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In this paper, we have extended the theorem of the velocity-dependent symmetries to nonholonomic dynamical

systems. Based on the infinitesimal transformations with respect to the coordinates, we establish the determining

equations and restrictive equation of the velocity-dependent system before the structure equation is obtained. The

direct and the inverse issues of the velocity-dependent symmetries for the nonholonomic dynamical system is studied

and the non-Noether type conserved quantity is found as the result. Finally, we give an example to illustrate the

conclusion.
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1. Introduction

The symmetries of mechanical and physical sys-
tems have a close relation with the associated con-
served quantities. There are three important meth-
ods of symmetries to seek the conserved quanti-
ties of the dynamical systems: Noether symme-
try, Lie symmetry, and Mei’s form invariance. The
Noether symmetry is an invariance of the Hamil-
tonian action under the infinitesimal transformation
of a continuous group.!! In 1975, Djuki¢ and Vu-
janovi¢ gave the Noether symmetries and conserved
quantities for the classical non-conservative mechan-
ical systems.[?3] Li extended Noether theory to the
classical and quantum constraint systems.[*®] Mei
advanced Noether theorem from Hamiltonian sys-
tems to Birkhoffian systems.[Sl Sarlet studied the
pseudo-symmetries, Noether’s theorem and the ad-
joint equation.”] The Lie symmetry preserves the
equation of motion under the infinitesimal transfor-
mation of a continuous group. In 1979, Lutzky ap-
plied the Lie theory to mechanical systems, and ob-
tained Lie symmetries and conserved quantities of dy-
namical systems.[®] The research on Lie symmetries

has gained many important results.[®~18 Mei pointed

out that it is an invariant of the dynamical equation
of the system, of which the infinitesimal transforma-
tion of a continuous group is taken from a physical
quantity such as Lagrangian, non-potential general-
ized force and generalized constrained force etc.!19—21]
With the development of science and technologies,
this study of form invariance becomes more and more
important.[22—24]

For Lie symmetries and Mei’s form invariance,
however, only the Noether-type conserved quantity is
obtained. In 1992, Hojman gave a theorem regarding
the conserved quantities as second-order dynamical
systems.[?5] Gonzalez-Gascén (26 considered the the-
orem in generalized coordinates, and the result may

be stated as follows: Let the function m(q,q,t) de-

termine a symmetry generator E = g, — + 7;—— for

g, dq,
the equations of motion §, = a;(q,q,t); if a function
A(g,4q,t) can be found to make
- 8al d

+ —InA\

="
ag, | dt

vanishing, a constant of the motion can be given by

dm | Ony
¢ =E(ln)\) + 22 4 5
(InA) 2q, " 84,
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Lately, Lutzky proved that a conserved quantity
is associated with a velocity-dependent Lagrangian

[27.28] The theorem referred to above re-

symmetry.
sults holds whether or not the equations of motion
are derivable from a Lagrangian. ¢ is a non-Noether
type conserved quantity and it is dependent on a La-
grangian. Recently, based on the relationships among
motion, nonconservative forces and Lagrangian, we
present conservation laws on non-Noether symmetries
for nonconservative dynamical systems by the authors
of Ref.[29].

In this paper, we extend the theorem of velocity-
dependent symmetries to nonholonomic dynamical
systems to derive the non-Noether type conserved
quantities. The direct and inverse problems are stud-

ied separately.
2.Conserved quantities and
velocity-dependent symme-

tries of nonholonomic systems

2.1. Direct
symmetries

issue of the velocity-dependent

A mechanical system of n degree of freedom with
Lagrangian L(t, q,q), subjected to the g ideal bilateral

nonholonomic constraints of the form

fe(g:4,1) =0 (B=1,---,9), (1)

has the equations of motion as [30:31]

ia_{/_a_L:Q:_f—As; <As

I
>
)
|
Q
@
N———
—
[\)
~

The equations of motion can be put in the form

d‘g:gs(Qqu‘knt) (S7k:17"'7n)' (3)

Let us introduce the infinitesimal transformations

with respect to generalized coordinates

qs (t) =4, (t) + €ns (q7 q, t)7 (4)

where ¢ is a small parameter, and 7, are infinitesimal
generators.
Furthermore, we introduce the generator vector

of the infinitesimal transformation

7]

E% =n,—, 5
™ 30 (5)
and its first expansion
0 ., 0
Elzns_+ns_.7 (6)

dq, 04

Vol. 13
and the second expansion
0 0 0 0
E2 _ — -s_ ..s_ :El ..s_. 7
" 5q. T T ag. T 55 +is 5 (7)

where functions 7,(qg, ¢,t) determine a symmetry gen-
erator.
The invariance of Eqgs.(3) and Eq.(1) under the in-

finitesimal transformation (4) leads to the determining

equations
ﬁs = El(gs)7 (8)
and restrictive equations
ofs | . 9fp 1
s —— s— =F =0. 9
"o, T g, (£s) (9)

Equations (8) and (9) can be regarded as the criterion
of velocity-dependent symmetries.

Criterion 1 The symmetries are called the
velocity-dependent symmetries corresponding to holo-
nomic dynamical system (3) if the infinitesimal gener-
ators 7, satisfy the determining equations (8).

Criterion 2 The symmetries are called the
velocity-dependent symmetries corresponding to non-
holonomic system (3) and (1) if the infinitesimal gen-
erators 7, satisfy the determining equations (8) and
the restrictive equations (9).

The velocity-dependent symmetry does not al-
ways imply the conserved quantity, and so one has
the following theorem.

Theorem 1 If the infinitesimal generations
1s = 71s(g,q,t) are of velocity-dependent symmetry
for Egs.(1) and (3), and a gauge function G can be

found to satisfy

9gs
94

+G =1, (10)

8

then a constant of the motion is given by

ans  Ons
—_—. 11
9 + = (11)

_
¢ = E'[G] + 7,

s

Equation (10) is called the structural equation of the
velocity-dependent symmetry, and Eq.(11) expresses
a non-Noether symmetry-type conserved quantity as-
sociated with the symmetry. In fact, E2(¢) = 0 just

implies (]5 = 0 for ¢ can be demonstrated as

d¢ d ., d [Ons 91
dt  dt (@) dt[aqs+aqs - (12)

For any function f = f(q, q,t), we have

d446f _ f 99 8 (13)
dt aqs aqs aqs aqk ’
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dof _0f 0f gk Of (14)
dt 645 B 6‘?5 6qs aq‘s 8qk ’
3f) 9 1 Ong Of Oy Of
F|—|=—F - 7 (15
<aqs 6qs (f) aqs aqk 6qs 8qk ( )

Given 7j, = E'(gs), ns can define the symmetry
(7) for §, = g,. So we know that if E! is a symmetry,

then we have

d 1 _ 1/ ¢
SEND = B, (16)

From Eqgs.(13) and (14) we can obtain

ag k 87.75

d On, 0On, s
4 . — A T A &a- T a & 17
dt( aql aqs ) 8qs aqs aqk aqs aqk ( )
Furthermore, Eq.(15) makes possible E* %) equal
qs
to the right-hand sides of Eq.(17), so that we have
99, d [ dns N,
E! =— — . 18
(843) at |3, " 3, (%)
Substituting Egs.(16) and (18) into Eq.(12) yields
d¢ 1( 99s
=5 (0 (19)

Consequently Eq.(11) leads to the fact that ¢ should

be a conserved quantity.

2.2. Inverse issue of the velocity-dependent

symmetries

Finding the velocity-dependent symmetries from
the given conserved quantities is called the inverse
problem, which can be solved by the following steps.

First, we find out the corresponding velocity-
dependent symmetry from the known conserved quan-
tity. Suppose that there exists some conserved quan-

tity in the nonholonomic system

¢ = ¢(q,q,t) = const, (20)

then we have

d¢ _9¢  0¢ .  9¢

—r_ -7 —q.=0. 21

at ot ag, T ag, % 1)

Multiplying Eq.(2) by 75 and summing up for s leads
v doL oL

Qo O .~ A \m =0 (22

(Giog ~ g @) (#2)

Adding Eq.(21) to Eq.(22), and expanding the result-
ing equation yields

8¢ 08¢ . 99 .. (82L . 2L

ot "o, " 53, % T\ 84,04, T 54,04,

8%L oL
—— — — —Q,— A |ns =0. 23
* 9.0 g, ¢ )’7 (23)

Let the coefficients of the ¢, be zero, and we have

- 0¢ - 1 s=m,
Ns = hsk_-: hskhkr = 637‘ = (24)
aq;, 0 s#m,

where
_ 8%L
6458413 .

hsk (25)

Letting the conserved quantity in Eq.(11) be
equal to Eq.(20) yields

Ons | O
= 26
5, " 93, % 20

EYG)+

and then we can obtain generators 7, and gauge func-
tion G from Egs.(24) and (26).

Secondly, substituting generators 7; and gauge G
into determining equation (8) and restrictive equation
(9), we can determine the velocity-dependent symme-
try of the system.

Theorem 2 The symmetry is called the velocity-
dependent symmetry for the holonomic systems (3)
when the infinitesimal generators 7, determined by
Eqgs.(24) and (26) satisfy the determining equation (8).

Theorem 3 The symmetry is called the velocity-
dependent symmetry for the nonholonomic system (1)
and (3) when the infinitesimal generators 75 deter-
mined by Egs.(24) and (26) satisfy the determining
equation (8) and restrictive equation (9).

This study of the velocity-dependent symmetry
is confined to the nonholonomic system, but the
velocity-dependent symmetry for the non-conservative

dynamical system can be studied similarly. 23]

3.An example: Appell-Hamel

problem [3233]

The Lagrangian of the Appell-Hamel problem is
1 .2 .2 .2

L= Em(‘h + ¢3 + d3) — mggs, (27)
subjected to the nonholonomic constraints of the form

. . oy 1
f=ds— (4 +d3)7 =0. (28)
First we study the direct issue of the velocity-
dependent symmetry. The dynamical equations of the

system are

mg; = 2Ag;, MGy = 20Gy, Mgz = —mg — 2A¢s. (29)
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Using Egs.(28) and (29), the constrained multiplier is
given by
mgqs myg
A= ————— = ——2, 30
2047 +d3+d5) A4 (30)
So we have

,11+ Al = —;mg—,

,21‘1'/12 = —;mg—,
7 _ 1
s+ A3 = 3™y (31)

The equations of motion can be expressed as

1‘11

(.1.1: _hla

by=—502 =

g3 =—59 = hs. (32)

Substituting Eq.(32) into Eq.(8) leads to the fol-

lowing determining equations:

; ( 1 1>+.<lql>
m=m\—s9— 3\ 95 )

27 g4 2 ‘1?2,
.. ) 11 (1 42)
N2=mn2|—59=—|+n <—g.— )
2 2( 2 ‘13) *\2 q§
i3 = 0. (33)

Equation (33) has the following solutions:

8 8 d
1 1 1
m=Lm=1Ln=1E=_—+-—+-—; (34
1 2 3 1 aql 8(]2 6q3 ( )

771 = dt

772 /q_2dt
m =1
0 0 0
E:/ dt—+/—d—+— 35
2 9q, 0q; Ogy (35)

We can obtain the velocity-dependent symmetry cor-
responding to the holonomic system from the above
equations.

Substituting Eq.(32) into Eq.(9) yields

—1)3g3 = 0. (36)

Substituting the generator (34) into Eq.(36) can
hold, and then Eq.(34) is a velocity-dependent sym-

7.7141 + "'7242

metry associated with the nonholonomic system.
Substituting Eqgs.(32) and (31) into the structural
equation (10) yields

g g 41
YV=— " — 0 — zmg—
293 25 2 3
1 .
—mg®2 4 Cmg+ G, E*(w)=0. (37)
2 “gqg 2

Letting ¢ = 0, we cannot find the gauge function G.

But when we take

g 1 ¢ 1 ¢
U R ML .
qs 2 ds 2 ds

+ 9291 — 1415 (¥) =0, (38)

where 9 is an invariant of the symmetry (34), we can
obtain a gauge function

1, 1

291~ §m9t- (39)

Substituting Egs.(34) and (39) into Eq.(11) leads to

¢ —<i + i + i)
! 0q; Ogqy Ogy

1 1
X <Q2QI - 5‘1% — §mgt) = gy = const. (40)

G = q,q, —

Therefore, we obtain a conserved quantity associated
with the velocity-dependent symmetry for nonholo-
nomic system (28) and (32). Certainly, it is a non-
Noether type conserved quantity.

The generators (35) and (36) cannot both hold,
and so the generator (35) is the only velocity-
dependent symmetry associated with the holonomic
system (32). Substituting Egs.(35) and (39
Eq.(11) leads to the following conserved quantity:

8 8 9
¢2:< D = 4 —d—+—>

) into

9q, dq,  9g4
1, 1
X\ 9241 — 41— Emgt
o) j o) j 1 1
o [ Bary [ Bary 4~

dq, qs3 dq, g3 q3 43

dt+q1/q—2dt—|— 0 /‘?—1dt
9q 93

/q—2dt — — = const. (41)

=(92 — 1)

a‘b
We can conclude as follows. The velocity-
dependent symmetries can lead directly to the non-
Noether type conserved quantities. The velocity-
dependent symmetries and Noether symmetries of the
dynamical systems are two different symmetries. The
gauge function of the velocity dependent symmetries
is determined by choosing invariant 1 of the symmetry
group and the conserved quantities given by Eqs.(10)
and (11). The conserved quantities of the Noether
symmetries are obtained by the Noether theorem. The
velocity-dependent symmetries and Lie symmetries of
the dynamical systems are also two different symme-
tries, and so the gauge function and the conserved
quantities of the Lie symmetries can be obtained by
using the structural equation and the formula of con-

served quantities of the Noether symmetry.
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