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In this article, we consider mirror nodes, which are widely used to reduce local burden, and present two models

that are practical for the Internet and probably some other networks. One model introduces an upper limit to the

number of links that a node can have, beyond which the node will share the total links with a newly introduced one.

Similarly, in the second model, if the number of links exceeds a limit, a new node will be introduced. Unlike the first

model, the new node shares with the old one the chance of receiving new links but not the existing links. These models

are analytically treated, and from the degree distribution, we can see that the number of nodes with medium links

(half the upper limit) increases at the expense of the loss of highly connected nodes. By reducing the burden, this may

improve the robustness of the networks.
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1. Introduction

In recent years, the Internet has played an increas-
ingly important role in all branches of society, and
how it may work efficiently becomes a central prob-
lem. The same problem also exists in various other
working systems that can be described as complex
networks,! 3! such as epidemiology, ecology and gene
regulation. The efforts on modelling complex net-
works have just begun and interesting features have
been only partially revealed (see Refs.[1-3] for a re-
view). In this field, one of the most important mod-
els is the Barabasi-Albert (BA) scale-free network
model,l¥] which considers network growth and pref-
erential attachment. In this model, at each time step,
a node is introduced and it is attached to an existing
node with a probability proportional to the degree of
the node (here degree is defined as the number of links
of a node). Later, Krapivsky and Redner retained
this basic idea and in the so-called growing random
networks they considered more general situations (for
details see below and Ref.[5]).

In the growing random network model, the rate

equation can be written as
dNg
dt

where Nj is the number of nodes with degree k, and

= AN Ap_1Np_1 — ApN) + 611, (1)

A7LA; is the probability that a newly introduced

node is linked to an existing node that already has
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k links. Assuming Ny and A(t) go linearly with time,
i.e. N =ny-tand A(t) = p-t, one can obtain the dis-
tribution of ny.15 This model, along with the simpler
BA model, characterizes a great variety of networks
in reality, including the Internet,[®=19 as mentioned

at the beginning.

As the burden of the Internet grows heavier, in
order to settle the consequent problems, new meth-
ods and techniques appear, which create new features
that call for corresponding modifications to the former

models.

One result of the heavy burden is that too many
links may, as one can imagine, make a server unstable
and may possibly lead to system downfall. Actually, a
particular method is widely applied: i.e., people often
use many servers for a single popular website simulta-

neously to maintain stability.

On the other hand, as the network grows larger,
it may become more difficult for a newly introduced
node to contact with a popular one that has many
nodes due to the increasing distance. Therefore one
may try to introduce new nodes as the mirror nodes
of the original one, and this can certainly shorten the
In fact, the Internet has

various mirror sites, which can be modelled as mirror

average distance of visit.

nodes.

Considering the two improvements described

above, we present two types of model, which are

http://www.iop.org/journals/cp
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based on growing random networks.! One is called
the group server model and the other is called the mir-
ror node model. The assumptions are each based on
different prevailing techniques that are widely adopted
today. In the following, we can see that the group-
servers model gives the effect of diverting clusters and
the mirror-nodes model gives the effect somewhat like

‘satellite towns’.

2.Description of the models
2.1. Model I (group servers)

Just as in the growing random network model (the
GN model),®! a new node is introduced at each time
step and is connected with one of the existing nodes
in the network. For a randomly picked existing node
with k links, the probability that a newly introduced
node is linked to it is defined as Ay/A, where A is a
normalization factor. In the GN model, A; is propor-
tional to k7. If v > 0 (and this is the case that is
of practical interest), the highly connected nodes will
have a larger probability to receive new links. In the
GN model, there is no upper limit of the links that a
node can ultimately have, which means that for any
node, the number of links it has may grow infinitely.
But here, based on the considerations stated in Sec-
tion 1, we try to keep it limited. The specific value
of this limit may vary among different nodes. For ex-
ample, for some nodes, the upper limit number may
be 2C; for other nodes, the upper limit number may
be 2D. When the number of links of a certain node
(called Hy) exceeds its limit, we should introduce an-
other node (called Hs), and each of the two nodes has
half of the total links, that is C or D. When receiving
new links, the two nodes equally share a probability
that is obtained by viewing the two nodes as a single
one in the context of the network. In this way, we
can build a network whose nodes have an upper limit
of connectivity. As is mentioned above, in reality the
specific value of this limit may vary among different
nodes. However, for the Internet, the technique is ap-
proximately on the same level all over the world. The
limit of connectivity cannot exceed the capacity of the
system. On the other hand, if this limit is too small, it
will cause a waste of resource. Thus, we may suppose
that there is a single-peak distribution of the limit of
connectivity and use the average value instead of con-

sidering all the possibilities.

2.2. Model II (mirror nodes)

In Model I1, we define the upper limit number as
M. Similarly, when the number of the links of one
node (called B;) exceeds the upper limit, a mirror
node (called By) will be introduced. The links of the
original node remain unchanged, and initially the mir-
ror node has no links to outside nodes. Then (B;+Bs)
is viewed as a single one when we calculate the proba-
bility that it receives new links, and this probability is
further equally shared by B; and Bs. So, for a newly
introduced node, the chance to link with the origi-
nal node and the mirror node is the same. Although
there is a link between the original node and the mir-
ror node, this link has no effect on the probability of
receiving new links. It is simply used to connect the
original node and the mirror node.

Models I and II are similar in that when the links
of the original node exceeds a certain limit, a new
node is introduced and it has an equal probability of
receiving new links as the original one. The difference
is that, in Model I, the original node H; has to share
the total links with the new node Hs, but in Model 11,
the mirror node Bj has only one ‘link’ to the original
node B; without sharing any of the existing links of
B;.

3. The degree distribution of the

two models

3.1. The degree distribution of Model 1

In Model I, the group server model, when the links
of one node reach the upper limit, the node will be
separated, and its links are equally divided. As men-
tioned above, the sub-nodes are viewed as a whole
when receiving new links. Thus, with some necessary
modification, the results of the GN model are still ap-
plicable. We should divide the nodes with the links
exceeding the upper limit until all of the sub-nodes
have their connectivity within the assumed range, and
then we can obtain the degree distribution.

We assume A = k7, and the upper limit num-
ber is 2C. For the nodes with the number of links
smaller than C, the distribution is the same as in the
GN model. In the GN model we define ny = Ny /t,
where Nj denotes the number of nodes with degree k,

and we have

nk:%}j<1+§)_l, (2)

where p is a parameter related to v, and u = 2 for

~v =1 (for details see Ref.[5]). Since in the GN model
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the total number of nodes N equals time ¢, we have
P, = ny, where Py is the probability distribution that
a randomly picked node has degree k. In the present
model the total number of nodes is larger than ¢, but

we still have Py « ng, and

kzﬁglj<l+ )1, (when k < C),  (3)

where 1/P =

Now we turn to the nodes with the number of

t/N is a normalization factor.

links no smaller than C, and here we have to take into
consideration the sub-nodes of the nodes with their
degrees exceeding the upper limit, 2C. First we cal-
culate the number of the nodes with degree C. Obvi-
ously n.. itself has a contribution to P.. From n.y; to
Na._1 there is no contribution, and what we need to
know is how to separate nodes with links more than

2C. There are two sources of contribution.

(1) When k = 2C the node should be separated
into two sub-nodes, each of which has C links; when
k = 4C, the node should be separated into four sub-
nodes, each with C' links, etc; when k = 2™C the node

should be separated into 2" sub-nodes, each of which

has C links.

There are other nodes that also have a contribu-
tion. These nodes have their number of links close to

2"C, and they can be further divided into two groups.
(2) When k = 2"C + 1, the node should be sep-

arated into 2" sub-nodes, of which 2™ — 1 nodes have
C links, and the remaining one has C' + 1 links. When
k = 2"C + 2 the node should be separated into 2"
sub-nodes, of which 2™ — 2 sub-nodes have C links,
and the remaining ones have C' + 1 links, etc. The
final case is that, when k& = 2"C + 2™ — 2, the node
should be separated into 2™ sub-nodes, of which only
one sub-node has C links, and all of the remaining
ones have C' + 1 links.

(3) When k = 2"C — 1, the node should be sepa-
rated into 2™ — 1 sub-nodes, of which 2™ —
have C links, and the other one has 2C —1 links; when
k = 2™C — 2, the node should be separated into 2™ — 2
sub-nodes, of which 2™ — 4 have C links, and the re-
maining ones have 2C — 1 links, etc. The final case
is that, when k = 2"C — 2™ ! + 1, the node should
be separated into 27! + 1 sub-nodes, of which only

2 sub-nodes

two have C' links, and all of the remaining ones have

2C — 1 links.
When 2"C + 2" < k < 2" C — 27, the nodes ny,

have no contribution. So we get the general formula:

oo 2" —1
PC :% Z [ Z (2" - 2m)n2nc_m

- Mg, ()

where Pg is the probability that a randomly selected
node has degree C, and 1/P is the normalization fac-
tor that also appears in Eq.(2).

When k =a (C+1 <a<2C —1), we can fol-
When k£ = 2"a, the node
can be separated into 2™ parts all with a links; when
k = 2™a + 1, the node can be separated into 2™ sub-
nodes, of which 2™ — 1 have a links, and the remaining
one has a £ 1 links; finally, when k = 2"z + (2" — 1),

the node can be separated into 2™ parts, of which only

low the same procedure.

one sub-node has a links, and all of the remaining ones
have @ + 1 links. When 2"z +2" < k < 2"tz

the nodes n; have no contribution to P,. Based on

1
_on+ ,

the above analysis, we get the general formula

oo 2" —1

DM

n=0m=1-2"

— |m|)nank—m, (5)

where 2"z + 2" < k < 2"tz — 27t Py is the proba-
bility that a randomly selected node has degree k and
1/P is the normalization factor.

To illustrate the above analytical result, in Fig.1
we show the degree distribution Py, with g = 2 and
2C = 30. Besides the large-scale power-law decay,
there is a clearly identifiable peak at k = C + 1 = 16.
This indicates that the number of nodes with medium
degree (approximately half of the limit connectivity)
is increased, which is compensated by the loss of the

high degree nodes.
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Fig.1. Degree distribution of Model 1. The probabil-
ity that a randomly selected node has degree k, Py, is
plotted as function of k, with 2C = 30 and p = 2.
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3.2. Degree distribution of Model 11

In Model II, the mirror node Model, we define
the upper limit number as M. When the degree of
one node exceeds M, a first-order mirror node is cre-
ated. Then the original node and the mirror node have
the same chance to link to a newly introduced node.
When the mirror node has M links (at that time, on
average the original node has 2M links), a ‘mirror’s
mirror’,
ated. Thus, when the original node has ¢M links, the

gth-order mirror nodes will be created. On average,

or a second-order mirror, node will be cre-

the original node has M more links than its first-order
mirror nodes, 2M more links than its second-order
mirror nodes, and ¢gM more links than its gth-order
mirror nodes.

If we consider the original node with its mirror
nodes as a whole, Model II can be also viewed as the
GN model. We define Aj as the probability that a
newly introduced node links to an existing node (con-
taining the original node and all its mirror nodes) that

already has k links. If we assume A o k7, the de-

k -1
gree distribution n; = Aik g <1 + Aik) in the GN
model is still applicable.

First, we treat the nodes with the number of links
smaller than M. We can not tell whether a node with
k (k < M) links is an original node, or a mirror node.
As is mentioned above, we consider the original node
and all its mirror nodes as a whole when making new
connections. So when the node is an original node, the
probability that it has degree k, py, o is proportional to
ny; when it is a first-order mirror node, approximately

we have

1
Pk, X Npf4ok + 5 M2k 41 + 5 M 42k 15

in general, when it is a gth-order mirror node, we can

conclude that
q—1 .
Pa =, : ; Z <”%M+qk+i + "%MWM)'
i=0
(6)

By taking the sum of all these expressions, we get the

degree distribution
1 * a1 q—1
Hmr T

q=11i=0

x <nq("2—+1)M+qk+z' +"%M+qki>]’ (7)

where Py is the probability that a randomly selected

node has degree k (k < M) and 1/P is a normalization
factor.

When the number of links is jM + k (j # 0 and
k < M), we can similarly obtain

[un

1 o0 .
Py _FZ qq

:Jz

=]

Q
N\
=}

X (n q(q2+1) Mqk+i + nq(q2+1) M+qki> ) (8)

where Pjpryr is the probability that a randomly
picked node has degree jM + k, and 1/P is the nor-
malization factor. For brevity, we do not give the
details of the calculation. Equations (7) and (8) are
illustrated in Fig.2 in comparison with the degree dis-
tribution of the GN model, with M = 30 and pu = 2.
We can see that, while the power-law distribution is
globally retained, there is a clearly identifiable peak

at k=M
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Fig.2. The degree distribution, Py, of Model II is

plotted as a function of k (up triangles), in compari-
son with that of the GN model (down triangles), with
M =30and p=2.

4. Summary and discussions

As mentioned in the Introduction, due to the
problems caused by the increasingly heavy burden on
the Internet and many other network systems, there
are new methods and techniques that call for cor-
responding modelling works. In this article, these
new features are characterized in two types of models,
which are built by modifying the growing random net-
work model.[®l The basic ideas of the two models are
similar: i.e., when a node reaches the limit of connec-
tivity, its burden is to some degree transferred to some
other nodes. The difference lies in, when these other
nodes are introduced, whether or not the existing links

of the original node are shared. Of these two models,
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one common feature is that, while the number of nodes
with high connectivity is decreased, there are more
nodes with medium links (approximately half of the
connectivity limit), and there appears a clearly iden-
tifiable peak in the previous monotonically decreasing
degree distribution.

In recent years, various complex network systems,
especially the Internet, have been under both theoret-

ical and empirical scrutiny, and the studies are fruit-

ful. Yet, besides the large-scale degree distribution,
there are still many aspects that we cannot explain
and many new methods and techniques require theo-
retical description. We hope the burden-reducing fea-
tures that are studied in this article may provide a
useful reference to the technology developers and con-
tribute to the general progress in the understanding

of the Internet and other complex networks.
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