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An anti-symmetric loop algebra Ay is constructed. It follows that an integrable system is obtained by use of Tu’s

scheme. The eminent feature of this integrable system is that it is reduced to a generalized Schrédinger equation, the

well-known heat-conduction equation and a Gerdjkov-Ivanov (GI) equation. Therefore, we call it a generalized SHGI

hierarchy. Next, a new high-dimensional subalgebra & of the loop algebra Ay is constructed. As its application, a new

expanding integrable system with six potential functions is engendered.
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1. Introduction

It is quite interesting and important in the
study of integrable systems to find integrable sys-
tems associated with some isospectral problems.[*—3!
In recent years, some typical integrable Hamiltonian
systems, such as the Ablowitz—Kaup—Newell-Segur
(AKNS) hierarchy, the Kaup—Newell (KN) hierarchy,
etc, have been reported in various journals of physics
and mathematics.' =71 In general, constructing new
loop algebras could produce new integrable Hamil-
tonian hierarchies of evolution equations by making
use of Tu’s scheme.[!! In this paper, we construct
an anti-symmetric loop algebra A, which is a sub-
algebra of the loop algebra As. Tt follows that an
isospectral problem is established. In particular, V
is constructed, which contains two spectral poten-
tial functions and their derivatives of b,c¢ with re-
spect to the independent variable z. By using Tu’s
scheme, a new integrable system is worked out, pos-
sessing bi-Hamiltonian structure and infinite commu-
tation symmetries. As its reduced case, a generalized
Schrodinger equation, the heat-conduction equation
and a generalized Gerdjikov—Ivanov (GI) equation are
presented, respectively. Hence, we call the integrable
system the SHGI hierarchy. In addition, we construct
a new high-dimensional loop algebra G, which is dif-

ferent from any one in Refs.[8-11], to produce an in-
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tegrable coupling of the above integrable systems ob-

tained.
2.A new integrable Hamiltonian
system
Consider an anti-symmetric loop algebra Aj:
0 0 0
hin)=1 0 0 —iz2ntl
0 iNintl 0
0 0 )\2n+1

e(n) = 0 0 0 ;
_amHl g g
0 —ix 0
f(n)=1 iz 0 01, (1a)
0 0 0
[A(m),e(n)] = f(m+n+1),
[A(m), f(n)] = e(m + n),
[f(m),e(n)] = h(m +n), (1b)

deg h(n) = dege(n) =2n+1,
deg f(n) = 2n,i% = —1. (1c)

From Egs.(1a), we establish an isospectral problem as

follows:
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—ix2 A
¢ =U¢,U = 0 —igh |- (2)
—rA  igA 0
Let
0 —ia (cz +ma)/A
V= ia (—iby —iga)/X |,
—(cg +ra)/X (b, + iga) /X 0
a= Y apA7?, b= bpyAT, c= 3 e AT
m>0 m>0 m>0
Solving the stationary zero curvature equation We find
Ve =[U,V] (3) brss
Gn+1 =N 3
yields Cn+t1
Az = QCrmz — 'rbmz, N — 1 0 — qafl’r‘a qafqu
bmze + (90m)e = Cmiiz, 2 —rd~rd 9+1r871q0
Cmaxx + Tam )z = _bm x) 4a
(rarm) + (1a) From Eq.(4a), we have
bo =¢p =0,
0 « o bn—l—l b’n
ap=a, a3 = —(¢*>+1?), = MM, )
2 Cnt1 Cn
by =—ar, ¢ =aq. 4b
! ! q (4b) rd~1r —1—r0~1q
Set M, = ’
€ 1—¢q0 tr g0 ¢
v = > (amf(n—m)+ bpah(—1+n—m) M, = a 0
m=0 0 0
+ emze(—1+n—m)+ qanh(—1+n—m)
+rame(—1+n—m)), Thus, Eq.(6) can be written as
AR SR TR
. bn+1
then Eq.(3) can be written as ug, = —MaN
Cn+1
v+ o v =V — o v () o
_ . = — My N (M, M,)" : (7)
In terms of the method presented in Refs.[3,4], a direct agq

calculation gives
v 4+ U, v
=(bnt12s + (90n11)2)h(0) + (Cnt12s + (T@nt1)2)e(0).
Taking V(") = V_l(_n)7 the zero curvature equation,
U, — V™ 4 [U,v®™] =o,

determines the following Lax integrable system:

bn+1m + qan+1

Cnilz + TGpy1 (6)

When taking n = 0 in Eq.(7), we have a’generalized
Schrédinger equation, which is similar to the result in

Ref[11]:

(8%
Gty = QTzx — 5(‘13 + qT2).’m
(8)

o
Tty = —Oqpz — 5(7“3 +7¢%),.

Specifically, taking @ = i, to = t, ¢ = ir, the celebrated

heat-conduction equation is presented as follows:
= Tpgp. (9)

When taking n = a = 1, Eq.(7) reduces to a general-
ized GI equation:[?!
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1
dt, = Qzzx + 5( + 72)

a(q® +r?)

|
gl 4 |

Hence, we call the system (7) a SHGI hierarchy.

A direct calculation gives
<V, %—Z> = %(bz + qa),
<v, aa_g> = S(extra),
<V, Z—I){> 21/\ (¢bs + ez + (¢° +7%)a).  (10)

Inserting Eqs.(10) into trace identity [l and compar-

/\72m73

ing the coefficients of gives rise to

)
6_(qbn+22 + TCni2x + (q2 + Tz)an+2)
=(—2n -2+ 7)Gn41.

From Egs.(4b), we find v = —1. Therefore, we have
6Hn+1

6 Gn-l—l ) H’n—l—l
u
_ gbatos +rCuyas + (67 +1%)ango
N 2n+3 '
The Hamiltonian structure of the system (7) is mani-
fested as
5Hn+1 SH, SH,
- X, =J —KkZm (11
e Su Su 5 (U

According to the approach in Refs.[12,13],

prove that an arbitrary linear combination of the op-

we can

erator pair {J, K} is a Hamiltonian operator. Hence,

Eq.(11) is a bi-Hamiltonian structure of the system

(7).
We find
bn+1 -1
Gpy1 = N = NMiM;N—'G, = LG,,
Cn41
L = NM;M;N—! and JL¥(k = 0,1,---,n) are

all skew-symmetric operators. In fact, suppose that

JL*1 be skew symmetric, then we have
(JLk)* :( kalL)* — *( kal)*

:_L*JLkl L*J*Lk 1

=—JLLF ' =-JLk

In terms of Ref.[3], we find

_ 5Hm+1 6Hn+1
{Hm+laHn+1}J _/< Su 5'] Su dz

q <qu — Tzq +

3 3
gl +rh)+ Zq%ﬂ)]z,

3 3
r<rqz —raq + g(at + ) + th”)} :

B 0H, 11 0H,
_/< du L du >d$
B 0H,.y1 _, . 6H,
_/< du L7 ou >d$

5Hm+1 6Hn
= L — d
/< ou J ou > 3:
:{Hm+27H

n}J — ...
:{Hn—l—l;Hm-I—l}.]-

Thus, {H,} are in involution under the Poisson

bracket: that is, {H,,, H,} = 0.

In addition, we can also prove [X,,X,] =
J%{Hn, H,,} = 0. Thus, the system (7) has infinite
commutation symmetries {X,,}32 ; it is Liouville in-

tegrable.

3. A new loop algebra and an ex-
panding integrable system
We expand the loop algebra (1) into a high-

dimensional loop algebra G as follows:

Xt 0

1
am=5[ 0o -0
0 0 0
0 A2n+1 0
1
ep(n) =g | A0 0 |,
0 0 0
0 )\2n+1 0
1
e3(n) = By — )\l 0 01
0 0 0
0 0 XMnm
64(71)2 0 0 A2n71 ,
0 0 0
0 0 A
es(n)=| 0 0 —x7 |,
0 0 0
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0 0 A2 0 0 Nrd
es(n)=| 0 0 Xtl |, e/n)=| 0 0 =\
00 0 0 0 0

[e1(m), ea(n)] = es(m + 71 + 1), [e1(m), es(n)] = ez(m + 1), [es(m), e2(n)] = e1(m + n),

ex(m),ex(n)] = ges(m+n),fea(m), ea(n)] = Zeo(m +n), es(m), ea(n)] = germ -+ n), .

2

In terms of necessity, we choose different commutation relations from the above loop algebra.
Let

¢z =Ud, A\t =0, U =e3(1)+ uier(0) + uzez(0) + uges(1) + uges(0) + uses(0) + uger(0),

and

V =ae3(0) + bye1(—1) + czea(—1) + ujaer (—1) + ugaea(—1) + des(0) + fes(0) + ges(0) + le7(0),

a= f: A~ b= f: b AT
m=0 m=0

Solving the equation similar to Eq.(3) yields

Am+1z = U1Cmax — u2bmm;bmzz + (ulam)m = Cm+1z)Cmazzx + (u2am)z = _bm+lz;

2dmz = —lmt1 + w1 fmi1 + U20mt1 — Usbma — WU — UsCmg — U2USAm + UsBimt1,
2fmz = gm+1 ‘I' uldm - u2lm - u3bmm — UU3Am — Usam ‘I' UCmz ‘I' U2UAm

29mz = —fm+1 + Uilm + vodn — UsCmg — Ugbma — ULUEA Y, — U2U3C, — Usbimz,

2lme = dmg1 + U1Gm41 — U2 frmt1 — U3Gma1 + UsCmg + UpUsl — UL USAm,

o

bo =co=do = fo=9g0o=0,a0 =0,a1 = 5(“? +u3), b1 = —aus, c1 = auy,
1 1 1 1

d; = a(—§u§u3 — §u§u3 — UgUy),l; = _O((EU%UG + §u§u6 + u1u4).

Let

n

V_l(_") = Z AIn=2mig es(1) 4 bger(—1) + cmgea(—1) + uramer (—1) + ugamez(—1) + dpmes(0)

m=0

+ Fines(0) + gmes(0) + Lmer(0)], VW = 32y — v (M,

Similar to Eq.(5), we have

n n 1
_Viz) + [U7 V{E )] :[bn-l—lzz + (ulan—l—l)z]el (0) + [Cn-l—lzz + (u2an+l)z]62(0) - _(ln-l—l + ulf'n-l—l

2

1 1
+ UzGni1 + UAny1)ea(0) — §gn+165(0) + §fn+166(0)
1

+ 5(_dn+l — Ui Gnt1 + U2 frg1 + U3Amy1)er(0).

Thus the zero curvature equation U; — Vf;) +[U, VjE")] = 0 admits the integrable system

Uy —8? + 8u18_1uz aula_lul 0 0 0 0 bn+1
Ug auﬁ_luz 9% — auQa_lul 0 0 0 0 Cnt1
1 1
us ——u68*1u2 —u66*1u1 0 U1/2 U2/2 1/2 dn+1
uy = - 2 2 =J
ug 0 0 0 0 /2 0 Jnt1
Uus 0 0 0 -1/2 0 0 In+1

Ug uz0 luy —uz0 1y 1 —us Uq 0 Ant1

(12)

(14)
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From Eqgs.(13a)—(13e), we obtain a recurrence operator

w20 tugd -8 —u0 1u18 0 0 0
o — u16*1u26 u16*1u16 0 0 0
I = M- N1 u% =+ u% 0 —2us0 20
(ulue + U2U3)671U2 — ugd (u1u6 + U2U3)671U1 — uzd ug 0 —20 Ul '
(u2u6 — U1U5U3)6_1’LL2 + uzd (U1U3 —+ us — u2u6)6—1u1 + ugd —u1 20 0 Ug
Moy Ny —20 2us0 —2u10 uf +u§
where
My =(uius + wyus + uiu3)d ‘ug — uyuzd — ugugd,
Ny =(2uyugug — ugus + usug — uiuz)d tuy — uyugd — ugusd,
My =(u3ug + udug + u1ug)0 Tug — ugugd — ugd + uguzd — ugd ‘uid tugd + ugd (ug — uid tuy)d,
N, :(ufue, + 2ujugus + ugug — ugue)a_lul — ugu30 — ugugd — us0 + u68_1u2(1 + u28_1u1)8

+ ugd tuid 1w, 0.
Hence, Eq.(14) can be written as

U1
U2
us
Uy =
Uy

Us

Ug

According to the definition of the integrable couplings
in Refs.[14,15], we conclude that Eq.(15) is an inte-
grable coupling of the system (7). Taking u; = g,

=JL"

by
C1
dy
fi

91
l

(15)

ug =71, uz = ug = us = ug = 0, then Eq.(15) reduces

to Eq.(7). Therefore, the coupling system (15) is also

an expanding integrable model of the system (7).
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