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A method for determining effective dielectric responses of Kerr-like coated nonlinear composites under the alter-

nating current (AC) electric field is proposed by using perturbation approach. As an example, we have investigated the

composite with coated cylindrical inclusions randomly embedded in a host under an external sinusoidal field with finite

frequency w. The local field and potential of composites in general consists of components with all harmonic frequen-

cies. The effective nonlinear AC responses at all harmonics are induced by the coated nonlinear composites because of

the nonlinear constitutive relation. Moreover, we have derived the formulae of effective nonlinear AC responses at the

fundamental frequency and the third harmonic in the dilute limit.
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1. Introduction

Nonlinear responses of composite media have
been studied recently because of their applications in
engineering.l' = The effective responses of composites
are dependent not only on their physical properties
and volume fraction of inclusions, but also on the par-
ticle shape and the applied field.[”=19 In particular,
if an external alternating current (AC) electric field is
applied to the nonlinear composites, there are many
components of local field at harmonics when the con-
stitutive relations of composites are nonlinear.'!] The
local fields at finite frequencies affect the nonlinear
susceptibilities and the nonlinear optical response.'?
A number of authors have developed theories for inves-
tigating the effective nonlinear AC response of nonlin-
ear composites in view of the interest of applications
to engineering design. For example, Levy et all4l have
considered the second harmonic generation and the in-
duced third harmonic generation in spherical nonlin-
ear composite. Hui et al['! derived the effective non-
linear dielectric susceptibility tensor at higher order
harmonics. Gu et all'>~14 have derived the nonlin-

ear effective response of cubic weakly nonlinear com-

posites at harmonic frequencies of external AC elec-
tric field. In this work, we develop the perturbation
method to study the effective nonlinear dielectric con-
stant of the coated nonlinear composites in an external

AC field.

We consider homogeneous and isotropic compos-
ites, where coated cylindrical particles are randomly
embedded in a host medium. The constitutive re-
lations between electric displacement D and electric

field E are Kerr-like cubic nonlinear:
Dy, =e,E+ x,|E’E, in £, p=1i,s h (1)

where the subscripts p=i,s,h denote the quantities in
inclusion core particle (i), coated shell layer material
(s) and host (h) regions, respectively. The quantity
{2, is the region occupied by the type p material. We
assume that the real linear dielectric constant ¢, and
the real nonlinear susceptibility x,, are independent
of the frequencies of applied field. This assumption
is valid for low frequency processes under the quasi-
electrostatic field equation V x E = 0. The corre-
sponding governing equation satisfies V- D = 0. The

boundary conditions of the coated composites are the
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continuity of the potentials and the normal compo-
nents of the electric displacement on the surface of the
core, coated layer and host. At infinity the potential
must match that of the external applied field.

2.Perturbation method for AC

process

For weakly nonlinear composites with coated
cylindrical inclusion, let us consider the concentric
cylindrical particle with radius of core a and the
coated shell radius b. A simple sinusoidal field with
finite frequency w is applied to nonlinear composites

along the z-direction:
Eqpp = Egsin(wt), (2)

where E, = ¢,Z. In this case, the applied field in-
duces sinusoidal components at harmonic frequencies
because of the cubic nonlinearity of the constitutive
relation. In different regions, the electric potentials at

a point z are written as

D, (z,t) =07 () sin(wt) + DL (z) sin(3wt)
+ &Y (z)sin(bwt) + -,

in 2, p=i s, h (3)

In order to develop the perturbation to deal with the
weakly nonlinear composites, 5] we choose the nonlin-
ear susceptibility x, of the host medium as the per-
The potentials @P(z) can be
expanded with the parameter x,,

turbation parameter.

Ph(z) = P () + xu B, (2) + X5 PP (2) + -+,
in 2, p=1is h n=135---. (4)

With the equation E(z,t) = —V&(z,t), we get
the perturbation expansion of the electric displace-

ment D in whole regions by substituting the potentials

(3) and (4) into the Eq.(1):
Di(x) = DP(z) + Xy DF (2) + Xa DR (z) + -+,

n:1:3:5:"': p:i: S, h: (5)

where DEP(z) can be expressed by potentials &P(z).
From the governing equation V - D(z,t) = 0, we ob-
tain a set of equations by comparing the power of the

perturbation parameter:
V.DFr(z) =0, in 2,

k:0:1525"': n:1:3:5:"'5 p:i: S, h. (6)

The boundary conditions of the potentials and the
electric displacements are as follows.

At the interfaces between the inclusion core and
inside layer of the coated shell, 92,

@sl(m) = QZS(Q:)’ - DZ](CE) =n- DfLSi

on 9, n=135,---, k=0,1,2,---, (7)

where 7 is the surface normal of the core.
At the interface between the outside layer of the
coated shell and host medium, 942,

¢§h(m) = Qﬁs(a:)a - Dﬁh(m) =n- Dﬁsa

on 9%, n=1,3,5---, £k=0,1,2,---. (8)

At infinity the potential is written as
8¢ﬁh/8m|z=m = —gq(or zero), if k=0

and n =1 (or other case for k,n). (9)

3. Potentials in coated cylindrical

composites

From Egs.(5) and (6), we can obtain the govern-
ing equation of the zero-order potentials at basic fre-

quency,
e, V20P(2) =0, in £2,, p=1, s, h.  (10)

With the boundary conditions (7), (8) and (9), we de-
rive the zero-order potentials of the core, coated layer
and host regions using Eq.(10). At the fundamental

frequency, the zero-order potentials are

®Y(x) = Ao(ag + 1)peqcosb, p<a, (11)

&% (2) = Ag(agp + a’p V)eacosd, a<p<b, (12)

" (z) = (—p+ Bob*p )eacosh, p>b, (13)
where

ap =(&i + &) /(es — &),
Ay =2(g; — es)eh/ [(es +éen)(es + &)

) (g)ks ~ (e ).
By =4 <a0 + <%)2) +1.

For the boundary-value problem of the zero-order
potentials at third harmonic 3w, the zero-order po-
tentials @gp (z) in composite regions are zero because

of the governing equation without source. With the
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zero-order potentials vanishing at the third harmonics, Aii =Fy /(g5 +€n) + B A3
the governing equations of the first-order potentials at
fundamental frequency and at the third harmonic are, [F 6/(es +en) + ao/ & —1/ (855)}
respectively, rewritten as 9
+ Es—Enh [ a +1
e, V2,7 () es+en\b
3
—- 5, [fvarower@?], o ai_StE gp By
p 1 X 025]1(51 — Eh) (IBS 1 4,61((10 + )
€n + € Es+ €
and -2 IBSF4) + AO b
Es + €n 25h(5i — Eh)
e, V2 8,7 ()
€h + €
1 op op 9 X (FQ - F3):| ’
=BV | - VRV @), (15) et e
. . 1s __ —€n(a 4 Es + €n
where 3, = Xp/xh, p =1, s, h. In the core, coating A e -I- en (3) [Aom
layer and host regions, the general solutions of poten-
tials at fundamental frequency and the third harmonic < Fifs — 3 ,6 (ao + 1)3 €n t & ﬂs F4)
can be exactly solved with the boundary conditions.
The solutions are given as follows: + Ay €s + €n Y € + & enteip
2en(e; — €5) en + &

¢1‘ z) =[AY pcos(8) + AL p® cos(36 €3, <a,
(2) =[A1'pcos(8) + A3'6° cos(30)lez,  p < + (Fs + B ASFy) (20 + en),

¢ls ) = Als +Cls 71+Asa4 —3 1
1°(z) =(Ar°p 1P P A§:—ZﬂsA3ao/es,

+ B.a%p75)e3 cos()

1
__ﬂSAg/ES7
+ (A3 p% + C35p73 + Dgp~1)ed cos(36), 24
3i __ T4l
a<p<yb, A= 3A1’
1
& () =(CPp~ + App=2 + Bpp®)e3 cos(6) A% = — gA}s,
+(C32p™3 + Dpp 1)ed cos(36), p>b, where
3i(z) =[A3"pcos(8) + A3 p® cos(36)]e3 <a _1ffa ‘ 3 a)’
lp 3P €as pP=>a, Fl_g z -1 —|—Za0 Z -1
@5°(z) =(Af"p + CYp ™" + Aja’p™ 3 /a2
“34(() -]
+ B5a®p)e3 cos(0) 2 b
3s 3 35 ;=3 s —1y.3 3 a\* 1 a\®
+ (A5°p° + C3 + D3p™ " e, cos(36), + 2%\l ) ~ 1)+ 3 1-— 3 &i/es,
a<p<b, 1 3
Fy =_Bg(ei/en — 1) + Bo( i/en+1) - Bo ;
1h 3h _—1 h -3 h, —5.3 8 4
@37 (z) =(Cy"p " + Azp™° + Bgp ), cos(0) 1 3 3
F3 :ng(ss/sh 1)+ Bo(es/eh +1) - EBO 7

+(C3 3 + DEp™1)ed cos(30), p>b.

o _3.3.3,(a 2 3 [a\*

In this work we investigate the effective nonlinear AC 4= 7 1% + 2%\ 3 + 2%\ 3 )

response of coated nonlinear composites. Thus we 1 3 3
3

only give the coefficients of the potentials, which are Fs=- ZBO - EBO 1

related to the effective response:

1/a\°® 3 a)’
3 F6 :g z (1+5h/Es) - ZaO z (Eh _ES)/ES
As = ZﬂsASQO/Esa

1 3 9fa * 3 3
Bsz—gﬂsAg/gs, +§a° 5] 1%
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4. Effective response in dilute

limit
We derive the effective nonlinear AC response of
cylindrical coated nonlinear media using the general

formulae previously proposed for DC response in the
dilute limit:*9]

1
V/V[D(I’t) — (enE(z, 1)
+ xulE(z, t)[* Bz, t))ldV
=D(t) — [en E(t) + xn| E(t)|* E(t)], (16)

where V denotes the volume of composites. D(t) and
E(t) are the spatial averages of electric displacement
and electric field, respectively. At low concentration,
since the average field of the composites can be simply
regarded as the external field,['8] and the integration
in the left hand side of Eq.(16) is zero in the host
region, Eq.(16) is simplified as the form

1
V a0, [D(x:t) - (EhE(m: t)
+ xulE(z, 1)|*E(z,t))]dV

N, [EhE+ %Xh|E|2E sin(wt)

1 o
+ ZXh|E|2E sin(3wt), (17)

where E = E,. Since the constitutive relation is cubic
nonlinear, under external AC electric field, the electric
displacement includes harmonic components. We give

a reasonable definition of effective AC response,

D(t) =D, sin(wt) + D3, sin(3wt) + - - -
=[e} Ea + X5 | Eal*Eq + - -] sin(wt)
+ [e50Ea + X3o| Eal?Eq + - - -] sin(3wt) + - - -
(18)

where € and x are the linear and nonlinear effective
dielectric constants at fundamental frequency, respec-
At the third harmonics, the linear and the

nonlinear dielectric constants are denoted by €3, and

tively.

X3, Using the equation £ = —V @ and substituting
the potentials of the core and coated shell regions into
the left-hand side of Eq.(17), we can derive the effec-

tive dielectric response at the fundamental frequency

and the third harmonic respectively:

e, =en + fi(en — €i)Ao(ao + 1) + fs(en — &5) Aoao,

. 3 3
X5 =7xn+ 7filk = x)45(a0 +1)°

3 a\’
+ ZfS(Xh - XS)A?) (ag + 2a9 <3> )

+ filen — &) xn Al + (en — &6)Xn

x [fsA}S ~ fuAs (%)2 ~ B, (1 - <%)4)]

E;U :Oi
1 1

th — Zfi(Xh - Xi)Ag(ao + 1)3

2
1 a

- Zfs(Xh — Xs)Ad (ag + 2ay <3> )

+ filen — &) Xn AP + (en — €)Xn

2 4
«|nat - nas(5) - m(1-(3) ).

where f; and fs are the volume fraction of the inclu-

* p—
X3w = —

sion core and the coated shell, respectively. The quan-

2
a
tity <3> can be expressed by the volume fraction,

2
(%) = fil(fi+ fs).

Considering the coefficients appearing in the ef-
fective response, we obtain a simple relationship be-
tween the effective nonlinear response at fundamental
frequency and the third harmonic, x3,, = 1 x.- This
relation can be used to estimate nonlinear e%ective re-
sponse at the third harmonic provided the nonlinear
effective response at fundamental frequency is avail-
able. In addition, we can derive the effective nonlin-
ear AC response of the cylinder nonlinear composites
without the coated shell from our results. In this case
we assume that €5 = e and x, = x;,- Under this
condition, the effective AC responses of the cylinder

nonlinear composites are

e, =en + filen — €i)Ao(ag + 1),

X5 :th + %fi(Xh — xi) 45 (a0 +1)°
+ filen — &) xn AL,

iXh - ifi(Xh - xi)Aj(ao + 1)°

+ fi(en — &) xnAY,

* 0 __
X3w = —

where Ag(ag + 1) = —c, A} = —bs and A} = —by if
€s = €n and X, = xy,- The coefficients ¢, b3 and by are
given in Ref.[12]. Thus this result is reduced to that
of Ref.[12].



392 Wei En-Bo et al Vol. 13
References [9] Ponte Castaneda P 1997 Phys. Lett. A 224 163
[10] Hui P M, Woo Y F and Wan W M 1995 J. Phys.: Con-
{l% Stroud D and Hui P M 1988 Phys. Rev. B 37 8719 dens. Matter. T 593
2] Blumenfeld R and Bergman D 1991 Phys. Rev. B 44 7378 .
11] Hui P M, Ch P and Stroud D 1998 J. Appl. Phys. 48
[3] Ponte Castaneda, deBotton G and Li G 1992 Phys. Rev. [11] 3411511 » netng £ and Strod PP ys
B 46 4387 ) _
[4] Levy O, Bergman D J and Stroud D G 1995 Phys. Rev. (12] Gu G Q, Hui P M and Yu K W 2000 Physica B 279 62
E 52 3184 [13] Wei E B, Song J B and Gu G Q 2002 Physica B 324 322
[5] NiuJ S, Luo Y and Ma B K 2002 Chin. Phys. 11 144 [14] Wei E B, Song J B, Tian J W and Gu G Q 2003 Phys.
[6] GuY and Yu K W 2002 Chin. Phys. 11 601 Lett. A 309 160
[7] Levy O and Bergmanm D J 1993 J. Phys.: Condens. Mat- [15] Gu G Q and Yu K W 1992 Phys. Rev. B 46 4502
ter. 5 7095
[8] Haus J W, Inguva W R and Bowden C M 1989 Phys. Rev. [16] Landau L D and Lifshitz E M 1960 Electrodynamics of

A 40 5729

Continuous Medium (Oxford: Pergamon) vol 8 p24



