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We investigate phase transitions of the XY model on a two-layer square lattice which consists of a Villain plane

(J) and a ferromagnetic plane (I), using Monte Carlo simulations and a histogram method. Depending on the values

of interaction parameters (I, J), the system presents three phases: namely, a Kosterlitz—Thouless (KT) phase in which

the two planes are critical for I predominant over J, a chiral phase in which the two planes have a chiral order for

J predominant over I and a new phase in which only the Villain plane has a chiral order and the ferromagnetic

plane is paramagnetic with a small value of chirality. We clarify the nature of phase transitions by using a finite size
scaling method. We find three different kinds of transitions according to the values of (I, J): the KT transition, the
Ising transition and an XY-Ising transition with » = 0.849(3). It turns out that the Ising or XY -Ising transition is

associated with the disappearance of the chiral order in the Villain plane.
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1. Introduction

Due to the development of the epitaxy technol-
ogy, it has been possible to study magnetic proper-
It is shown that

the thin films present several phases such as the an-

ties of very thin magnetic films.

tiferromagnetic phase with surface spins parallel to
the external magnetic field H, the antiferromagnetic
phase with surface spins anti-parallel to H, the sur-
face spin flop phase and the bulk spin flop phase, and
so on.'~4 However, theoretical investigations of the
magnetic thin films have been done mainly for the
ground-state properties by phenomenological treat-
ment or for the finite temperature properties by mean
field approximation.®~7 There has been little inves-
tigation from the standpoint of statistical physics for
the frustrated spin system. (8]

On the other hand, the critical behaviour of two-
dimensional (2D) fully frustrated (FF) XY models has
been investigated extensively over many years.[®—16]
The reason for this interest is that the nature of the

phase transition is not yet understood. In those mod-

els, there coexists Zs chiral symmetry of the Ising-
spin type in addition to the continuous U(1) symme-
try associated with the global rotation of XY spins.
The breaking of the chiral symmetry Zs gives rise to
an Ising transition while that of the rotation of the
XY spins to the Kosterlitz—Thouless (KT) transition.
There are several contradictory suggestions for these
transitions. Some authors have claimed that the Ising
transition and the KT transition occur at the same
temperature in a coupled or decoupled manner. Other
authors have claimed that the transitions occur at dif-
ferent temperatures. In the latter case, the two transi-
tions can be the KT transition and an Ising transition,
respectively, or the KT transition and a new kind of

transition, respectively.

Berge et all®! investigated the nature of phase
transition in a generalized uniformly frustrated XY
model on the square lattice. Changing the negative
bond strength varies the strength of frustration. They
suggested the existence of an Ising transition and the

KT transition. But, in the fully frustrated case, these
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two transitions are merged into a single one of dom-
inant Ising character. This scenario of a single tran-
sition has been supported by a number of studies
that give the following value for the critical exponent:
v = 0.85(3) [1%11] or p = 0.852(2).'? This suggests
a new universality class, the so-called XY Ising class
for the transition occurring in this model. There is a
possibility that a new universality class arises also in
the case of a frustrated Heisenberg or XY model on
the stacked triangular lattice. However, other authors
suggested the existence of two distinct phase transi-
tions. Lee and Lee [!3] investigated the FF XY model
on the square lattice using a microcanonical Monte
Carlo (MC) technique. They found that the system
has two separate phase transitions. At the lower criti-
cal temperature, they found the KT transition. At the
higher critical temperature, they found a transition re-
lated to the melting of the vortex lattice with critical
exponent v = 0.813(5). In the same model, by using
the real-space renormalization group approach, Jeon
et all' showed that the KT and the Ising types of
transition occur at different temperatures. Ramirez-
Santiago and Jose [19] found also two phase transitions.
The chiral transition occurs at the lower critical tem-
perature with v = 0.875(35), which is different from
the expected value for the 2D Ising critical exponent.
The KT transition occurs at the higher critical tem-
perature with a value of exponent different from that
of the usual unfrustrated XY model. Olsson has also
found two distinct transitions in the same model.['®
He found v = 1 as in the standard 2D Ising model, in

contradiction with results from papers cited above.

As an example of very thin magnet films, an
XY model on a two layer triangular lattice has re-
cently been investigated from a standpoint of statisti-
cal physics.l8] In that study, it was shown that there
exist three kinds of transitions in the system: namely,
the usual KT transition, the Ising transition and a
new chiral transition. This chiral transition occurs
between two different chiral phases: a phase with a
120°-structure in a triangular lattice and a phase with
an angle between the spins depending of the interac-
tion values in the other triangular lattice. The val-
ues of critical exponents were given as v = 0.92(8),

a =0.29(9) and 8 = 0.253(3).

We investigate the nature of phase transitions for

the XY model on a lattice on a two-layer square planes

in the present paper. We consider the XY model with
a ferromagnetic intralayer on one of two layers and a
Villain plane. Namely, by using standard MC sim-
ulations and the so-called MC histogram technique,
we investigate the XY model on a two-layer square
lattice. We find three kinds of transitions, namely,
the standard 2D Ising transition, the KT transition
and the XY Ising transition. The result shows that
the phase transition of the XY model on a two-layer
square lattice is different from the XY model on a
two-layer triangular lattice.®!

We describe our model and give a phase diagram
of the ground state in Section 2. In Section 3, we give
the results obtained by means of extensive histogram
MC simulations and discuss the nature of phase tran-
sitions in terms of finite-size scaling analysis. A phase
diagram in an interaction parameter versus tempera-
ture plane is obtained. Concluding remarks are given

in Section 4.

2. XY

Villain—ferromagnetic lattice

model on two-layer

We consider a system descried by the following

Hamiltonian: Ay, A2, N =|A4;| =| 42| = Ny x Ni:

H:_Zjijsi'sj_IZti'tj

(i5) (45)
- KZ 8 ti; (]‘)

where s; and t; are XY spins on the Villain plane
(VP) and on the ferromagnetic plane (FP), respec-
tively. In the VP, the nearest-neighbour interaction
constant J;; is equal to J for the bond represented by
a thin line and to J’ for the bond represented by a
thick line in Fig.1. In the present paper, we consider
only the fully frustrated case in which J = —J'. In
the FP, the nearest-neighbour interaction constant is
equal to I and hence there is no frustration. The inter-
plane interaction constant between the VP and the
FP is denoted by K. We note that there is a relation
Q(J,1,K) =Q(J,I,—K) for a thermodynamic quan-
tity Q(J, I, K) and, hence, we assume K > 0 without
loss of generality. The sum with (77) indicates a sum-
mation over the nearest-neighbour pairs of sites on the
VP or the FP. The sum with ¢ indicates a summation
over the pairs of sites ¢ on the VP and the FP.
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Fig.1.
and FP. The XY spins are denoted s; on VP and t;
on FP. The intralayer interaction constants are J with

Two-layer Villain—ferromagnetic lattice,VP

pattern of ferromagnetic (thin) and J’ antiferromag-
netic (thick) bonds on VP, I on FP and the interlayer
infraction constant is K.

Now, we recall the ground-state configuration of
the VP.Il The spin configuration depends on the val-
ues of J and J'. When n = —J'/J, the system is in
the ferromagnetic or antiferromagnetic phase. When
1 > 1/3 the spins are canted. The angles between the
spins on a nearest-neighbour pair of sites are equal to
Q for the spins linked by a ferromagnetic bond and

3@ for the spins linked by an antiferromagnetic bond.
Here @ is given by the relation cos @ = % %1
Hence in the fully frustrated case, where n = 1, the
spin configuration is given by Q = 45° and 3Q) = 135°.
For J > 0 the angles between the spins linked by the
ferromagnetic bonds J are equal to 45°. We call this
configuration the 45° configuration. For J < 0, the
angles between the spins linked by the antiferromag-
netic bonds J are equal to 135°. We call this configu-
ration the 135° configuration.

We have used a numerical method for minimizing
the energy in order to find the ground-state configura-
tions. The shape of the phase diagram is qualitatively
the same for different values of K. In Fig.2, we have
plotted the ground-state phase diagram in the space
of I versus J' for K = 0.5. According to the values
of interaction parameters (I, J'), the system presents
three phases in the ground state:

(i) A ferromagnetic phase (Ferro), in which the
two phases are ferromagnetically ordered, when I is
positive and predominant in comparison with J'.

(ii) An antiferromagnetic phase (AF), in which
the two phases are antiferromagnetically ordered,
when [ is negative and predominant in comparison
with J'.

(iii) Chiral phases Hig23.4, in which the two

planes have a chiral order, when J is predominant in
comparison with I.

We discuss now these chiral phases given in (iii).
In the chiral phases, the nonfrustrated plane has al-
most the ferromagnetic configuration when I > 0
or almost the antiferromagnetic configuration when
I < 0. The Villain plane has almost the 45° config-
uration when J > 0 or the 135° configuration when
J < 0. Then, there are four possible chiral phases as
given below (see Fig.2).

(i) I >0and J >0 (J' < 0) (H; phase). In this
case, the non-frustrated plane is almost ferromagnetic
and the VP has almost the 45° configuration.

(i) I >0 and J < 0 (J' > 0) (Hz phase). In this
case, the non-frustrated plane is almost ferromagnetic
and the VP has almost the 135° configuration.

(i) I <0 and J > 0 (J' < 0) (Hs phase). In this
case, the non-frustrated plane is almost antiferromag-
netic and the VP has almost the 45° configuration.

(iv) I < 0and J <0(J' > 0) (H4 phase). In this
case, the non-frustrated plane is almost antiferromag-
netic and the VP has almost the 135° configuration.

In each case, both structures are incomplete and
the angle of each spin changes according to the values

of the interaction parameters.

0.3

Hy
0.2 r H,

0.1

AF

Fig.2. Ground-state phase diagram in (I, J’) plane.
See text for details of each phase.

3. Results by MC histogram sim-

ulation

We use in the present paper the histogram MC
technique developed by Ferrenberg and Swendsen.!!7]
We use the system of N = 2N,? spins where N, =
24,32,40,52,80,92 and 140, with periodic boundary
We first estimate by the standard MC

simulations the critical temperature Ty(NV)) as precise

conditions.

as possible for each Nj and then calculate the energy
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histogram P(FE) (E is the system energy) at that tem-
perature. For the histogram calculation, we discarded
10% or 2 x 108 MC steps per spin for equilibrating the
system and calculated the energy histogram as well
as other physical quantities over 106 or 2 x 106 MC
steps. From P(E) at To(NN)), we calculate the follow-

ing quantities at a temperature T close to Tp(IN)):

C<HEP>—<H>?

C_ 2NT2 b) (2)
<K2>-<K>2
< KH >

(1n<IC>)’=—< K>S —<H>>, (4)

where C' is the specific heat per site, x the chiral sus-
ceptibility per site; < --- > means the thermal aver-
age, and the prime denotes the derivative with respect
to 8 = 1/(kgT). We set the Boltzmann constant kg
to 1 in the present paper. The chirality is defined at
a smallest up-square, namely an elementary upward

square 1,2, 3,4, on each VP or FP as follows:

’Ci234:(—81 X 82—|—82 X S3—|—S3 X S4—|—S4 X 81) -éz,

K§234:(t1 Xtog+tag X ts+1t3 Xty + 14 X tl) 'éz. (5)

Here €, is the unit vector in the Z-direction in spin
space. A set of site 1234 indicates an allocation of sites
counterclockwise on each up-square of the lattice VP
or FP. The averaged chirality for the whole system is
defined by

K = 5K+ K0) (©

where

1 s
ICS = N Z < IC1234 >,
(1234)

Ki = % Z < Kiasa >, (7)
(1234)
where the sum with (1234) is taken over all of the
elementary up-square on lattice VP or FP.

Our method for calculating the various quantities
and for estimating the error is the following. (i) For
a given size N), we estimate the critical temperature
To(IN) as precisely as possible by standard MC simu-
lations. Let the error of To(V7) be equal to £A. Then
we make histogram measurements at that tempera-
ture and calculate various physical quantities using
Egs.(2)-(7). (ii) Next, we make histogram measure-
ments at several temperatures (4 to 8 values of tem-

perature) in a temperature range within the error of

To(Ny), i.e. from To(IN;) — A to To(N;) + A. For each
obtained histogram, we calculate again various physi-
cal quantities. (iii) We average the calculated physical
quantities. (iv) We repeat steps (i) to (iii) for other
sizes N;. The above method is known as multihis-

togram MC technique.

We have determined the nature of the transitions
at J'=—-6,—1,1 and 6. For J'= —1 and J' =1, the
transition at the higher critical temperature is of the
KT type. We found that the peak height of the specific
heat is independent of N} when we plotted the height
values Ciop, as a function of Ny, although we have not
shown it in the present paper. In the same way the
transition that occurs at the lower critical tempera-
ture for J' = 6 and —6 is also of the KT type (see the
phase diagram in Fig.10). Now we will present the
finite size scaling study for the other transitions.

1) J'=1and -1

We show in Figs.3-6 finite size scaling analysis for
—1. Note that the error from the averaging is smaller
than the size of the data points shown in the graphs.
We find the critical temperature T, = 0.507(4)|J| and
T. = 0.468(5)|J| for J' =1 and J' = —1, respectively.
Using the slope of this graph, we obtain the value
of critical exponents as v = 0.95(4),y = 1.75(3) and
B =0.15(1) for J' = 1 and v = 0.98(3), v = 1.78(2)
and 8 = 0.135(4) for J' = —1.

These values of critical exponents are also very
close to those of the Ising universality class. Then, we
think that the transition for —4 < J' < 3, at the lower

critical temperature, is of the Ising type.

2.8 y=1.0188z —1.9187

3.4 3.6 3.8 4.0 4.2 4.4 4.6 4.8
In N

Fig.3. Maximum of (In < K >)’ vs In Nj for J' = —1.
The slope of the curve is to 1/v = 1.0188 and there is

no fitting error.
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F
£
X
A
3.5
2.5 | | |
3.4 3.8 4.2 4.6
In

Fig.4. Maximum of the susceptibility x as a function
of Nj in a In-ln scale for J’ = —1. The slope yields
~/v = 1.7786 and the fitting error is less than 0.02%.

-1.94}
y=—0.1353z — 1.4675

~

<

v —2.04}

A

_2'14 1 1 1
3.4 3.8 4.2 4.6

In My

Fig.5. < K > at Tc(N;) as a function of N in a In-In
scale for J' = —1. The slope yields 3/v = 0.1353 and
the fitting error is less than 0.04%.

0.49

y=0.6139z4-0.468

y=0.27912+0.468
e

0.47 L L

0.005 0.015 0.025 0.035

1N

Fig.6. Critical temperature 7. at the maxima of
C (circle) and x (square) for J/ = —1. We have
Te(o0) = 0.4680 for C' and Tc(oo) = 0.4680 for x and
the fitting error is less than 4% and 0.3%, respectively.

2) J' =6 and —6
Now we will see that the transition at J' = —6

belongs to the XY Ising universality class. Fig.7

shows the maximum of (In < K >)’ versus In N} with
Ny = 24,32,40,52,80,92 and 140. We can see an
excellent straight line with a fitting error less than
0.03%. The slope of this curve is equal to 1/v and then
gives v = 0.850(25). This value is close to v = 0.85(3)
obtained by Lee et all'!l and v = 0.852(2) obtained by
Boubcheur and Diep [12] using the coupled XY Ising
model, but differs from v = 0.813 obtained by Lee et
all'3] and v = 0.889 obtained by Jeon et al.[14

The value of critical exponent v is obtained by
plotting In xpax versus In N, (Fig.8). We find v =
1.521(41). This value is different from v = 1.448(24)
obtained by Lee et all'! but it is close to the v =
1.531(3) obtained by Boubcheur and Diep.['2l The
values of critical exponent [ is obtained by plotting
In < K(T.) > versus InN;. We find 8 = 0.110(15).
This value is different from 8 = 0.08(2) obtained
by Boubcheur and Diep,!’?! but it is very close to
B = 0.13(1) obtained by Lee et all'!l Note, how-
ever, that Boubcheur and Diep 2! obtained beta by
using the scaling relation dv = v 4+ 23. Using this
relation we find also § = 0.09(3).

ing relation @ = 2 — dv gives a = 0.30(3). In or-

The hyperscal-

der to obtain «a, we use the traditional finite-size scal-
ing analysis for the specific heat (see Fig.9). We find
v =0.852 and a = 0.377. These values are consistent
with those obtained above. In conclusion, we obtained
values of critical exponents at T, = 0.4541(5)|J’'| as
v = 0.850(25),7 = 1.521(41), 8 = 0.110(3) and o =
0.300(25). For J = 6, we obtained values of critical
exponents at T, = 0.4527(6)|J'| as v = 0.853(13),v =
1.518(9), 8 = 0.103(13) and a = 0.294(13). These re-
sults tend to show that the transition at the higher
critical temperature for J' < —4 and J' > 3 belongs
to the XY Ising transition.

5.5 y=1.1774z—0.0315

3.5 I 1 I 1
3.4 3.8 4.2 4.6 5.0

In M

Fig.7. Maximum of (In < £ >)’ vs In N for J' = —6.
The slope of the curve is 1/v = 1.1774 and the fitting
error is less than 0.03%.
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y=1.7908z—5.099

]-n(Xml.x)

3.4 3.8 4.2 4.6 5.0
In M

Fig.8. Maximum of the susceptibility x as a function
of N} in a In-ln scale for J' = —6. The slope yields
~v/v = 1.7908 and the fitting error is less than 0.01%.
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Clvl—a/u

50x50
80x 80

°o o > +

0.1

ool v vy
1

1/
(T/|J']-0.454) N}

Fig.9. Finite-size analysis for the specific heat given

for J/ = —6. The abscissa is (T'/|J'| — 0.454)N11/V
with v = 0.852 and the ordinate is CN; = Nl_a/u
with «=0.377.

In short, we found three kinds of transitions:
the KT transition associated with appearance of the
quasi-long range order, the Ising transition and XY
Ising transition associated with the appearance of the

chiral order.

3.0
3 K=05, =1 K

2.5 . .
‘\‘TXYch P

20F Vi

1.5

T/

1.0

0.5

0.0 L -
-6 -4 -2

0_‘
‘.‘ f
\l I I
0
J!

Fig.10. Phase diagram in the space (J/,T) for K =
0.5 and I = 1. See text for details of each phase.

We show in Fig.10 the phase diagram (J',T) for
K = 0.5 and I = 1. This phase diagram presents four
phases: (i) A KT phase with a ferromagnetic ground
state for —0.18 < J’ < 0.07. The two planes contain a
quasi-long-range order due to the vertex configuration.
(ii) Two chiral phases H; and Hy. In the H; phase, J'
is negative (J > 0) and hence the configuration of the
VP is close to 45° configuration and that of the FP is
almost of the KT type with a small value of chirality.
In the Hs phase, J' is positive (J < 0), the configura-
tion of the VP is close to 135° configuration and the
FP is almost of the KT type with a very small value
of chirality. (iii) There are two phases V; and V4 for
J' < —4 and for J' > 3. In these phases the FP is al-
most paramagnetic with a very small value of chirality
but the VP always contains the chiral order. The VP
has almost the 45° configuration in the V; phase and
almost 135° in the V, phase. (iv) The paramagnetic
phase, P, at higher temperature. In the V; and V,
phase, the FP is almost paramagnetic because there
is no U (1) symmetry for temperature greater than the
KT transition and chirality in this plane is very small.
In fact, we find that the chirality in the FP is very
small or almost equal to zero for J' = —6 and 6, re-
spectively. Such as J' = —6, we have Kr = 0.005 at
T = 0. Then, the inter-layer interaction, K = 0.5, is
not enough strong, in comparison with —4 < J' < 3,
to maintain a chiral order in the VP plane. When J’
is in the interval —4 < J' < 3, the chiral transition
in the VP occurs at a lower temperature than the KT
transition temperature in the FP. This is due to the
fact that the correlations due to the interaction I are
stronger than the correlations due to the J' and J
interactions. On the other hand, when J' < —4 or
J' > 3, the interactions in the VP are stronger than
the interactions in the FP, then the KT transition in
the FP occurs at a lower temperature than the tran-
sition in the VP. We have shown that there are three
kinds of transition: namely, the KT transition due to
the appearance of the quasi-long-range order in the
FP, the Ising transition due to the appearance of chi-
ral order in the VP when —4 < J' < 3 and the XY
Ising transition due to the appearance of the chiral
order in the VP when J’ < —4 and J' > 3.

4. Concluding remarks

In summary, we have studied the phase transition
of an XY model on a two-layer square lattice, which
consists of a VP and a FP by an extensive MC his-

togram technique. According to values of interaction
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parameters (I,J’), the system presents three phases:
namely, a KT phase in which the two planes are criti-
cal for I predominant over J, a chiral phase in which
the two planes have a chiral order for J predominant
over I, and a new phase, at higher temperature, in
which only the VP has a chiral order and the FP is
paramagnetic. The results show two kinds of tran-
sitions: the usual Ising transition when J' is in the
interval —4 < J' < 3 and the XY Ising transition out-
side of this interval. The difference in the behaviours
is easily comprehensible. When J’ is in the interval
—4 < J" < 3, the chiral transition in the VP occurs
at a lower temperature than the transition in the FP.
This is due to the fact that the correlations due to
the interaction I are stronger than the correlations
due to the J' interactions. But, the presence of the
U(1) symmetry in the FP tends to maintain the U(1)
symmetry also in the VP. In consequence, the chiral

transition is due to the disappearance of all the Z;

symmetry and some part of the U(1) symmetry of the
VP. This gives the Ising-type transition.

In the opposite way, when J' < —4 or J' > 3,
the interaction constants in the VP are stronger than
the interaction constant in the FP, then the KT tran-
sition in the FP occurs at a lower temperature than
the transition in the VP. The transition in the FP does
not affect the symmetry of the VP that keeps the U(1)
and Z5 symmetry. In consequence, the chiral transi-
tion that occurs at a higher temperature than the KT
transition is associated with the disappearance of both
the Z; symmetry (Ising) and U(1) symmetry (KT) of
the VP.

In conclusion, this work confirms the existence of
two kinds of transitions in the canted XY Ising spin
model, namely the Ising transition when the system
contains a strong Z5 symmetry and the XY Ising tran-
sition when the system contains both the Z; symmetry

and the U(1) symmetry.
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