in-
dex. The selections ranged from one-step prediction
through four-step ahead prediction and finally eight-
step ahead prediction (i.e. p=1, p=4, and p=8 re-
spectively). All these simulations used four previous
values (i.e. m = 4).

The results are presented in terms of the accuracy
of the one-step-ahead prediction measured on the root

mean squared error metric (RMSE)

1 N
NZ(% - )%, (13)

t=1

RMSE =

where z; is the true output and z; is the prediction
output.

The simulations for a four-input single-output
problem for one-step or multi-step prediction can be
implemented on the LS-SVM. In our simulations, the
tuning parameters o in Eq.(11) and ~ in Eq.(4) are
o = 600, v = 8000, respectively.

To show clearly the predictive results of the LS-
SVM for making one-step and multi-step prediction of
chaotic series, only one is plotted for each five points
compared with the actual values in the following nu-

merical simulation results (Figs.1(a), 2(a) and 3(a)).
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Fig.1. (a) Prediction results of the Mackey—Glass series by the LS-SVM with p=1 and RMSE=0.0038 (prediction values z{,—Q,
true values z;—+; (b) Prediction error between predicted and actual series by the LS-SVM with p=1 and RMSE=0.0038.
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Fig.2. (a) Prediction results of the Mackey—Glass series by the LS-SVM with p=4 and RMSE=0.0113 (prediction values z¢,—Q,
true values z;—+; (b) Prediction error between predicted and actual series by the LS-SVM with p=4 and RMSE=0.0113.
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Fig.3. (a) Prediction results of the Mackey—Glass series by the LS-SVM with p=8 and RMSE=0.0245 (prediction values z¢,—Q,
true values ;—+; (b) Prediction error between predicted and actual series by the LS-SVM with p=8 and RMSE=0.0245.

The accuracy of one-step prediction is illustrated
in Fig.1(a), which shows that the predicted and ac-
tual points of the series are largely indistinguishable
(note this graph was obtained for one-step prediction
using four previous values). The difference between
the predicted and actual results, in terms of the pre-
diction error, is illustrated in Fig.1(b). Figures 2 and
3 illustrate the prediction results of the Mackey—Glass
series and the prediction error between predicted and
actual series by the LS-SVM for p=4 and p=8.

The proposed LS-SVM was readily implemented
in Matlab. To compare the performance of ANN and
LS-SVM, the ANNs using two different training al-
gorithms, the gradient descent (GD) and Levenberg—
Marquardt (LM) algorithms, were also implemented.
We trained the ANN with 4-10-1 (four input units,

10 nonlinear hidden units, and one linear output unit)

architecture. The ANN was trained to be a predictor
of the Mackey—Glass time series. The training was
stopped after 1000 epochs. We computed the root
mean squared error of multi-step predictions using
ANN and LS-SVM, respectively. The results are listed
in Table 1. In general, the gradient descent (GD) al-
gorithms are too slow for practical problems. The LM
algorithms use numerical optimization techniques for
ANN training. On function approximation problems,
for ANN that contain up to a few hundred weights, the
LM algorithms [22] will have fast convergence and can
obtain lower root mean squared error than any of the
other algorithms. Based on these results in Table 1,
we see that the LS-SVM has the fastest convergence
and provides an accurate chaotic time series predic-

tion.

Table 1. Performance of LS-SVM and ANN for Mackey—Glass series prediction.

L. training time RMSE RMSE RMSE
Predicting models
/s (4 step prediction) (8 step prediction) (12 step prediction)
LS-SVM 1.57 0.0113 0.0245 0.0496
ANN (LM Algorithms) 28.11 0.0134 0.0525 0.0875
ANN (GD Algorithms) 13.29 0.4043 0.6306 0.8464
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5. Conclusions

We have presented a new technique of using the
LS-SVM for making one-step and multi-step accurate
prediction of chaotic time series. From the above sim-
ulation results, one can see that this method has the
Firstly, the LS-SVM achieves

higher generalization performance than traditional

following advantages.

neural networks and provides an accurate chaotic time
series prediction. Secondly, unlike neural networks’

training that requires nonlinear optimization with the

danger of getting stuck into local minima, training LS-
SVM is equivalent to solving a set of linear equations.
Thus it has fast convergence. The simulation results
show that LS-SVM has much better potential in the

field of chaotic time series prediction.

It should be pointed out that, although the pro-
cesses are focused on the Mackey—Glass differential-
delay equation, we believe that the proposed method
can be used to many other complex chaotic time series

prediction problems.
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