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In this paper, a two-step ansatz is proposed, which leads to some new solutions to two coupled nonlinear physical

equations.
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1. Introduction

The nonlinear differential equations (NDEs) are
a major subject in many fields of physics and non-
linear sciences, and seeking exact solutions to NDEs
plays an important role in our understanding of these
fields. Much work has been done on this topic,! =7 but
unfortunately there exist no general rules for finding
exact solutions to NDEs, especially to coupled NDEs.

In this paper, we discuss the exact solutions to
two coupled NDEs which arise in physics of condensed
matter, quantum field theory and plasma physics.

The first pair of coupled nonlinear equations 210

we shall study is

Upy = —u +u> + dqu,

Vpe = fU+ M0 + dv(u2 -1), (1)

which is relevant to the quantum field theory of
charged soliton. Here uw and v are real scalar fields
and d, f, A are parameters.

The second pair of coupled nonlinear equ-

[10,11]

ations considered here is

Ugy = A1U + A2UD,

Vg = b1v + bov? + bgu?, (2)

which appears in the context of the modulational in-
stability of plasma system. Here u,v are real fields
and aq,asq,by, b, by are parameters.

In the next two sections, the analytical solutions
to these two coupled equations are given by introduc-

ing a new two-step ansatz.
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2.Exact solutions to

equations (1)

coupled

Assume that Egs.(1) have solutions of the follow-

ing form:

u=ajw+ a1 — w2,
v =biw+ b1 —w?, (3)

w' =71 —w?), (4)
with aj,as,b1,bs,7 are real numbers. Obviously,
Eq.(4) has the solution

w = tanh(rz). (5)
From (3) it is easy to see that
Ugy = — 2a17%w + 2a;7°w?
+ (—agr® 4 2a2r*w?)y/1 — w2,
Vg = — 2017w + 2b17%w°

+ (—b2r2 + 2b2r2w2)\/ 1 — w2 (6)
Substitute (3) and (6) into Egs.(1) to obtain

1—w?=0,

1—w?=0,

p1(w) + p2(w)
p3(w) + pa(w)

where p;(w) (i=1, 2, 3, 4) are polynomials of w.
Equating the coefficients of polynomials p;(w) (i=1,

http://www.iop.org/journals/cp
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2, 3, 4) to zero yields the following algebraic system:

—2(117"2 = —a + 3(11(1% + d(albg + 2&2()162),
2a,7? =a? — 3a,a3 + d(a1b? — a;1b3 — 2a3b,by),
—asm? = —as + ag + da2b§,
2a57? :3afa2 — ag + d(agbf — a2b§ + 2a1b1b9),
—2b17"2 :(f - d)bl + 3Ablbg + d(a%bl + 2(11(12(72),
2b1’l"2 :)\(b:13 - 3b1b§) + d(afbl - a%bl - 2a1a2b2),
—bor? =(f — d)by + Ab3 + da3bs,
2b27‘2 :)\(3b$b2 - bg) + d(a%bg - a%bg + 2a1a2b1).
(7)
In what follows, we first use Mathematica to solve the
algebraic system (7) so that we can get the relation-
ship between aj,az,b1,b2,7 in (3), (4) and d, f, X in
(1). Then we can get solutions to Egs.(1) by consider-
ing the solutions to Egs.(7) and formula (5). To this

end we proceed as follows:

Case 1 When f =0, A =d =1, from (7) we

/ 1
a1::i: ].—b%,aQ:bQ:O,T::EE,

which gives the following solutions to Eqs.(1)

Uy = +4/1 — b2 tanh <m\—{/—§co)’

V1,2 = bl tanh <I\—;§CO),

with b; # 0 real number, ¢y integral constant.
Case 2 When )\ #d?, f =d — 1, we have

d—X d—1
a=Hm b=
1
a2:b2:O,r::i:—.

V2

Here we can get four pairs of solutions to Egs.(1):

have

d— ) T+ ¢
uz ¢ =+ mtaﬂh< ﬁ°>,

d—1 T+ c
v3_g = * d2_)\tanh< \/50),

where any two of us_g,v3_g with the combination of
(+,4),(+,-),(—,+),(—,—) can form a solution to
(1) and thus four solutions can be generated.
A —d?
Case 3 Whend # 0,d #1,f = m, we

have

1-d
alzl,azzblzo,bgzi m,’r‘:\/}.

Here we get

U7 g = tanh[\/?(a: + ¢o)],

vr,8 = £4/ gsech[\/?(m + ¢o)].

1
Case 4 When A <0,d=0,f= g7 We have

/1 1
(11::|:1,(12:b120,b2::|: _X’T:iﬁl

Here we get

Ug_19 = *tanh (3:;;0),

1
vg_12 = % ——sech<x + cO).

XM e
372
Case 5 Whenf;éo,/\zsf 472d 3f, we
have
1-2
alz:izl,bl:agzo,bg::i: d f,r: f

Here we get

uj3_16 = £ tanh[\/?(m + ¢o)];

V13—16 = :i:“ 1 _d2fsech[\/?(m + Co)],

which have been obtained in Refs.[9,10] by a different
ansatz.

Case 6 Whend #0,d#2,f #0,d+ f—2#
o= Hd—f)ld—2)
T d+f-2

jd—2—
a1:b2:0,a2::i: Tzf,
. d—2+f f
bl_i\/ dd—2)" " Va—2

Here we get

U790 = i\/%sech [ di2(m—|—co)
d—2
d(d—jz)ftanh [\/ d{2($+c°)

which are the same as in Refs.[10,12,13] by a different

ansatz. Here u; —ug(v1—vg), u7 —u1e and v17—vgq are

, we have

Y

Vi7_90 = %

b

tanh-like kink-type solitary solutions, while v; — v1g
and w7 — ug are sech-type or bell-shape solitary so-

lutions.
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3.Exact solutions to

equations (2)

coupled

Suppose that Egs.(2) have solutions of the follow-

ing form:

u=cy+ ciw+ cow? +di /1 — w2 + dywy/1 — w?,
v=eg+erw + eow? + f1v/1 — w? + frwy/1 — w?,
(8)
with w as in Eq.(4) and co, ¢1, c2, di, da, e, €1, ea,
f1, fo being real numbers.
From (8), we get
Uge :2627‘2 — 2clr2w — 802r2w2 + 2clr2w3
+ (—dlr2 — 5dyr?w
+ 6d2r2w3)m,
Vo :2@21“2 — 2617‘211) — 8627‘2’(1)2
+ 6egrw? + (—flr2 — 5 for’w
+ 2f1r%w? + 6f2r2w3)m. (9)

Substitute (8) and (9) into (2) to obtain

q1(w) + g2(w)
g3(w) + ga(w)

where g;(w) (i=1,2,3,4) are polynomials of w. Equat-

+ 6coriw?
+ 2d;r?w?

+ 2elr2w3

1—w?2=0,
1—w?2=0,

ing the coeflicients of polynomials ¢;(w) (i=1,2,3,4) to

zeroes yields the following algebraic system:

2627‘2 =aico + az(coeo + di f1),

—2c17® =ajc; + az(creq + coer + di fa + da f1),
—8car® =a1ca + az(coez + cre1 + caeg — dif1 + dafa),
2¢17? =ag(cieq + caer — di fa — daf1),
6cor? =ag(coez — da fa2),
—dir? =ayd; + az(eods + cof1),
—5dar® =ayds + as(erdy + c1 f1 + eoda + o f2),
2d17* =as(eads + cafi + e1da + c1f2),
6dar? =az(eady + caf2),
2ear? =breg + ba(ed + f7) + bs(cp + d3),
—2e17? =bie; + ba(2e0e1 + 2f1f2) + bs(2cocs + 2d1ds),
—8esr? =bjeq + b2(€f + 2egez — fl2 + f22)
+ b3(c2 + 2cocg — d? + d3),
2e17? =bo(2e1e2 — 2f1f2) + b3(2¢c1c2 — 2d1ds),
6ear? =by(eh — f3) + bs(ch — d3),
—f1r? =b1 f1 + 2baeq f1 + 2bzcods,
—5far? =by fa + ba(2e1 f1 + 2e0 f2) + b3(2c1d1 + 2¢odz),
2f1r? =ba(2eaf1 + 2e1 f2) + b3(2c2ds + 2c1ds),

6f2r2 :2b262f2 + 2b302d2. (10)

This system is very complex, we cannot exhaust all
its cases although we use Mathematica. Thus only

interesting and special cases are given below.

Casel Whenecy=di=dy=e;=fi=fa=0,
from (10) we have:
3b
(1) 3az = b27 a; = Oa b3 = Oa Co = Oa €0 = __17
2by

3b, Vb
eg = —,r==+—.
2by 2

Here we get

u; = ¢; tanh [@(Wrd] :
syt [ 0]

v = —

with ¢; # 0 being a real number and ¢ integral num-

ber. . .
(2) 3a2=b2,a1=?1,5320,00:0,@0: !

2by’
3b; v —by

e =——,r== .

2b, 2
Here we get
v=b
uzzcltanh[ 5 l(m—{—c)} ,
by 3b 9 [V—b1
= —— + ——sech
Vg bg+2b2 ec 5 (z+¢)|,
with ¢; # 0 being a real number.
Case 2 When61:d1:d2:€1 :f1:f2:O,
we have ”
1 = by, by =0, cg = F——nt—,
(1) a1 1, 02 Co ?2@

L 3k 3b 3b, Vo
———eg=——,€e=—,r=+"—".
Wazbs' 0 2ay’ 1 2a 2

Here we get
U3 4 = 2 —agb;’, sech? [\/_ .’L‘+Cj| ,
b b
V34 = —;)T:sech2 [%(m + c)] ,
which corresponds to the result for by = 0 case of
Ref.[10].
by
2 = b ,b = 0, =+ 3
( ) a 1,902 €o 2\/(?63 C2
B U U I
:F2\/a2b3’ T2 2 2ay’ 2
Here we get
by 3by 9 [\/—bl ]
= + h + ,
usg = F ab T 2va sec 5 (z+¢)
b 3b; v=b
US’GZ_a_l—I— [ ! —|—C):|.
2
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Case 3 Whency =cy=dy=e; = f1 = fo =0, Here we get
we have
v —b v —b
(1) 3(12 = b2,4a1 = b],b3 = O,CO = 0,60 = Ui2 :d2 tanh |: 1 (.’13 + C):| sech |: 9 ! (23 + C):| ’
3b; 3b, Vb
—o €2 =5, T =Et——. b 3b v=b
2by 2bg 2 — _ 1 1 h2 1 .
Here we get 12 by * %, 2b2 2 (@ +¢)
b 6a
uy = dlsech [%(.’L‘ + C):| , (3) 61:—2(1;, bQZO, . COZO, d2::|:\/T12b3,
3b1 2[¢— ] r=t/ar, 6 = ——, €2 = —.
vy = ech , as az
Here we get
with d; # 0 being a real number. N 6a; tanh [y/a1(z + )] sech [y/ai(z + ¢)]
b U13,14 = an ai(x + c)]sec a(z+ )],
(2) 3(12 = bz,b] = 12&1,60 = 0,60 = i,@ = 1 V_a2b3 ! !
2 6a
3b1 -+ vV —bl V13,14 = — a—lsech2 [\/(1_1(1' + C)] .
T2, 2 2
Here we get V2b
4) 2a3=by, 2ay = 3by, cg=0, dy=+—~—=, ey =
] ) \/_—bl ( ) a1=01, 402 2, Co 2 \/I?bg €0
ug = disec (z+c)|, 2b; 2by by
—E, €y = b2 , T = + 5
vg = b + & ech? | Y —bs (x+c)|, Here we get
by 2b2 2
. . 2b b b
with d; # 0 being a real number. - U516 =% \/b_—gb13 tanh lw / El(a; + ¢)| sech l” El(a: +¢)
/ 1 v
(3) 3(12 = b2, Co = O, r = =&+ ay — —,
3 2by 2| (b1
2(12(11 — bl)(bl — 3(11) 60,1 — bl ’U15’16 = — —SeCh —(l‘ —|— C)
d1: :i: , :—77 €g = b2 2
3bobs by
6(11 - 2b1 \/_
- A 2b,
b2 (5) aq :b1,202:3b2,60:O,dQZi—,COZ
Here we get Vbabs
by 2b, —by
—,eg = ——,r =14/ —.
2(12(11 - bl)(bl - 3(11) bg bg 2
ug,10 =% 3babs Here we get

b
X sech lﬂal—gl(a:—l—c)

b 6a; — 2b / b
1)9,10:—5——11)2 1sech2l al—gl(m—l—c)

V2b —b
Ujr,18 = * —b2b13 tanh Tl(m +¢)
X sech [\/ _Tbl(a: +¢)

Rao obtained a similar solution of this type in Ref.[11]. vir18 = 21 n 2()& och? /_—bl(m to)
Case4 Whenci=co=di=e; = f1=f2=0, 2 2
we have Rao obtained a similar solution of this type in Ref.[11].
(1) a2 = by,dar = bi,by = 0,c0 = Oe0 = Here it is obviously seen that u; — ug, us — ug,
3b1 3b1 \/b_ 2
_i7e2 % ,T = iT u7 — u12, and uyz — uig are tanh, sech®, sech, and
2Here we g2et sechx tanh types, respectively, while v; is sech? type.
Vi Vi It should be mentioned that since coth(r(z + ¢))
u11; = dg tanh [Tl(m + c)] sech [T(m +c):| is also a solution to Eq.(4), Egs.(1) and (2) can

have solutions of coth-type, csch-type, csch?-type and

Vi = _% ch2 [\/Zb_( _{_C)} cothxcsch-type, which are omitted for the sake of
space.
with dy # 0 being a real number. Incidentally, for Egs.(2), we can also make the
(2) aa = by, 4a1 = 3b1,bs = 0,¢0 = 0,90 = following ansatz:
by 3 V—b1

Wy T T, T v=au',h#1,2,a #0.
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Thus, when

bs = 0,3a2b1 = (v a1b1 + 2a1)bs,

we get
_ 3b; \V i 2./5 (/b
U9 = (— 2b2a> sech™V 1 T(m +a)l,
b Vb
Vvig = —;)T;sech2 [Tl(l' + c)} ,

with a # 0 being a real number, which yield another

solution to Eqgs.(2). If the assumption w’ = r(1+w?) is
made, then we can obtain singular periodic solutions.

In conclusion, by introducing a two-step ansatz
we succeeded in deriving many solutions to Eqgs.(1)
and (2).

more solutions than those used before for these two

It is obvious that our ansatz can produce

equations. Further work will be devoted to wave front
solutions to coupled systems of reaction—diffusion type

by using the same method.
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