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The exact bound state solutions of the Klein—Gordon equation and Dirac equation with scalar and vector pseu-

doharmonic oscillator potentials are obtained in this paper. Furthermore, we have used the supersymmetric quantum
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1. Introduction

A moving particle in a potential should be de-
scribed with the Klein-Gordon equation and Dirac
equation because of the relativistic effects.[!! Recently,
many authors obtained the s-wave bound state so-
lutions of the Klein—Gordon equation and the Dirac
equation in some typical potential fields.2~14 Not
only in classical physics, but also in quantum physics,
the pseudoharmonic oscillator is an important model.
In non-relativistic quantum mechanics, many authors
have adequately studied the problem of the pseudo-
harmonic oscillator.[!5=20] But, in relativistic quan-
tum mechanics, it has not yet been investigated. In
this paper, we assume that scalar potential and vec-
tor potential are equal to each other, then obtain
the exact bound state solutions of the Klein—-Gordon
equation and Dirac equation with scalar and vector
pseudoharmonic oscillator potentials. It should be no-
ticed that a new method, which is the supersymmetric
quantum mechanics,[21=23 and shape invariance 24
and the alternative method,?”] should be employed
firstly to solve the bound state of the Klein—-Gordon

and Dirac equations with the scalar and vector poten-

tials equal to each other.

2.Bound state solutions of the
Klein—Gordon equation with
scalar and vector potentials

equal to each other

According to Ref.[26], the Klein—-Gordon equation

for a pseudoharmonic oscillator is (k. =c=1)

From Eq.(1) we have the radial part of the Klein—
Gordon equation of a three-dimensional relativistic

pseudoharmonic oscillator:

L ore) - [ s e -
+ %(m +E) <kr2 + %)]R(r) =0. (2)
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Using the notation

PEA) =104+ o (mt B)A, ()
a=1/Lm+ B, (4)
2
A= E? - m?, (5)
R(r) = r tu(r), (6)

we can obtain

—%u(r) + [a2r2 + l,(l;ijl)] u(r) = Aulr), (7)

whose ground state wavefunction and ground state en-

ergy are, respectively,
wlr) = Hexp(= 7). o= (I 43V (9
The corresponding superpotential is

vl (9)

W(r)=+var—

T

From Eq.(9) we can obtain the partner potentials

Vi(r,l') = ar® + W - 2<l' + %) Va,(10)

I+ 1)

V() = ar® + —] —2<z'+;)¢a. (11)

We find that

Vi(r, ) =V_(r,l' + 1)+ R(I'+1), RIl'+1)=4va,
(12)
hence the shape invariance condition is satisfied in r
dimension, and the complete eigenvalue spectrum is
given by
A=Y R('+k)=dnva, n=1,2,3.- (13)
k=1

Thus we can have the value of A, in Eq.(7)

An=202n+1U'+ 1)y (14)

Substituting Eq.(14) into Eq.(7), we can obtain

- %u(r) + [a2r2 + ll(l;i;'—l)} u(r)
=2(2n +U' 4+ 1)v/au(r). (15)

In principle, we can use supersymmetric quantum me-

chanics and shape invariance to find the eigenfunction

of Eq.(35), however here we will use an alternative

method. Introducing y = y/ar? and letting

u(y) = y(l'“)/QeXp( — g) L (y), (16)

we can gain

2

y;?L"(y) ++1- y]diyLn(y) +nL,(y) =0. (17)

This is the well-known differential equation satisfied

by Laguerre polynomials Ll,: (y), hence we can obtain

u(y) = y(l'“)”eXp( —~ %) LE(y). (18)

From Eqgs.(3)—(5) and (14) we can consequently obtain

the energy equation

\/k +4Kk[I(L+ 1) + %(m + E)A]
—(E—=m)\/2(E+m) = —(4n+2)VE, (19)

and the wavefunction corresponding to the energy lev-

els is (unnormalized)

R(r) = rl’exp( - @ﬂ) LY (yar?).  (20)

3.Bound state solutions of the
Dirac equation with scalar and
vector potentials equal to each
other

The Dirac equation with scalar potential S(r) and
vector potential V(r)is (A =c=1)

C-P+Dim+SE)=[E-V()w.  (21)

In relativistic quantum mechanics, the complete con-
servative quantity set of a particle in a central field
can be taken to be (H, K,J?,J,), the eigenfunctions
of which are [27]

1 fn,K(r)¢Amj . 1
/‘/’:; ]B ) <K:]+§>a (22)

ign,K (’r) ¢J m;

B
’(/J:% fn,K(T)d)jmj , <K:_<]+1>)5

ign,K (’r)¢j74m]
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where
J+m; jg—m;+1
A 2] jfésmjfé 2]_|_2 j+%=mj7% (24)
I J — mj .1 1 7 o J4+ mj + 1Y 1 1
25 j—z:mits3 27 + 2 Jtg.mits

Substituting Eq.(22) or (23) into Eq.(21) gives the ra-

dial part of the Dirac equation

% - % =[m+E+S(r)-V(r)g, (25)
j_i = m-Brsm) + VNS (20)

Taking S(r) = V(r) = (
(26) become

af
dr

dg K kr? A
54‘79— [m—E—I— <7+ﬁ):|f (28)

Eliminating g from Eqs.(27) and (28) gives

Er? A

- L j=tm+ Bl (21)

d? K(K -1
@f—¥f+(E+m)

x [(E_m)—<k2i2+%>]f:o. (29)

Using the same procedure for solving Eq.(2), if we put
1
K'(K'-1)=K(K —-1)+ §(E +m)A, (30)

we can obtain the equation

K'(K'—1)

2
2,2
r)—i—[ar—i— 2

-~ [ =319, 31

whose ground state wavefunction and ground state en-

ergy are
fo(r) = rKlexp< - gﬁ), do = (2K' + 1)y/a.
(32)
The corresponding superpotential is
KI
W(r) = +Var— —- (33)
T

From Eq.(33) we can obtain the partner potential
K'(K'+1)
7

T

2<K’ - %) Va, (34)
KK 1) 2(1{’ + %) Ja. (35)

r

Vi(r,K') = ar? +
V_(r,K') = ar? +

We find that

Vi(r,K'Y=V_(r,K'+1)+ R(K' + 1),
R(K' +1) = 4y/a, (36)

hence the shape invariance condition is satisfied in r
dimension, and the complete eigenvalue spectrum is

given by

n

N =S R(K +k) = 4nva, n=1,2,3,. (37)
k=1

Also we can obtain the value of A, in Eq.(31)

An = 2<2n+K'+ %) Va. (38)
Substituting Eq.(14) into Eq.(7), we have
d2 KI K’ _
- a0+ [t B )
=2(2n + K")Vaf(r). (39)

In principle, we can use supersymmetric quantum me-
chanics and shape invariance to find eigenfunction of
Eq.(39), here we will use an alternative method. In-

troducing y = y/ar? and letting

1) =y Pep( < §) L), (0)

we obtain

d2

g7 nl0) + K Y L Lo(y) + nLa(y) = 0. (41)

dy
This is the well-known differential equation satisfied
by Laguerre polynomials L '_l(y), hence we can ob-

tain

1) = Pesp( = )IE ). a2

From Egs.(4), (5), (30) and (38) we can consequently

obtain the energy equation

\/k + 4k[K (K — 1) + %(m + E)A]
—(E—=m)\V/2(E+m) = —(4n+2)VEk, (43)

the wavefunction corresponding to the energy levels is

(unnormalized)

3

1) = exp(( = V2K A ar). )

N
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From Eq.(21) we can obtain the wavefunctions g cor-

responding to f and the energy levels (unnormalized)

o) =G| Ve

x eXp( - ?ﬁ) LE-1(\/ar?)
_ 2¢arK’+1exp< _ @ﬁ) Lff’l(\/aﬁ)}.

2
(45)

Substituting Eqs.(44) and (45) into Eq.(22) or (23)

gives the spinor wavefunction of the Dirac equation.

4. Conclusion

The above results show that the Klein—Gordon
and Dirac equations with equal scalar and vector
potentials, each of which is equal to half of the
pseudoharmonic oscillator potential, can be exactly
solved. Furthermore, supersymmetric quantum me-
chanics and shape invariance allows one to determine
eigenvalues and eigenstates using algebraic operator
formalism without having to solve the Klein—-Gordon
and Dirac radial differential equations by standard se-
ries method. With the above considerations the au-
thors hope to stimulate further examples of appli-
cations of supersymmetric quantum mechanics and

shape invariance in important problems of physics.
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