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In this paper we present a detailed computational study of an incompressible Newtonian fluid flow across a

periodic array of two-dimensional cylinders which is a simplest non-trivial representation of a porous media. A two-

dimensional Lattice Boltzmann Method is used to solve the governing Navier—Stokes equation taking into account of

viscous dissipation effects and influence of nonlinear fluid drag. Both the flow fields and the Darcy—Forchheimer drag

coefficient as a function of the solid volume fraction are calculated for a wide range of flow Reynolds numbers. The

predictions were compared with the results from conventional numerical and empirical models for verification. Apart

from confirming that inertial effects can cause a significant deviation from Darcy’s law for large velocities the results

also show that the characteristics of the vorticity field vary considerably as the Reynolds number increases, which will

have major implications to the transport of passive particulate substances within the pores and their removal rate.

Keywords: Darcy-Forchheimer drag, porous media, Reynolds number, lattice Boltzmann method

PACC: 0340, 0340G, 0500, 0540

1. Introduction

Flows in porous media can be studied at either
the microscopic or the macroscopic scale. For the for-
mer scale the flows within individual pores are deter-
mined using standard fluid dynamics equations while
for the latter scale a continuum description is usu-
ally adopted in which methods based on volume av-
eraging are used to derive the pertinent macroscopic
governing equations from the equations pertaining to
microscopic scales. The linkage between these two de-
scriptions constitute the well known scaling-up prob-
lem. It is usually expressed in terms of the permeabil-
ity as defined in the Darcy’s law or its many variants
which relate the pressure gradient inside the medium
to the area-averaged flow velocity field and viscos-
ity. Although the permeability can in principle pro-
vide quantitative correlations between morphological
features of pore geometry and its capacity to trans-
mit liquid, its values depend on many factors such as
porosity, typical length scale of pore, grain size dis-
tribution, anisotropy and tortuosity of pore connec-

tions. Therefore, the permeability determined either

analytically or empirically for porous media with com-
plex structures involves considerable uncertainty. As
the microscopic boundary conditions cannot always
be clearly identified in the volume averaged governing
equations the solutions of the volume averaged equa-
tions may deviate essentially from the volume aver-
age of the exact microscopic solution. Such erroneous
results could be particularly significant for heteroge-

neous media with large internal surface.

Due to the complexity of the internal microstruc-
tures the flows within porous media are difficult to
predict efficiently using most conventional numeri-
cal methods. In recent years the lattice Boltzmann
method (LBM) has been recognized as a promising
numerical tool to investigate flows in highly complex
geometries. For example, Rothmann (1988) '] applied
the lattice gas automata to the simulation of porous
flows and verified the Darcy’s law in simple as well
as complicated geometries. Succi et al (1989) 12! uti-
lized the LBM to determine the permeability in a 3D
random media. The wall effects on hydraulic perme-
abilities for ordered and disordered media were in-
vestigated by Clague et al (2000) [*l using the LBM.
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Their simulation results were in excellent agreement
with that of the semi-analytic solutions. In the con-
text of engineering applications of the LBM, Spaid
and Phelan (1997) ! have modified the LBM to solve
the Stokes/Brinkman formulation for flow in hetero-
geneous porous media as occurs in liquid composite
moulding processes. The fluid-rock interactions that
incorporate the heterogeneity of geological systems
and geochemical reactions between fluids and the me-
dia through which they flow were studied by O’Brien
et al (2000).[5]

However, despite the large amount of computa-
tional literature on the LB modelling, there seems
still a lack of detailed comparisons between the re-
sults from the LB models and that from conventional
models for complex flows. Such comparisons are cru-
cial, not only for validating LB methods, but also to
identify areas of computational difficulties for differ-
ent types of flow. From the micro-scale results, the
permeability tensor can be determined without ap-
proximation. In the case of flows passing an array of
cylinders, the first such computational experiment was
presented by Coulaud et al (1988).[6] In that work, a
porous medium was represented by cylinders of either
equal or unequal diameters arranged in a regular pat-
tern on a square or triangular base. The unsteady
Navier—Stokes equations were solved for the micro-
A more detailed

computation was recently performed by Lee and Yang

scopic flow in the porous spaces.

(1997) "] which also included a detailed comparison of
the drag force predicted by both models.[”] Despite the
fact that the qualitative behaviour of the flow was re-
produced by both models, large quantitative discrep-
ancies exist between the two predictions and an inde-
pendent calculation will help to explain the reasons
for these discrepancies.

In this study, we carried out a detailed compu-
tation of a unidirectional steady fluid flow across a
periodic array of two-dimensional cylinders forced un-
der a constant pressure gradient. A two-dimensional
lattice Boltzmann model for incompressible fluid flow
was used. We numerically determined physical prop-
erties of the flow field. In addition, the ratio between
pressure difference and fluid flux has been calculated
exactly to determine the fluid drag coefficient on the

basis of Darcy—Forchheimer’s law.
2.The lattice Boltzmann model

The existing lattice Boltzmann models can be

classified as either the single speed model or the

multi-speed model according to the lattice connectiv-
ity, i.e. the dependence of the particle velocity on the
nearest neighbours, next-nearest neighbours and next-
In the D2Q9 model each

lattice point is connected with its four nearest and

next-nearest neighbours.

four next-nearest (diagonal) neighbours while in the
D3Q19 model each lattice point is connected to its
six nearest (at a distance) and 12 next-nearest neigh-
bours. The more links could potentially lead to more
accurate results but at the expense of increasing com-
putational time.

In this work, the computations were carried out
using a standard D2Q9 model. It had been exten-
sively tested for simple fluid flows such as Couette
flow, Poiseuille flow and the cavity flow where either
the analytical solution or numerical solutions using
conventional numerical methods are available. Excel-
lent agreements were obtained for each of these cases.
Therefore, it is expected that this model is sufficiently
accurate for more complex structures such as flows

through periodic array of cylinders.
2.1. The model

Simplified BGK equation is adopted for the gov-
erning equation of a particle velocity distribution func-
tion

fi(ra —|— ciaét,t —|— 6t) = f,-(ra, t) — Qi (1)

with )
2; = ; I:fz'('roz:t) - fi(O)(Tout):| )

where f; are the particle velocity distribution func-
tions, 7 is the number of directions of moving parti-
cles, a is coordinate index, §2; is the collision operator,
and 7 is the dimensionless relaxation time coefficient;
the particle velocity ¢;, has the same modulus in all
moving directions |¢;o| = ¢ = const, ¢g = 0.0, where
¢ also represents the length of discrete lattice; dt is
the discrete time step, 7, is the particle space posi-
tion, and fz-(o) is the equilibrium velocity distribution
function of local particles. In this study we adopted
the equilibrium velocity distribution function f,g?) of

Maxwell local particles with the third-order accuracy,
fz-(o) =W;p|1 — 2Ec;quq + 2E> (cmua)2
2 2 2 4.3 3
+ Eu® — 2E*c;ququ” — gE (ciata)’|, (2)
where p and u, are dimensionless fluid density and

velocity, respectively. W; and E are coefficients deter-

mined by relevant conservation law, and can be found
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based on the conservation criterion between the mass, Uy (Xmax; Yy t) = uz(0,Y,t) = U,
momentum, energy and momentum flux of micro- Uy (Xmax, Yy £) = uy(0,Y, ) = 0.0, (7)

scopic particles and macroscopic fluids, p = Z fi(o),

PUy = Z fi(o)ci‘17 pu? + 2pe = Z f?c2. The expres-

sions forZ W, and E for several dzifferent discrete lat-
tices can be found in Feng et al (2001).189 The fluid
dynamics equation for an incompressible fluid can be
derived by the Chapman—Enskog and Taylor expan-

sion method,

Op  Opus
E 87',, - O; (3)
Ou, n Ou,  OP N 82u,, (@)
Pot TP o, T Tor, oy
2 2edt 1
P—Bpe, v= D <7‘—§>,

where e is the internal energy of fluid per unit mass
and is a constant (e = Dc?/6), v is the kinematic
viscosity, P is the pressure, and D is the number of

spatial dimensions.
2.2. Boundary conditions

The LBM equations given above are subject to
specific initial conditions and boundary conditions.
The initial conditions at ¢ = 0 are u, = 0, uy = 0
and p = 1.0 everywhere within the flow field 0 < X <
Xmaxs 0 <Y < Yiax. The boundary conditions in-
clude the prescribed inflow velocity, Uy, on left bound-

ary which are

uz(O’K t) = UO: Uy(O,Y, t) = 005 (5)

and a periodic boundary on the left and the right
boundaries which are given in terms of the particle

velocity distribution as

fZ(O: K t) = fi(Xmax: K t)ﬂ
[i(Xmax, Y, t) = £;(0,Y,t); (6)

where f;(0,Y,t) and f;(Xmax, Y, t) are unknown parti-
cle velocity distribution functions on the left and right
boundaries, respectively. The top and bottom bound-

aries are: for the velocity field,

du, _ duy
dy dy

=0 ®)

for the particle velocity distribution functions,

dfi(X:O: t) _ de(X; Ymaxat)
dy dy

=0. (9)

The no-slip condition is implemented on the surface
of the cylinders.

In order to facilitate the comparison with previous
calculations, the dimensionless variables are defined in

a manner similar to that in Lee and Yang (1997) as

U, U,
Uy = 777 Uy = 77,

U, YU,

P U.L
= Re= 10
p=xp Re=—, (10)

where U, and U, are the velocity components in the
z and y directions,l”) P is the fluid pressure, AP is
the prescribed pressure gradient in the z direction be-
tween the upstream and downstream ends of the flow

domain, v is the kinematic viscosity of the fluid, and

U. = +/AP/p is the characteristic velocity.

3. Computational results

The flow field consists of a simple horizontal chan-
nel with impermeable boundaries and regularly spaced
cylinders in its interior. The cylinder row spacing

L =1 is taken as the characteristic length scale, and

inflow J U v v \ outflow
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Fig.1. Computational domains with cylinder array configuration, (a) with extra length and (b)

without the extra length.
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discrete lattice scale is 67 = L/N where N is the dis-
crete lattice number with N being 75 used here. For
any prescribed porosity the diameter of the cylinder
d can be determined in term of L. In order to deter-
mine the boundary effects computations were carried
out for two flow fields with the sizes of 10L x 6L and
8L x6L, respectively and shown as (a) and (b) in Fig.1.
The two systems are identical except for the extended
sections for (a). The computations were performed for
a wide range of Reynolds numbers and porosity. The
results presented below are related to the main flow

properties.
3.1. Flow fields

It is expected that flow along a channel partially
obstructed by cylinder arrays of low porosity (small
volume fractions) is sensitive to the porosity as well

This can

be seen in Fig.2 which shows the simulated results of

as the flow or particle Reynolds number.

the main fluid properties for flows at three Reynolds
numbers. From Figs.2(a) and (c), it is seen that the
streamlines and isobars are symmetric about the ver-

tical line through the centre of the cylinder for both

Re=1.0 and Re=10.0. This linear behaviour is to be
expected as the viscous friction dissipation is domi-
nant over the fluid drag under low Reynolds number.
With Re being increased to 30 however, the stream-
lines and isobars become asymmetric indicating the
increasing importance of the drag force. The asymme-
try in isobars is most pronounced indicating the pres-
ence of considerable pressure drag. This transition in
flow states can be best seen in Fig.2(b) which shows
the distribution of vorticity. From Re=1 to Re=10,
the strength of the vorticity increases by one order
of magnitude but the distribution remains symmetric
while for Re=30, the increase in vorticity strength is
accompanied by a large distortion in symmetry of its
distribution. Considerable vorticity is swept to the lee
side of the cylinder, which could have major implica-
tions to the transport of passive particulate substances
within the pores and particularly their removal rate.
Comparison has been made with the calculations by
Lee and Yang (1997) and good qualitative agreements
have been achieved in all cases.[”] Detailed compar-
isons and further discussions will be presented in the

next section in connection with the drag forces.

Re=1.0, ¥max=0.0314

Re=10.0, ¥max=0.2637

-341x10°*

3.41x107

N

-
-

-8.66x107*

Re=1.0

Re=10.0

Re=30.0

Fig.2. Calculated (a) streamlines, (b) vorticities and (c) pressure contours for the flow field with
d/L=0.8, Re=1.0 (Rey=0.02396), Re=10.0 (Re4=2.2497) and Re=30.0 (Rey=15.334).
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3.2. The Darcy—Forchheimer drag

In engineering applications, it is not practical to
perform calculations at the pore scale. Instead, em-
pirical formulae for the bulk resistance are widely
used. As originally proposed by Darcy (1856) [1% and
later extended by Forchheimer (1901) ' and Ergun
(1952) [12] the pressure force can be expressed (for one-
dimensional flow) as
where p being the viscosity of the fluid and K the per-
meability of the porous solid matrix. This expression
can be written in an alternative form as

dP AP d? U
—KZT: <?‘|‘FRed> 2—2 (5)

The term in the brackets to be denoted as DF is
the Darcy—Forchheimer (DF) drag with F' being the
Forchheimer coefficient. For flow regimes at higher ve-

locities, Ergun (1952) constructed a correlation which

relates the Darcy—Forchheimer drag to the fluid pa-
rameters (velocity, viscosity, and density) and the
porous media matrix parameters (porosity, permeabil-
ity, surface condition of particles),[12] which reads

d2

1— 2
E—{—FRed:a( )

1—c¢
23

+ ﬂ Red.

(6)

The porosity € for a unit cell is given by

=1-(5)(3)

Figure 3 shows the computed DF drag vs the gran-

(7)

ule Reynolds number Rey at various porosities for the
two computation domains. Both results agree with
each other in the overall trends and in the details over
a large part of the parameter range. Slight discrep-
ancies are noticeable at the smaller porosity or high
Reg. This is believed to be due to the inaccuracies of
the boundary conditions at the edges of computational

domain (b).

1000 ——F——T———T———
€=0.4345 Qe
soof — o O -
600 |- B
E —0— flow field (a) E
400 flow field (b) A
1 08076 —o— flow field (a)
200F _ x 10f e=0. .
—::_9;60(173_-_______0____0__ ........... o | —— flow field (b) |
0 R T T S R 0 — L L
0 10 20 30 40 50 0 10 20 30 40 50
Rey Rey
Fig.3. Comparison of the Darcy—Forchheimer drag between the flow fields (a) and (b) for the LBM.
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/,»—"‘ —-6-—- Present
g —_— Lee and Yang 1 g
ol | .-
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Fig.4. Comparison of the Darcy—Forchheimer drag between the present LBM result and for

£=0.4345, 0.6073, 0.7487, 0.8076.
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Figure 4 shows a comparison with the results from
Lee and Yang (only the results from computational
domain (a) are given here). The calculations based
on Ergun (1952) and by Coulaud et al (1987) are also
shown in the same figure for completeness. A linear
vertical scale rather than a log scale is used here to
show the difference more clearly. As can be observed,
the agreement with the results by Lee and Yang is
good when the porosity is low but significant discrep-
ancies are present when the porosity is large. The
LBM predictions are systematically greater than that
of Lee and Yang (1997) when Re, are greater than
10 and the discrepancy also increases with Reg. It is
noted, that for large porosity, the LBM predictions are
between that of Ergun and Lee and Yang. Consider-
ing that Ergun’s correlation is based on experiments
of flow through beds of granular solids with the predic-
tions by Coulaud et al generally lying well below these
curves, this result can be viewed as an independent
verification of the qualitative fidelity of the numerical
models. Lee and Yang has discussed the possible rea-
sons for the underestimation by Coulaud et al which
include the smoothing effects due to the conjugated
gradient algorithm employed and the coarse grid sys-
tem. It is suspected that the weighted function scheme
employed by Lee and Yang, although accurate for the
linear terms, could also have some averaging effects
on the nonlinear terms of the governing N-S equations
and thus underestimates the nonlinear drag.

It should be pointed out that the nonlinearity
existing in the real porous media flows could be at-
tributed to a number of sources. Fluid turbulence,
microscopic inertial forces and increased microscopic
drag forces are the three most commonly suggested
causes. However, the experimental evidence indicates
that nonlinear dependence appears well before the on-
set of real turbulence (Scheidegger, 1974).1'3] Neither
the present model nor other models for microscopic
calculations have included the effects of turbulence

although the empirical model by Ergun may implic-

itly account for such effects in the data especially at
high Reynolds numbers. In addition, it should be rec-
ognized that the macroscopic inertial forces are not
the cause of the first change of flow, even if they can
be approximated by a quadratic term (Ruth and Ma,
1992 [14]). Using both the hybrid mixture theory (Has-
sanizadeh and Gray, 1987[1%]) and averaging (Ruth
and Ma, 1992), it has been shown that the important
nonlinear term arises from terms involving integrals
over the solid-liquid interface as the result of increased
microscopic drag forces or microscopic inertial forces
which indirectly distort the area integral term by af-
fecting the pressure and velocity fields. Both effects
are fully accounted for by the present and other mi-

croscopic models.

4. Conclusions

In this paper we have taken a microscopic ap-
proach to study fluid flows through an ideal porous
media represented by an array of cylinders using a
lattice Boltzmann model. The numerical experiments
reveal that the spatial distribution of flow field prop-
erties such as streamlines, isobars and vorticities are
symmetrical for small Reynolds number but become
asymmetric when Re is great. The degree of asym-
metry increases with the Reynolds number. It is also
shown that the Darcy—Forchheimer drag can be well
predicted by both the present and Lee & Yang’s mod-
els but discrepancies between the two models grow
with the porosity and Reynolds number. Under such
conditions, the present predictions lie between the re-
sults from Ergun’s empirical formula (1952) and that
of Lee & Yang.["'2] Although more computations may
be required to further check the accuracy of all the nu-
merical models to date, it is believed that the model
predictions presented here is sufficiently reliable due
to the intrinsic simplicity of the LB model used and

the low grid sensitivity.
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