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Two-pion interferometry at small relative momentum

for pion sources with transverse and longitudinal
expansions in relativistic heavy ion collisions
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A two-pion correlation function at small relative momentum for pion sources with transverse and longitudinal

expansions in relativistic heavy ion collisions is obtained using two-pion interferometry at small relative momentum,

and the relations between the real and apparent parameters of the pion source are given. The relations can be used

to extract both the temperature and the transverse and longitudinal expansion velocities of pion sources and to verify

the correctness of relativistic transformation T/ = T+/1 — v2 of temperature in relativistic statistical mechanics and

thermodynamics.
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Relativistic heavy ion collisions provide the study
on quantum chromodynamics (QCD) with the earth-
based experiments when the momentum transfer is
large (the case in which pQCD is applicable) or small.
Intensity interferometry has been widely used to probe
the spacetime structure and properties (e.g., transi-
tion of hadronic matter to quark—gluon plasma) of the
matter at high temperature and density produced in
relativistic heavy ion collisions.[!~5 Our papers show
that intensity interferometry at small relative momen-
tum for the static sources in relativistic and ultra-
relativistic heavy ion collisions can (a) give the re-
lations among the pion source parameters when dif-
ferent means of pion interferometry are applied,6—11]
(b)express explicitly the effects of collective flow on
two-pion interferometry,[12:13] (c¢) explain quantita-
tively the insensitivity of pion interferometry analy-
ses to the life parameters of pion sources,'¥ and (d)
determine the scattering length for the strong interac-
tion between nucleons with the same isospin.!*?]

In this paper, we present two-pion interferome-
try at small relative momentum for pion sources with
transverse and longitudinal expansions in relativistic
heavy ion collisions.

In relativistic heavy ion collisions, the two-pion
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correlation function is defined as

Ca(py,py) = %’ W

where Pa(p;,p,) is the probability of pion pairs ap-
pearing in relativistic heavy ion collisions, and P;(p)
is the probability of a single pion meson created in rel-
ativistic heavy ion collisions. In the Pratt formulation
of two-pion interferometry,® the two-pion correlation

function at small relative momentum is expressed as

Cop (P1 » P2

)
‘//dr-eXp(ir-Q)g(ryp) o
‘//dm-g(m,p) 2 |

where g(z, p) is the emission function for pion sources,

2

=1+2A

x the four-dimensional coordinate of a pion meson, p
the four-dimensional momentum of the pion meson,
q = pa — p1 the four-dimensional momentum differ-
ence of a pion pair, and A the two-pion correlation
factor. For our model of pion sources with transverse
and longitudinal expansions in relativistic heavy ion

collisions, the emission function g(z,p) is
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o(z,p) =B - eXp( A ) . exp( B :_22> _ eXp( By — wipicos(¢, — ¢p,) — vzpzsgn(z)>, 3)

R} R}

where v; and v; are the constant transverse and lon-
gitudinal expansion velocities of a pion source respec-
tively, T is the temperature of the source, R; and R,
are the real transverse and longitudinal spatial pa-
rameters of the source respectively, 7 is the temporal
parameter, E, = 1/p? +m?2 is the energy of the pion
meson, and B is the normalization factor. At small
relative momentum, substituting Eq.(3) into Eq.(2)
gives the two-pion correlation function for such a pion

source,
1 2 2 . 2
Cae(P1,P2) =1+ Ae — 5/\6(1t Ry | (|Jo(—ias)|

- §|J1(—iat)|2] + b¢2}

1 2
— = Xeg? [Rf<1 - —thQal) + er], (4)
2 T
where
VtPt
=t 5
at T+v1 — 2 )
vip1
=& 6
U= T ©)
mT
b= ————. 7
3mT + m?2 (7)

For experiments, the two-pion correlation function at

small relative momentum is [7—1%]

1
C2a(P1,P2) =1+ As — 5/\aqt2(R(2zt + b7'2)

1
— Jhadt (R +b7), ®)

where R,; and R,; are called, respectively, the ap-
parent spatial transverse and longitudinal parame-
ters of a pion source, which can be measured directly
from experiments. For the same pion source, setting
Cae(py1;P2) in Eq.(4) equal to Coa(py,p,) in Eq.(8)
gives

/\a = /\e; (9)

1/2
Rat = Rt <|J0(—iat)|2 - §|J1(_lat)|2> 3 (]‘O)

9 1/2
Ry =R <1 - ;th2a1> . (11)

Figure 1 shows R,; as a function of transverse mo-
mentum of the pion meson, and Fig.2 shows R,; as a

function of longitudinal momentum of the pion meson,

Tv1 — 2

when T=130MeV, v;=0.55¢, v;=0.45¢, R;y=4.1fm, and
R;=3.1fm. The figures indicate that the bigger the
momenta, the smaller the apparent spatial parame-
ters. Figure 2 shows that the apparent spatial longi-
tudinal parameter R; of the pion source approaches a

constant when the longitudinal momentum p; is large.
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Fig.1. R,: as a function of transverse momen-

tum of the pion meson, when T'=130MeV, v;=0.55c¢,
v;=0.45¢, R;=4.1fm, and R;=3.1fm.
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Fig.2.
tum of the pion meson, when T=130MeV, v;=0.55¢,
v;=0.45¢, Rt=4.1fm, and R;=3.1fm.

R,; as a function of longitudinal momen-

By integrating the emission function g(z,p) in
Eq.(3) over spacetime coordinates, the pion momen-

tum spectrum P;(p) can be obtained, which is

E up;
Pi(p) =Aexp( — =2
o) <o~ 72 ) [o(72)

ron( - 22|p(22),
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where A is a normalization factor,

Tog = Tv/1— 02, (13)

and

27
D(%) :/ exp<_w>d¢, (14)
Teff 0 Teff

Terr, the transverse expansion velocity v; and the lon-
gitudinal expansion velocity v; for a pion source can
be obtained by fitting the experimental pion momen-
tum spectrum to Eq.(12). And the temperature T of

the source is determined by

T
T—__ —f (15)

VI=(f+07)

There is another method to determine the tem-
perature T, transverse expansion velocity v; and lon-
gitudinal expansion velocity v; for a pion source. Ex-
perimentally, the relations between apparent spatial
parameters and momenta are obtained by performing
the interferometry analyses with cuts in the magni-
tude of the pion momenta. By fitting the data, the
real transverse and longitudinal spatial parameters R;

and R;, d; and d; are determined, where

Ut
d, = —— 16
¢ Teff’ ( )
(%
dy = — 17
1 Teﬁ', ( )

therefore,

UV = dtTeff7 (18)

v = leeﬁ', (19)
T

> (20)

CVI-TH@E +d7)

To verify the correctness of the relativistic trans-
formation 7" = Tv1 — v2 (Teg = T+v/1 — 2 in our
case) of temperature in relativistic statistical mechan-
ics and thermodynamics, one just needs to know how
T.g varies with v when T is a constant. For the differ-
ent particles (e.g., protons, neutrons) from the nuclear
fireball produced in the same collision, T is the same,
and T.g and v can be obtained with the above meth-
ods, which can then be used to obtain the relation
between T.g and v.

In conclusion, the expression for the two-pion cor-
relation function at small relative momentum for pion
sources with transverse and longitudinal expansions
in relativistic heavy ion collisions is Eq.(4), and the
relations between the real and apparent parameters of
the pion sources are Eqgs.(9)—(11). These relations can
be used to extract both the temperature and trans-
verse and longitudinal expansion velocities of the pion
sources and to verify the correctness of the relativis-
tic transformation 7" = T+v/1 — v2 of temperature in

relativistic statistical mechanics and thermodynamics.
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