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Applying the general projective Riccati equations method, we consider the exact travelling wave solutions for

generalized symmetric regularized long-wave equations with high-order nonlinear terms using symbolic computation.

From our results, we not only can successfully recover some previously known travelling wave solutions found by using

various tanh methods, but also can obtain some new formal solutions. The solutions obtained include kink-shaped

solitons, bell-shaped solitons, singular solitons and periodic solutions.
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1. Introduction

In this paper, we consider a generalized symmet-
ric regularized long-wave (SRLW) equation with high-

order nonlinear terms and a dissipation term

Uggt — Ut = TUgg + (b1p + bouP T + bgu®P 1),
b; = constant, p >0, (1)
pt +ugy =0.

Some special cases of Eq.(1) have been investi-
gated by both mathematicians and physicists in the
last few decades.!—® In 1984, Seyler and Fanter-
mmacler ] studied the following SRLW equation:

_——
Ugppt — Ut = U )
t t P 2 B} (2)

pt +uy =0,

which was proposed as a model for the promulgation
of plasmas and sound waves with a weak nonlinear-
ity. In 1987, 1989 and 1992, Guo!®* and Zheng et
al®! found and analysed the global and numerical so-
lutions of the SRLW equation. Recently, by means of

proper transformation and undetermined assumption

method, Zhang [¥] studied two special cases of Eq.(1):

Uggt — U = (b1p + bouP ! + bgu®P Tt

b; = constant, p > 0, 3)
pt +uz =0,
Ugzt — Up = TUzg + (b1p+ bgup+1)m,
b; = constant, p > 0, (4)
pt + uy =0,

and obtained many solitary wave solutions, which in-
clude the bell-type and kink-type solitary wave solu-
tions of Egs.(3) and (4). By travelling wave transfor-
mation, Feng |7l reduced the typical equations of (3) to
a Lienard equation and obtained the general solutions
for them, which generalize the corresponding solutions
by Zhang et al[68]

In 1992, Conte and Musette,[®) based on a projec-
tive Riccati system,1° presented the projective Ric-
cati equation method. Recently, Yan['!! developed
the Conte-Musette method, named the general pro-
jective Riccati equation method. However, it is neces-
sary to point out that there are some errors in the so-

lutions (11) and (12) of the projective Riccati equation
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in Ref.[11]. In this paper, we correct these errors. The
present work is motivated by the hope of finding some
new and more formal solutions for Eq.(1) by means
of the general projective Riccati equation method. As
a result, we not only successfully recover some previ-
ously known solitary wave solutions of Eq.(1) but also
obtain abundant new and more general solutions of
Eq.(1).

This paper is arranged as follows. In Section 2, we
apply the general projective Riccati equation method
to Eq.(1) and find many solutions. A short conclusion

follows.

2.Exact solutions of the general-

ized SRLW equation (1)

In this section, we will apply the general projec-
tive Riccati equation method to find the travelling
wave solutions for Eq.(1).

After making the travelling wave transformation
{ U(.’L‘,t) = u(f) = U(.’L‘ - /\t):
p(z,t) = p(§) = p(z — At),

and integrating the resultant equation, Eq.(1) is

()

changed into the following form:

1
p(6) = Ju(6) + ¢, (©)
r by — A2

u(§) + () + T ul(®)

bo P bs P _
+ )+ XU2 ) =o. (7)

By use of the transformation

u(é) = R(E)]7, (®)

Eq.(7) reduces to

Xlpe()¢" (€) + (1~ p)¢™ (©)] + prag(€)¢'(€)

+p%[(b1 — A)?(€) + b3 Ap®(€) + badg* (£)] = 0. (9)
By balancing ¢(£)¢"(§) (or ¢"*(¢)) and ¢*(¢) in
Eq.(9), we obtain the balance constant m = 1. There-
fore, according to the idea of the general projective

Riccati equation method, we suppose that Eq.(9) has

the following formal solutions:

(&) = Ao+ A1o(§) + Bi7(§), (10)

where Ag, A; and B; are all constants to be deter-
mined, and o(§) and 7(§) satisfy the following con-

straints:

o'(€) = ea(€)7(€), 7'(6) = R+er?(§) — po(9),

e =+1, R,u = constant, (11)

2
(€)= —¢| R 2p0(6) + L 1o?()], (R#0).
(12)
With the aid of Maple, substituting Eq.(10) along
with Egs.(11), (12) into Eq.(9) yields a set of algebraic
equations for ¢?(§)7*(€)(y = 0,1,---; ¢ =0,1). Set-

ting the coefficients of these terms ¢77¢ to zero yields

a set of over-determined algebraic equations with re-
spect to Ag, A1, B, b1, ba, b3, and A. Because the
set is complex, for simplicity, we do not list them in
the paper. At the same time, for simplicity, we only

consider the case of €e = —1.

By use of the Maple soft package “charsets”
by Dongming Wang, which is based on the Wu-
elimination method,[*?! solving the above set, we have

the following non-trivial results.

Case 1
R(—-1+ u?)B
A =+ ( - ©?) 1’
(1+p)A
Ao = —VRB4, bsz_W;
. _ _122VR-pr+pVR
2 — 2 p231 3
M-Xp>VR+ ARz —rR
b= AP _ Pl )
p*VR
Case 2
R(—1+ u2)B
A, =+ VE . w)B1
(1+p)A
Ay =VRB;, by=——+"
0 \/_ 1, 3 4B:;l)p2:
b _12/\\/§—|—pr+/\p\/§
2_2 p2B1 ?
AM=Ap2VR + AR% +rR
b= A p*VR+ \R? + rRp) (14)

»2VR
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Case 3
v R(—1+ p?)B; BiuR 1+p)A
A= - y Ao= ——, bs= -5,
R VR(=1+ p2) 4Bip
Ao b 1AppR + 2RAp + pry/R(—1 + p?)
SRS p*Biy/R(-1+ p?)
b 1 M=2p2A\p? + 222 R + 2pupry/R(—1 + p2) + R + 2p?)) (15)
1="3 P21+ 12 .
Case 4
R(—1+ p2)B, BiuR 1+p)A
A = y Ag = ——m— =5 o
R VR(—1+ p2) 4Bip
b — 1(=AppR — 2RAp + pry/R(-1 + p?)) P
*T 2 p?Biy/R(—1+ p?) ’ ’
b — 1 A(2p%u2% — 202 R + 2upr+/R(—1 + p2) — R\ — 2p?)) (16)
1=35 P21+ 1) .
Case 5 Type 2 Whene=1,R #0,
Rsec \/I_%ﬁ
Ag = —VRBy, o3(€) = #7
(—pr + 20V Rp + 4\V/R) psec(VRE) +1
—pr
b2 e p p2Bf 5 Al = 07 - (é_) _ \/ﬁtan(‘\/ﬁg)
38) = —F—F—=71"",
R 1
A(2pRr — 4AR? + A/ Rp?) peec(VRE) + (20)
by = 5 ) Rcsc(\/l_%ﬁ)
vRp 04(€) = —— =",
b _AMp+1) pesc(VRE) + 1
3 = — Bp? . () = \/ﬁcot(\/ﬁf)
(17) ucsc(\/ﬁf) +1
Type 3 When R=p =0,
Case 6
C 1
o5(8) = € Cers(§), 75(§) = & (21)
Ao = VRB:, A; =0,
b = A(—2pRr — 4AR? + \WRp?) where C is a constant.
vRp? Thus from Egs.(5), (8), (10), (19) and Cases 1-6,
by = — Ap+1) , = pr+2M\/Rp + AR (18) we can obtain some exact solutions of u(z,t) in Eq.(1)
Bip? ’ p?B; as follows. (Note: the solutions of p(z,t) can be ob-

We know that Egs.(11) and (12) admit the fol-

lowing solutions:

Type 1l Whene=—-1,R+#0,

o1(€) = Rsech(v/R¢)
psech(v/RE) + 1
7'1(5) = —\/I_%tanh(\/ﬁﬁ) 3
) usech(\/ﬁﬁ) +1 (19)
_ Resch(VRE)
o2(6) = pesch(vRE) +17
L a(€) = \/Ecoth(\/l_%f)

B ucsch(\/ﬁﬁ) +1

tained using Eq.(6); for simplicity we omit them).

Family 1
[ s g Sch(VERE)
U1 —[ \/ﬁBl + R(u ].)Bl usech(\/ﬁg) T 1
\/Etanh(\/l_%f) b
B usech(v/RE) + 1] ’ (22)
csch(\/ﬁﬁ)

—| = 2 _
Uiz —[ \/EB;[ + R(u ].)Bl ucsch(\/ﬁg) i 1

p, YR coth(VRE) ] g (23)

! pcsch(v/RE) + 1
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h
where wos = |VEBy + RGZ—1)B: cs}(lz \(/\%1_%) .
\_ _1R% VRGPR+ 4bip? — 4Rb)p  pesch(VRE) +
-2 VR(p? ~ R) ’ 4 p, YRoh(VRY) 17 (25)
_ p?(2bypB; — r)? pcsch(vVRE) + 1
X(p+2)2
2 1(14+p)A where
B2 = - TP2
4 byp?
Family 2 \ = (rR+ \/R(r?R + 4b,p* — 4Rb1))p
T2 VR(p? — R)
sech(v/R
U1 = \/EBI + R(l,l,2 — I)BI% R= p2(2b2pBl - T‘)
X I,LSBC )\2(])‘1‘2)2 9
B, VR tanh(v/R¢) P, (24) B2 - 1@ —|—p)/\.
usech(v/RE) + 1 4 bsp?
Family 3
1
[ BiuR h(vR Rtanh B
ug =| - e+ /R - 1B — (VRE)  p, VRtanh(VEE) 1 (26)
I R(—1+ p?) psech(v/RE) + 1 usech(\/_f) + 1
[ BiuR h(VR Rcoth(VRE) |7
ugs =| — # + R(uQ _ ]-)Bl csc (\/_5) 4 Bl \/_CO (\/_5) , (27)
I R(—1+ p?) pesch(vRE) + 1 pesch(vVRE) + 1
where
)= (pry/R(p2 — 1) £ /(2 — 1)(p2r2R + 4b1p?p2 — 442 Rby — 4byp? — 2Rby))p
B —2p2R + 2p%p? — R — 2p? ’
B2 _ 114p R_ (2bopBy — 7)(2b2pByp? — 2bap By — ru? + 1)p?
VoAb T (p+2)2X\2p?
Family 4
1
» :[ BiuR + VEGE= 1B sech(v/R¢) B v/Rtanh(v/R¢) } 7 (28)
R(—1+ p?) psech(vVRE) + 1 usech(\/_f) +1
1
e :[ BipR | R~ 1)B, csch(v/R¢) + B VR coth(v/R¢) } 3 (29)
R(—1+ p?) pcsch(vVRE) + 1 pcsch(v/RE) +1
where
A ,ur\/R (2 — 1) £ /(42 — 1)(u2r2R + 4b1p2p2 — 442 Rby — 4b1p? — 2Rbl))p

—2u2R + 2p?p? — R — 2p?
B2 11+p R— (2b9p By — 7)(2bapByp? — 2bop By — rp® + 7)p?

YT abp? (p +2)2M\2p2
Family 5 where
1
ugy = [\/T{B1 +BVR tanh(\/ﬁg)] , (30) y o (CrRE VR(r2R — 4Rb; + b1p?))p
VR(—p? + 4R) ’
v 1(14+p)A _  1p*(beABip—1)?

Usy = |:\/EBl + Bl\/ECOth(\/Eg)} ) (31) Bf - 4?’ - Z ,\2(p + 2)2



306 Chen Yong et al

Vol. 13

Family 6

=

Us1 = [— \/EB] -|— le/ﬁtanh(\/ﬁf)} 5 (32)

S =

Ug2 = |:— \/EBI + BI\/Ecoth(\/Eﬁ)] 5 (33)

where
\ _ (rR£ VR(?R — 4Rby + bip?))p
VR(—p? + 4R) ’
po 10PN 1R GnBp
T4 bp? 4 X(pr2)2
Remarks

1) In this paper, for simplicity, we only consider
the case of € = —1 in Egs.(11) and (12). In respect to
the case of ¢ = 1 and rational solution, the process is
similar to the case of € = —1, therefore we omit them.

2) The solutions obtained in this paper recover
all of the solutions obtained by Zhang.[¥ For exam-
ple, from solutions (30) and (32), if setting » = 0, the
solutions (21) by Zhang [ can be recovered; if setting
by =0,p— g and b3z — by, the solutions (28)', (29)’

obtained by Zhang[6 can be reproduced.

3) In respect to solutions (11) and (12) by
Zhang,[® they can be obtained by use of the results in
Ref.[7]. For simplicity, we do not list them here.

4) To our knowledge, the other solutions (22)—(29)
have not been found before.

5) The general projective Riccati equation
method is more powerful, such that it can be used to
obtain more types of solutions, which recover not only
some results by various other methods, such as vari-
ous tanh methods,*3~18land the homogeneous balance

method,[*=22] but also other types of solutions.
3. Summary and conclusions

In summary, based upon the coupled Riccati
equation, we have obtained many families of exact
travelling wave solutions of a generalized SRLW equa-
tion with high-order nonlinear terms. The present
method evidently can be generalized to any subequa-
tions, which must be defined in reduced form: e.g.,
the Riccati or elliptic equation (see e.g., Ref.[9] for de-
tail). We will extend this method to seek some soliton-
like solutions for some partial differential equations in

forthcoming works.
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