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Energy loss due to a fast-electron beam interacting with the hot plasma at a high density is analysed theoretically.

By splitting the particle density fluctuations into the individual part due to the random thermal motion of the individual

electrons and the collective part due to plasma—wave excitation, we are concerned with the collective interaction of the

relativistic plasma electrons resulting from the Coulomb interactions. Consequently, we derive the frequency of the hot

plasma and the “Debye length” with the modification of the relativistic effect. And finally we calculate the energy loss

of a fast-electron beam due to the excitation of collective oscillation in the hot plasma.
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1. Introduction

During the last 10-15 years, the chirped-pulse am-
plification (CPA) technique has brought about a rapid
development in ultra-short and ultra-intense lasers.[!]
The physics of intense laser—plasma interaction has
consequently received considerable theoretical and ex-
perimental attention.[?! However, though the intense
laser—target interaction may produce hot or super-hot
plasma, some studies still just take the dynamic pa-
rameters of the plasma as the non-relativistic ones,
and in addition, take the electrons as non-relativistic
particles.3=5 In fact, the interaction of the intense
laser with a target can produce energetic particles,
such as MeV electrons.[®l Thus, the so-called super-
hot relativistic electron in MeV energy arouses much

interest.

The mass m of the hot plasma electron does
not simply equal the rest mass m, of the electron.
It satisfies the well-known relativistic relation m =
me /(1 — v?/c?)!/2. We should use the relativistic the-
ory to redefine the motion of the hot plasma electron.
Therefore, we first study the way in which the in-
teraction between the relativistic electrons in the hot
plasma brings about the organized behaviour and the

collective oscillation.

The energy losses (such as those due to the ion-
ization and the radiation, and those due to the in-
teraction with free electrons) during the fast particle
passing through a bulk of matter have been studied
in many ways.[7=1% Some of the energy losses are cal-
culated in terms of relativistic correction. But some
of them are non-relativistic. Thus, in this paper, we
study the energy loss of a fast-electron beam with a
fixed beam density n,; due to the excitation of the
collective oscillation in the hot plasma with a high

density np.

2.Interaction between relativistic

electrons in hot plasma

We begin by assuming the Coulomb interaction
quantitatively plays an essentially important role in
the problem. The Coulomb potential between the ith
and jth electrons may be expanded as a Fourier se-
ries in a box of unit volume under periodic boundary

conditions:

U(lz: — x;|) =€*/|@; — ;]

=4re® Yy (1/k%)e* i) (1)
k
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and hence, the Coulomb force will take the form
_ dU(|=: — =)
d$i
=—dme’i Y (k/K)e* i) (2)

J#i,k#0

F;=

On the other hand, we can write the expression
for the force in the relativistic theory framework as

follows:

_dP _ d 2/ 2\1/2
=S = S lmev/ (1= v/

dv v ;/dv
:me['ydt T2 <dt v)]
dv ~2 dv dv
—ne{ S+ L | o+ (Fxv) <o)

dv % ,dv % [dv
= — 4+ =7+ 5| Xxv| xv 3
m”[dtJrcﬂ a TeE\q@ @)
where  is the Lorentz factor y = (1—v2/c?)"1/2; m,,
v, P, and F denote the rest mass, the velocity and
the momentum of the electron, and the force acting
on the electron, respectively.

Here we should pay some attention to the third

dv o o
— X
dt

d d
v| = d—:vQ sin @, where 6 is the angle between d_: and

term in the right-hand side of Eq.(3):

v. When the energy of the electron is high enough to

dov
cause the direction of the acceleration (E to essen-

tially approach to the direction of the velocity (v), the
value of sin @ is extremely small and can be ignored.
In fact, the system we discuss here is the hot plasma
with a high energy. Therefore, such an assumption is
reasonable. So, the third term is relatively small in
comparison with the second term. At the same time,
in order to avoid the complexity in calculation, we ne-
glect the third term in the right-hand side of Eq.(3).

Hence, we have the acceleration in the following form:

v=F/ [me'y <1 + 2—2’72”
—F/[mey(1 + 6%92)], (4)

with the Lorentz parameters 3 = 27 y=(1-6%)"1/2
c

These relations are important for us to study the
behaviour of the interaction of the relativistic elec-
trons in the hot plasma.

By virtue of Egs.(2) and (4), we may take the
following form for the equation of motion of the ith

electron:

b; = —[4ne’i/mey (14 29°)] Y (k/kP)e* (rimma),
J7i,k A0
()

The equations of motion (5) are very difficult to
solve. Many years ago, Pines and Bohm ['!] took some
approach to deal with this kind of equation. In this
paper, we follow a similar approach but take into ac-
count the relativistic effects just mentioned above.

First, we assume that we are dealing with point
particles, so that the particle density in the box of unit

volume may be given as follows:
o) =3 b(@ - o). (6)

It is more convenient to work with the Fourier com-

ponents of the density, and they are given by

pr. = / dap(z)e™* =3 o7k, (7)

i

where pg denotes the mean electron density n, and py
with k& # 0 describe the fluctuations about the mean
density. In this case, Eq.(5) may be rewritten in the

following form:

b; = —[4me’i/mey(1+ B29%)] D (k/k*)pre™ ™. (8)

Here we note that py determines the force acting on
each particle.

By differentiating Eq.(7) with respect to time ¢
and using Eq.(5) for v;, we obtain

T
— ) [Ame? /mey(1 + B27)(K)?Tk

ij,k'#0
k' {expli(k’ — k) - ;] }e ¥ 9)

One may split the sum over k' into two parts.
The first part, with &' = k, is independent of the
coordinate x;, therefore the sum over 7 yields n, the
total number of particles in the box of unit volume.
The second part, with k' # k, contains phase factors
exp i(k'—k)-z;. Since there are a very large number of
particles distributed very nearly in random positions,
these terms tend to average out to zero. As a first ap-
proximation, one may neglect such terms. With the

random phase approximation, we then obtain

Pr=— ) (k-vi)Pe o
— [dmne? fmey(1 4 B297)] ) e F ¥ (10)

K2
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The first term in the right-hand side of Eq.(10)
arises simply from the random thermal motion of in-
dividual electrons. The second term represents the
effect of electrons interactions.

In order to study the collective behaviour of the
relativistic electrons in the hot plasma, we discuss as
follows according to the value of k:

a) For the sufficiently small k case

Obviously, the first term can be neglected in com-

parison with the second. And hence, we have
pr. + [4mne® /mey(1+ f°4°)]p =0, (11)

with
wp = [4mne® fmey (1 + B2%)]M/2, (12)

As a result of the Coulomb interaction, the relativis-
tic electron density oscillates with the “hot plasma
frequency” w,. From definition (12) of w,,, we can see
that it contains a relativistic modified factor v(1 +
ﬂ2 72)_

relativistic one. The plasma frequency w, becomes

That is essentially different from the non-

smaller with the increase of the velocity of the elec-
tron.
As a rough criterion for a collective description,

we have
[4mne? fmey(1+ 624%)] > (k- vi)*)av.  (13)

This means that for most particles the collective term
arising from the Coulomb forces in Eq.(10) is much
greater than the individual term arising from the ran-
Therefore, we note that the

strong force of interaction and high particle density

dom thermal motion.

favour the collective behaviour, while high random
thermal velocities oppose it.
For an isotropic velocity distribution, Eq.(13) be-

comes
k? < (12mne? /mey(1+ B2%)(v])av) = A%, (14)

where Ap is the so called “Debye length”,

% = 3P av) /2] (15)

Obviously, the increase of the Lorentz factor «, as well
as the decrease of the plasma frequency wy, leads to
the increase of the “Debye length”. From Eq.(10) and
expression (14), one can see that the organized be-
haviour is much more important when the distance
is greater than Ap, while the individual behaviour is
favourable to the case with distances shorter than Ap.

b) For the intermediate k case

From Eq.(10) one may notice that the electron
density fluctuations pg do not oscillate harmonically
for appreciable values of k, and therefore some func-
tions of the electron coordinates do not constitute a
satisfactory set of collective coordinates. In this case,

we divide p; into two parts:

Pk = Qrqg + Nk- (16)

The first part axqy is a collective part of pg; the second
part 7 has no collective behaviour.

In order to find some functions that do oscillate
harmonically for nonzero k, without considering the
effects of random thermal motion, we define g; as fol-

lows:

Ge= Y {1/[* = (k-vi)je =, (1)
then according to expression (16), 7m; may be ex-

pressed as
me= 3 {1-an/l? = (kv e mm (1)

If ay, is arbitrary, then 7, just as g in Eq.(10), may
have two types of terms. The first one is free of v;,
which means the absence of inter-particle forces; the
second one describes the organized behaviour of the
system.

In order to ensure that 7z has no collective com-
ponent, we choose a; = wz (for detailed calculations
see Appendix A). Consequently, if we include the co-
efficient w? in the basic definition of n, and g, we

P
have

w? —w?— (k-v;)? Cikens
le:Z w2 —p(k-'vi)2 e 5 (19)

Tk = Z:{“’;/[W2 — (k-v;)*Je * i (20)

As 7 has no collective behaviour, g oscillates har-

monically with frequency w:

G + wiqr =0, (21)
if we have the following condition to ensure it (details
are presented in Appendix B):

[4me? mey(1+ B77°)] D 1/ (w —k-v;)> =1. (22)

J

We can calculate w by a numerical solution of Eq.(22).
But for convenience, we reduce Eq.(22) to the follow-

ing approximate dispersion relation:

w? = w2 + k*(v*) av. (23)
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One may note that if k£ is small enough, Eq.(23) is

reduced to the earlier dispersion relation (12).
3. Energy loss due to collective in-

teraction

The energy losses of a fast particle in the matter
are mainly determined by the ionization and excita-

[10] Tonization leads to

tion of the electrons in atoms.
the increase of the free electron density, which causes
additional energy losses of the fast particle due to di-
rect interactions with these electrons, as well as the
plasma—wave excitation. Here, we only pay attention
to the energy loss of a fast-electron beam due to the
excitation of collective oscillation in the hot plasma.
Now we study the collective response of the hot
plasma to a fast electron moving through the system
with velocity vg. By Fourier analysis, we describe the

charge density of the fast electron as

—eps = —ed(x — vot) = —eZeik'(z_”"t). (24)
k
The force on the ith particle comes from two
sources: one is the other particles in the system, the
other is the fast electron.
According to Eqs.(8) and (24), the external par-
ticle changes ©; by

o) = — [iame? /mey(1 + 829%)]
X 3 e/ (k)2eit(= 7t (25)
k
The response of the Fourier component of the collec-

tive part of the charge density to the field of the fast

electron is given by
g = —[wp/[W* — (K - vo)*Je™ ", (26)

If a fast electron moving with a velocity v, causes
the denominator of Eq.(26) to vanish for some k < kp,

we have
(k-v9)? = w? ~ wf, + E*(v?)av. (27)
Taking k. in the direction of vg, from Eq.(27) we have
k2[vg — (v*)av] = wl + (k2 + k2)(vP)av.  (28)

Obviously, the particles moving with a speed less than
the mean thermal speed of the hot plasma electrons
will not excite collective oscillations.

Now, we are interested in the collective part of the

total charge density. In order to solve the boundary

condition problem, we consider the following coordi-

nate function g(z) obtained from ¢ in Eq.(26):

= Y {~w¥/[w? — (k- vo)?]}elt =t (20)

k<kp

If we choose k, in the direction of vg, and use the

dispersion relation (23), then we obtain

—wZexp{ikzz + kyy + k=(z — vot)]}
q(z) = Z 2 2 1 12 (2 21702\ ror — 2]
+ (k2 + k) (v?)av + k2[(v?) av — vg]
(30)
The denominator in Eq.(30) vanishes for k, = kg,

k<kp P

where
B = {2+ (R2+R2) (0 av] 02— (0%) av] 12, (31)

In order to calculate Eq.(30) for g(z), one needs
to simplify this expression. Firstly, in the case of vg
sufficiently larger than <v2>}\<,2 , it is mathematically
convenient to extend the limits from =+ (k% —k2 —ki)l/ 2
to oo in the summation over k,, although an error
is introduced by such an extension; but fortunately,
this error is negligible. So almost all values of kJ will
lie within the limits + (k% — k2 — k§)1/2 and the de-

nominator of Eq.(30) will become large for the values

b

of k, outside these limits. Secondly, we change the
summation over k to an integration over k. Thirdly,
to ensure that there is no disturbance ahead of the
particle, we require that ¢(z) must vanish for z > wot,
that is to say, ¢(z) should correspond to a wave moving
behind the particle (for z < vgt). By integrating over
the complex k-plane and choosing a suitable path, the
above boundary conditions may be introduced. The
contour of the integration in the lower half-plane (for
z < vgt) contains two singularities. By virtue of the

well-known Residue Theorem, one has

wp dk, dk
an?[v — (v2) av]'/2 / / =y

{sin[k?(z — vot)] }el(ketkuy)
{ w2+ (B2 + k2)(0%) av] /2 } (32)

q(z) =

What we are mainly interested in is the energy
transferred by the incident fast electron to the wake.
It is determined by the reaction of the electric field
e of the wake with the emitting particle located at
x =vot(z =0,y =0, 2 = vgt). Only the z component
(e.) needs to be considered. It is finite for z < wyt,
while €, vanishes for z > wvgt. The correct value of

€, at z = wot is the sum taken by approaching this
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1
point from both sides. Thus we take 5) e.(vot) as

the value when approaching from the left. This shows
that

a(vt)——ﬁ//dkdk !
2OV o TV w2+ (k2 +k2)0E
(33)

We use polar coordinates to deal with the above inte-

gration and take the following expression:

(k2 + k2) e @)k]’g =22/ P)av. (34

Therefore, the force exerted on the particle caused by

the wake is

F, = — ee.(vot)

=[e*w?/208] In{1 + 203 /[(v*)av]}.  (35)
The rate of energy loss per unit distance dE/dz is

dE/dz =F,

o @) o

where
wp = (4mne® mey(1 4 524%))'/?
and .
2D = 3[(<vz-2>Av)/w§]-

4. Conclusion

In conclusion, we have obtained the frequency of
the hot plasma and the so-called “Debye length” with
relativistic modification by studying the Coulomb in-
teraction between relativistic electrons in the hot
plasma. In this case, the increase of the Lorentz fac-
tor 7y, as well as that of the energy of the electrons,
leads to the decrease of the plasma frequency w, and
the increase of the “Debye length”. The lowering of
the plasma frequency causes the relativistic electrons
to behave collectively much easier. We believe that
it is reasonable to assume that the acceleration direc-
tion d_tt, of the relativistic electron approaches the
direction of its velocity (v) when the energy of the
electrons is sufficiently high.

Our study has been carried out under the con-
dition that the fast-electron beam is diluted with a
mean electron inter-distance larger by several orders
So the

beam density np should not be too big. As usual, one

of magnitude than that in the hot plasma.

takes for example ny,/n, < 107* (n,, is the plasma den-
sity). That is to say, the beam density is much smaller
than the plasma density. But considering that the self-
interaction is rather weak in the relativistic electron
beam, we may take ny/n, < 1072 (or even 107'). In
this case, the beam—plasma interaction can be treated
as if each electron in the beam was interacting inde-
pendently with the plasma and is then reducible to
that of a linear superposition of isolated charges.

Furthermore, the expression of the rate of energy
loss per unit distance in Eq.(36) is similar to that
obtained by Pines and Bohm.[!!! The differences are
the definition of the plasma frequency and the “Debye
length”. If the system we discuss here is the conven-
tional plasma, Eq.(36) is reduced to the earlier result
of Pines and Bohm.

Finally, we only pay attention to the collective
oscillation of relativistic electrons in the hot plasma.
Actually, the organized behaviour and the individual
thermal motion are present simultaneously. We will
discuss the energy loss due to two-body collision as

well as the collective excitation in details in another

paper.

Appendix A

mo= Y {1—ay/[w? = (k-vi)’Tle ®m (A1)

K

If aj, is arbitrary, then 7 just as g in Eq.(10) may
have two types of terms. The first one is free of v;,

which means the absence of inter-particle forces:

ﬁl(cl) _ Z —(k . 'Ui)2{l _ ak/[w2 - (k . ’vi)2]}e7ik'mi_
Z (A2)

The second one describes the organized behaviour of
the system. From Egs.(10), (12), (16) and (17) we

obtain

T =Pk — Ard
e w -

+ akw2/[w2 — (k- vi)2]}e7ik'm". (A3)

According to Eq.(A2), the above equation may be

changed into

i =)+ Y fax—wZe R (Ag)

So we choose a;, = wz to ensure that 7 has no col-

lective component. Consequently, from Eq.(Al) we
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obtain
2 —wl—(k-v;)?

w
nk:Z w? — (k- v;)?

i

—ik-x;

(A5)

If we include the coefficient wf) in the basic definition

of g, we have

k= Z{wﬁ/[uﬁ — (ki) e ke (A6)

Appendix B

We find that it is more convenient to introduce

the quantities & ., as follows:

bhw =Y [wp/(w—k-v;)le ", (B1)
qr, may be re-expressed as
ak = (1/2w) - €k — &k,—w)- (B2)
If one can prove
Ehw + Wk =0, (B3)

one may easily obtain the harmonic oscillator equation

for qp,

dr + w?q, = 0. (B4)

By differentiating Eq.(B3) and using the equations of

motion (5) for ¥;, and with the random phase approx-

imation, we may obtain the following equation:

ék,w + iw&k,w

=iw? Z 1—2 dme” e ki
T 2N\ T e R o)
(B5)

It is obvious that the term in the right-hand side of
Eq.(B5) must vanish for arbitrary «; in order to sat-
isfy Eq.(B3). And hence, we obtain:

me? mey(1+ 8242 30 1/(w — k- v;)? = 1. (B6)

J
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