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We give the exact normalized bound state wavefunctions and energy expressions of the Klein—-Gordon and Dirac

equations with equal scalar and vector harmonic oscillator potentials in the two-dimensional space.
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1. Introduction

The harmonic oscillator is a basic model both in
classical physics and modern physics. It is widely used
in many fields in physics. In non-relativistic quan-
tum mechanics, the harmonic oscillator potential is
one of the solvable potentials for Schrodinger’s equa-
tion and has been adequately studied whether it is
one-dimensional (1D), two-dimensional (2D) or three-
dimensional (3D). In contrast, the study of this prob-
lem is somewhat insufficient in relativistic quantum
mechanics. Though Su and Ma[!l discussed 3D and
1D Dirac equations with both scalar and vector har-
monic oscillator potentials, we also solved the Klein—
Gordon and Dirac equations with equal scalar and vec-
tor harmonic oscillator potentials, then obtained the
normalized wavefunction and the formula of energy,?!
yet we have never seen any report on the research of
2D relativistic harmonic oscillators. The importance
of 2D quantum systems is never less than that of 1D
or 3D quantum systems. For example, a 2D quantum
system can probe the connection between classical and
quantum chaos, and it also has application in a num-
ber of surface systems, such as atomic corrals.[! In this
paper, we investigate a typical 2D quantum system,
and 2D relativistic harmonic oscillators. We solve the
Klein—Gordon and Dirac equations with equal scalar
and vector harmonic oscillator potentials in 2D space,
and give the complete normalized wavefunction and

the formula of energy.
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2.Bound-state solution of the
Klein—Gordon equation with
scalar and vector potentials
equal to each other

According to Ref.[4], the Klein-Gordon equation
for the 2D equal scalar and vector central potential is

(h=c=1)

oo oo o

where P is the momentum operator, F and p are the
energy and rest mass of the particle respectively. For

the 2D harmonic oscillator potential we have

1

V(p) = ke, (2)

in plane polar coordinates (p, ¢), Eq.(1) is written as

L9 < 940, ¢)) + :—23—2w<p, 9)

pop \"dp 062
1
+an (= 302 ) (o) =0, ©
where
ay=FE+p az=E—p (4)

Considering the periodic boundary condition of coor-
dinate ¢ and letting

¥(p, ¢) = g(p)e™?, (5)
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we obtain the equation of g(p) obtain the normalization constant
1 m2 1 1-|m| 14|m|
§"(0) + -9 (p) — | o — (s — Ske) | g(p) =0, enm = 2 ) = T fml 4 )
b ’ g "ol T(1+ [m])

(6)
To solve Eq.(6) we first study the asymptotic be-
haviours of g(p) for small p and large p. It is easy

_VEeq o
to see for large p, g(p) — ¢ 2v2 © | and g(p) is zero
when p — oo. On the other hand, for small p, the
solution of Eq.(6), which satisfies the necessary condi-
tion of finiteness, is g(p) — p/™. The above analysis
suggests that we let

Vk VEay o
o x/glﬂ27 g(p) = e 22 7 pIm f(a),  (7)

then we obtain

2f"(@) + (1+ m| - 2)f'(a)
1+ |m)| koqas _
S R = FORT O

This is a confluent hypergeometric equation,®! its so-

lution is
1+ |m| kajas ]
—F - A+|mlz|, (9
L R )

where F represents the confluent hypergeometric func-
tion Fl[a,7, ).l Combining Egs.(7) and (9), we ob-
tain
VEkar 2
olp) =77 il |
vkaia Vka
- VEI%2 4 1p2]. (10)
2v/2k V2

For bound states, the confluent hypergeometric func-

1+ |m)|
2

tion F[a, ", z] must terminate as a polynomial, which

demands
1 vk
+ |m| _ a0 — _np’ np — 07 1727 .. (11)
2 2v/2k
Now we can use n, to express g(p)
NI
9(5) =6, me W2 I
kO[l 2:|

X |—n,, 1+ |m|, , 12
[, 2202) o)

where ¢, is a normalization constant. According

to the normalization condition

oo p2m oo
2 _ 2 _
/0 / P, 6)[2de dp = / pla(p)Pdp = 1, (13)

and using the relation of the confluent hypergeometric
function with Laguerre polynomial and the normaliza-

tion condition of Laguerre polynomial,[®! finally, we

3. Bound-state solution of the
Dirac equation with scalar and
vector potentials equal to each
other

The Dirac equation with a 2D scalar potential

s(p) and a vector potential v(p) is (h=c=1)

{a-p+Blp+s(r)} = [E - v(r)Y, (15)

or in the explicit form

— [a2 — s(p) —v(p)] W1+ P_ ¥4 =0,
~ faz — s(p) — v(p)] T2 + Py Ts =0,
— lon + s(p) —v(p)] ¥s + P- ¥, =0,
~faz + 5(p) — v(p)] i+ P8 =0, (16)

where a; and ay are the same as in Eq.(4), and in
plane polar coordinates (p, ¢),
o 190

P, =P, +iP, = -5 [i— F = — ). 1
a e 1Py e <1(9p p3¢) (17)

Taking s(p) = v(p) = 2kp? in Eq.(16) and letting

!pl (pa ¢) g1 (p)e]m¢
T (p, ¢) g2(p)e™?
U(p, ¢) = = . ,
g 3 (p, ¢) gs(p)eim=1¢
Ty(p, @) ga(p)ei(mt)?
(18)
leads to the equations
1 1
ah(p) + 52 ga(p) - <a2 - Ekﬁ) g1(p) =0,
~1 1
400~ "L 0a(p) — (00— 31 ) ) =0,

m
gs(p) + o g2(p) + a1 g3(p) =0,
, m
91(p) = - 91(p) + @1 94(p) = 0. (19)
From the third and fourth formulae of Eq.(19) we find

g5(p) = 2 g2 (p)a+ Z» g2 (p), (20)

as(p) =~ 9 (p)a— Zl 91(p) (21)
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Substituting Eqgs.(20) and(21) into the first two for- g3(p) = Cn,m - Vk\"fl 2

__mem |m|—1
mulae of Eq.(19), we find g;(p) and g2(p) satisfy the a1 (|m| + 1)

p

. . . k
same equation, which is the same as Eq.(6) « {np ko F [1 2+ |ml, vkai p2:|
" 1 7 \/i
g"(p)+ -4 (p)
p = |m* + |m| + m(1+ |m])
m? 1.,
— |5 —ai|a2—ckp" )| g(p) =0, (22) |m| +1 )
p 2 — kaip
V2
where g(p) = g1(p) or ga(p). As in Section 2, letting o
><F[—np,1—{—|m|7 alpﬂ}, (28)
vV kal 2 ( ) ’ml o2 |m|f( ) (23) \/5
= , = e
7 e
we obtain the same equation as Eq.(8): LTy
94(p) ZW 22’ plm
zf"(z) + (1+ |m| — ) f'(z) Jkar
(M- ) s =0 o VIR F L2 Y
2 2v2k '
2
The solution of Eq.(24), of course, is the confluent - [m +[m| = m(1+|m])
hypergeometric function 1
|m| + /ka1p2:|
1+ |m| Vkog V2
flz)=F 5 \/_ka2,1—|—|m|,m . (25) N/TH
2v2 xF[—np,1+|m|, 7 p2:|}. (29)
For bound states, the confluent hypergeometric func-
tion F[a, 7, 2] must terminate as a polynomial, which According to the normalization condition
means
1 k 1
2 2v/2k
_ 2 2
Now, we can use n, to express g1(p) and g»(p), and _/(; <|gl(p)| +192(p)]
substitute g;1(p) and g2(p) into Egs.(20) and (21) to ) )
obtain g3(p) and g4(p): + 1g3(p)I” + l94(p)| )dp =1 (30)
o
91(p) =g2(p) = Crp.me” 2 27 pl™F and the formula of the integral including two general
VEa Laguerre polynomials, exponential function and pow-
X |:_npa 1+ |m|: \/—192 s (27) [5]
5 ers
o0 ) / A— A=y Atk
/ e FLE (LY (2)dz = (<) T+ 1) Y H # , (31)
0 = n—k n —k k
then by doing very tedious calculations, finally we find that the normalization constant is
lml+1
c al(kal) 4 F(]' + |m| + nP) (32)
T 2% P+ m)y T+ n,) [V23 + (1 + [m] + 2n,)VEa]
4. Energy equation tion of which gives the energy
It is interesting that Egs.(11) and (26) are the E = 1(#‘1‘4#214_1/3 + A1/3) (34)
3 )

same, so they give the same energy equation

(1+|m| +2n,)V2k — VE+ u(E —p) =0. (33)

where

A = 27kn? — 84> + 3n\/3k(27kn2 — 16u3),
This equation has three solutions, the only real solu- n=1+|m|+2n,=1,2,-- (35)
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The energy equation can also be written as

14+ |m|  Vas+2u
2 2v2k

If we expand the left-hand side of the above equation

as+n,=0. (36)

as a series of aq

1+ i+ 2n,) % o

1 2 3
- — + O =0 37
4 /_kllf Qs (a2) s ( )

and only take the terms of as, the powers of which are
not higher than one, then solve the energy equation,

we have

k
E’:E—u:a2:(1+|m|+2np)\/;

=1+ |m| + 2np)w, (38)
where E' is just the non-relativistic energy (A = 1).[]

5. The relationship with 3D har-

monic oscillator

It is well known that in non-relativistic quantum
mechanics, there is a corresponding relationship be-
tween 2D and 3D harmonic oscillators.[%] On the other
hand, the energy equation (34) is very similar to the
energy equation of 3D harmonic oscillator in form.[?!
These suggest us to suspect whether there is any cor-
responding relationship between 2D and 3D harmonic
oscillators in the relativistic quantum mechanics. In
fact, the radial equation of 3D harmonic oscillators in
Klein-Gordon theory is 2]

2
L rR())

11+ 1)

—ag(ag — %kr2) R(r)=0, (39)

r

where a; and ay are the same as in Eq.(4). If we let

1
R(r) = 1 1(r), (40)
then we obtain the equation of f(r)

(1+1)

r2

1) - an(o — 2kr?)| f(r) = 0. (41)

From Ref.[2] we also know that two radial wavefunc-

tions of 3D harmonic oscillators in Dirac theory are

F
Fir) and @, and F'(r) satisfies the equation
T
F'(r) - K(Ki;l)F(r) +oq <a2 - %kr2>F(r) =0,
T
(42)

1
where K = +( 7+ 5) is a conservative quantity of
3D central field in Dirac theory. On the other hand,

if we let

g(p) = —=f(p), (43)

N

Egs.(6) and (22) become

. l<m ~5) (ml+3)

P

ACE %kp)] #(p) =0, (44)

Comparing Eq.(44) with Eqs.(41) and (42), we find
that there are the corresponding relationship between

2D and 3D harmonic oscillators, p <> 7, |m| — % 1

1
in Klein—-Gordon theory, and p < r, |m| + 3 «» K in
Dirac theory.
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