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A statistical theory of the blue phase of chiral liquid crystal is proposed. The form of the interaction potential

between molecules is assumed to be the same as that used in the theory for cholesteric phase. Using the cell model

of the liquid statistical theory, we deduced the distribution function of single molecule. The free energy of the system

obtained has the same form as that of the Ginzberg—Landau phenomenology theory. The order-parameter tensors of

BPI and BPII phases we calculated can be compared with the experimental results.
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1. Introduction

During the recent three decades, the blue phase
of liquid crystal has attracted much attention.[!—5]
The physical nature of BPI (the first subphase of blue
phase) and BPII (the second subphase of blue phase)
has a space group symmetry.26/ As a liquid, the blue
phase shows the three-dimensional space group sym-
metry, just like crystals, which has aroused the interest
of researchers.

Up to now, studies about the theory of blue
phase 379 have been carried out within the frame-
work of the Ginzberg-Landau theory. In this frame-
work, the forms of the order-parameter tensors for BPI
and BPII were given according to the space symme-
tries of the blue phase determined by experimental
results,'% and then the free energy was proposed.
Based on the free energy, the phase diagram could
be obtained for the chiral liquid crystals among BPI,
BPII, BPIII, cholesteric phase and isotropic phase.
Then the order-parameter tensors of BPI and BPII
were determined by using the experimental results,
and thus the structure of BPI and BPII could be
known. However, the phenomenology theory is not
concerned with the microscopic mechanism of the for-
mation of blue phase, i.e. it cannot tell what kind of
molecular interactions may respond to the blue phase

formation.

tE-mail: yang_ gc@hotmail.com

To clarify the microscopic mechanism of blue
phase formation, a statistical theory is necessary.
Above all, the interaction potential among liquid crys-
tal molecules should be determined. In our opinion,
both the blue phase and cholesteric phase are the
macro-state of the chiral liquid crystals, so the inter-
action potential among molecules should be unified.
We adopt the same interaction potential as used in
the molecular theory for the cholesteric phase, and
believe that it can lead to the mechanism of the blue

phase formation.

As soon as the interaction potential of molecules
is established, a proper statistical method should be
adopted.

which has been used to discuss nematic phase,

Mean-field theory is a common method

cholesteric phase and smectic phase,*-12] but it is dif-
ficult to apply in the blue phase (maybe that is why
a statistical theory of blue phase has not yet been es-
tablished). In this paper, we take another statistical
approach, the cell-model of liquid theory,!"®! which has
been used in studying the nematic phase, cholesteric
phase and smectic phase.l'*~171 (In Ref.[14], we
pointed out that this statistical method could be used
in studying the blue phase.) Using the cell-model
method to discuss the BPI and BPII, we will see that
the coupling between the degrees of freedom of the

molecular centroid and the molecular orientation plays

http://www.iop.org/journals/cp
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an important role in the blue phase formation. 2.The order-parameter tensor

We deduce the free energy for the blue phase

first. Our expression obtained has the same form The order-parameter tensor describes the struc-

. . . 21 . .
as that in the Ginzberg-Landau phenomenology ture of the chiral liquid crystal.2!l In the statistical

theory.[:8:18=20] Because the expression of the free theory, the corresponding microscopic quantity of this

energy is the essential predetermined parameter in a tensor can be expressed as
phenomenology theory, the phase diagram of chiral 3 1
liquid crystals and then the structure of BPI, BPII Qu = 5.(2#.(2,, — 55,“,, (p,v=1,2,3), (1)
can be determined by means of mathematical method
and experiment data. Our results give a microscopic where {2 is molecular orientation, which points to the
foundation to the above-mentioned theory.

In order to obtain the structure of BPI and BPII,

we then calculate the order-parameter tensor for these

molecular long axis with unit length. The statistical
average of Eq.(1) is the order-parameter tensor of the

chiral liquid crystal, i.e.
phases by using the molecular interaction potential ac-

cording to statistical theory. The results can be com- ~ 3 .~ 1
pared with the experimental values. Quv = <Quv>= 2 <£,0.> _56'“" (2)
The order-parameter tensor for cholesteric phase can be expressed as [1°]
1
—— 0 0
6 C22z 822
1 Asin ¢
h = V6 cos 0 —=- 0 |+ 01, 3
Q h C 6 \/5 82z C2z ( )
0 0 1 0 0 o0
3

where A and { are parameters of the order-parameter tensor.

The BPI phase has the symmetry of O8 space group, whose order-parameter tensor is expressed as [2?]

Co, — Cy —S2, —Sgy 2syc, —\/ﬁszsy —\/icycz
(QBPI);J.V = 5(200) —S82, Caz —S2z + 5(110) _\/ﬁszsy —8yCy CySz
—82y —82z C2y — C2p —\/fcycz CySz —8yCz
—585Cy CySy —\/ﬁsysz —Cg8, —V2¢,c, S84C,
+ £(110) CuSy —55Cy —\/iczcy + £(110) —/2¢,c,, 2C5 8 —V/25,5,
—\/isysz —\/iczcy 2s,cy 84C» —/2s,s, —Cyz S,
26 2(C2,85Cy — CayS,Cy)  —82yS,8g — S2gCyCs  —S23SyS, — S2,C4Cy
- TE(211) —82y828x — S2zCyC; 2(C2zsycz - C2z5mcy) —8228z8y — S2yCzCq
—8258ySy — 824C4Cy  —82;855y — S2yC.Cq  2(CyS.Ch — CogSyC,)
0 —2894CyS, 223545, —2C2.CyC,
— 55(211) 2c945yS2 824CyS; —55945yC;
—2cgzcyC,  —5S2z54C;, 825CyS,
0 82yC2 S —2coyc,Cy  —552y5,C,
— 56(211) —2CoyC,Cy  —282yC.S;  2C2yS.8,
—559y5,C,  2C2y8.5, 894C;8a
0 82,C4Cy —589,85Cy  2C2.8,8y
- 55(211) —552,8,Cy 592C5Cy —2¢g,C,0y . (4)

209,558y —2c2.czcy  —282.CzCy
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The BPII phase has the O? space group symmetry, whose order-parameter tensor is expressed as [22]

c,— ¢y —s, —5, 2¢yc, —\/iszcy \/isycz
(@BP11) W = €(100) —S, Cy —Cy —Sg + €(110) —\/iszcy —cyC, —8y8.
—S8y —8z Cy — Cy \/isycz —545, —cyc,
—CyCy — 858y —\/ﬁsycm
+ €(110) —5,58y —CzCy \/iszcy
—\/isycz \/fszcy 2¢c ¢y
—CzC, V2s,¢. —858,
+ €(110) \/iszcz 2¢zc, _\/iszcz s
—S282 _ﬁsmcz —CzCy

Vol. 13

™
where s, =singr, ¢, = cosq7(T = 2,9y, 2z), and — is the crystal constant.
)

In the statistical theory of cholesteric phase, ei-
ther A\, { and g or scalar parameter s.,, biaxiality A
and pitch p can be equally figured out from the inter-
action potential.23] In the same way, four parameter
values €(200), €(110), €(211) and gep1 for BPT and three
parameter values €(100), €(110) and ggp11 for BPII, can

be calculated based on the molecules’ potential.
3. The distribution function

Suppose that the chiral liquid crystal contains N
molecules in volume V. Molecular configurations are
expressed as X = (r, f)), where 7 is the molecular
centroid positional vector and 12 is the unit molecular
orientation. We suppose that the interaction potential

between the molecules 7 and j is 24

V(i,5) =V(Xi, X;)
=Vo(rij) + Vi (ri) Pa(8: - ;)

+ Vx (rij) (i - £25) (75 - 2 x 25). (6)
The third term of Eq.(6) is the chiral potential which
only exists in the chiral molecules and plays an im-
portant role in the helix structure of the cholesteric
phase, as well as for the space groups of the BPI and

BPIL.
Using the cell-model,'32%] notation of Ref.[14]

and the single body approximation, we express the

distribution function of a single molecule as

P(X) = o expl-6V (i), 7
with
V(@) =V(R;, ;. )

=y / V(i,)P(XAX;, ()

where r; is expressed as r; = R; + p;; R; represents
the positional vector of the centre of the ith cell, p;
represents the positional vector of the molecule rel-
ative to the ith cell centre, and dX; = drjdf)j =
dpjdf)j. The integration region A; means integration
for r; in the whole volume of a cell. The integra-
tion region for ij is the steric angle 47w. Hereafter
< V(i,7) >; represents the integration appearing in
Eq.(8):

molecule j. In the following discussions, this sign is

namely, the statistical average of V(z,7) for
used for all the statistical average. Furthermore, a
nearest neighbour approximation is adopted: the sum
of j is limited to the neighbours of molecule z, notated
as Z'.

As seen from Eqs.(6) and (7), there is a certain
coupling between the degree of freedom of the molec-
ular centre of mass at r and the orientation £ (here-
after, we call it the coupling of degrees of freedom
between translation and rotation). In the statistical

theory for the cholesteric phase,[!4]

we took the ap-
proximation of separating variables, and the distribu-

tion function of a single molecule is expressed as
Py(X:) = f(Ri, pi)g(Ri, 2.), 9)

where f(R;,p;) represents the distribution function
of the molecular centre of mass at p;, and g(R;, f),)
is the distribution of §2;. We will see, in the next
section, that the coupling of the two degrees of free-
dom is important for the blue phase. Thus, we take
Eq.(9) as the primary approximation and use the sign
Py(X;). Then we deduce the first approximation and

sign P(X;), and the mathematic process is as follows.
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Starting from the primary approximation and
substituting Eq.(9) into Eq.(8) yields

V(i)=Y <Vo(rij)>;

J

+ Z' <VN(T‘,-J')>]'<P2(

o~ o~

i §27) >

(10)
where an approximation is used in the third term,
rij = Rij + (p; — pi) = Rij.

When we make a statistical average of r; on Eq.(10);
the distribution function used is f(R;, pi). As to f)j,
the distribution function used is g(R;, £2;). We noticed
that < V;(r;;) >; (t =0, N, X) should be related to
R;;. If we assume that |R;;| is constant a and the
distribution of the molecules j relative to ¢ is central
symmetrical, then < V,(r;;) >; is only related to p;.

Therefore, we can define the function as follows:

vo(t) = vo(pi) = z <Vo(rij) >, (11)
un () = un(ps) =<Vn(rij) >, (12)
vx (1) = vx(ps) =<Vx(rij) >;, (13)
wn (%) (

EwN(Ri,f)i) :Z’ <P2(./(\2i-./(}j) >4, 14)
J

(15)

Substituting Eq.(10) into Egs.(11)—-(15), we obtain

V(i) = vo(i) + on()wn (6) + vx (Dwx (),  (16)

and Eq.(16) can be taken as the approximation of
Eq.(8).

Then we consider the second approximation of
the distribution function. Substituting Eq.(16) into
Eq.(7), the distribution function becomes

P(X.) =exp{~B(i)

+on(Dwn (@) +ox(@wx (@]} (17)
On the other hand, Py(X;) can be obtained by us-
ing the method in Ref.[14]. Adopting the notation in

Eq.(16), we obtain

Po(X:) = exp{~Blun(i) + o (i) < wn(i) >
+ox(i) <wx () >])
x exp{—pB[<vn(i)> wn (i)
+ < vx(1)> wx(3)]}

=f(Ri, p;)9(R;, 1), (18)
where
(R, pi):Zirexp{—ﬂ['vo +oy <wn>
+vx <wx >}, (19)
o(Ri, 2) :Ziﬂexp{—ﬂk on > ot <vx > wx)-
(20)

Here < wy >, < wx >, < vy > and < vy > are
statistical averages for molecule i. f and g are both

normalized as

A;

A; R
/ g(Ri, .Qz)d.Qz =1.
Moreover, we have
Zo=Z.Zg. (21)

Now, we discuss the relationship between P(X;)
and Py(X;). Considering that in

Vo + UNWN + VxWx

={vo + vny < wN> H+vx <wx >}
+{<vn> wnt+ <vx > wx}
+ {(vn— <vy >)(wy— <wy >)
+ (vx— <vx>)(wx— <wx>)}
—{<uvn><wny >+ <vx><wx >},

the last term in the right-hand side of the above equa-

tion is constant, we obtain

P(X:)= 5 exp{—Bluo) + v (i) < wn(i)>
T ux(i) <wx(i)>])
xexp{—pB[<vn(?) > wn(i)+ <vx (i) >wx(7)]}
xexp{(vn(i)— < wvn (1) >)(wn(i)— <wn(i)>)

+(vx (1)— <vx () >)(wx (i) — <wx(i)>)},
where

7' = Zexp{-B[<vn><wn> + <vx ><wx >|}.
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Supposing

— ﬂ{(’UN— <UN >)(wN— <WN >)
+ (vx— <vx >)(wx— <wx >)}

is a small quantity, we can express P(X;) as

P(X;) =Po(X:){1 - B[(vv— <vn >)(wn— <wn>)
‘|‘(Ux— <Ux>)(wx— <wx>)]}. (22)
Equation (22) is the distribution function for a sin-

gle molecule we proposed, and can be described as

P(R;, pi, ?Z,) Its normalization form is

Ai ~ ~
/ P(R,“ Pi .Qz')dp,;dﬂi =1. (23)

4. The free energy

The free energy can be expressed as [14]

F=U-TS, (24)

where

1L A 4
V=52 / / V(Xi, X;)P(X;)P(X:)dX;dX;
i)

A
:%D / dR / V(R, p, 2)P(R, p, 2)dpd2, (25)
%

A
S=- DkB/dR/ P(R,p,2)In P(R, p, 2)dpdf2.
v
(26)

Equation (25) is obtained by using the definition of
the single body potential Eq.(8), and D is the molec-
ular number density. In this section, we derive the ex-
pression of the free energy which is similar to the ex-
pression used in Ginzberg-Landau’s phenomenology
theory.[22]

From Eq.(25), the energy density u can be de-

noted as
D [A . SO
uR) =3 [ V(R p.RDP(Rp,2)dpal,  (21)

where P(R, p, ./(\2) can be rewritten by using Eq.(18)
as

P(Rapa '/(\2) :PO(R:p: ‘?\2)(1_/8[')5 (28)

where

I' =(vy— <vn>)(wn— <wpy >)
+ (vx— <vx >)(wx— <wx >); (29)

the distribution function used by those statistical aver-
age <--- > above is Py(R, p, ./(\Z) (as in the following).
Substituting Eq.(16) into Eq.(27), we obtain

u(R) = u”(R) +'(R), (30)
where
uO(R) :g{<vo> + <un><wn >
+ <vx><wx >}, (31)
u'(R) zg{—ﬂ <TI?>}, (32)
<I?>=(<v% > — <oy >?)(<wh> — <wy >?)
+ (<v%k > — <vx > (<wk > — <wx >?)

+ 2(<’UNUX > — <vny><vyx >)
X (Kwywx > — <wy ><wx >). (33)
Next, we take S into account. From Eq.(26), the den-

sity of entropy is

A
s(R) = —DkB/ P(R,P,2)ln P(R, P, 2)dpd{2.
(34)
Substituting Eq.(28) into Eq.(34), we obtain

s(R) ~ sO(R) + s'(R), (35)
where
A —~
sO(R) = — Dkg / Py In Pydpd 2,
s'(R) = — Dkg <I'? > .
In deriving Eq.(35), an approximation is made:
ImP=InP+In(1-8~InP—GrI.
In this way, the density of free energy F is obtained
F(R) = FO(R) + F'(R), (36)
where
FO(R) =u(R) — Ts)(R),
1
F'(R) =5ksTD < r2s>.

We divide F(R) into two parts to make the phys-
ical meaning clear. When the coupling between the
translation and rotation is weak, F (0)(R) represents
the result that the distribution function for a single
molecule can be separated into variables » and Q.
F'(R) represents the revision by considering this cou-

pling further.
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Substituting Eq.(6) into the above equation,
FO(R) can be expressed as

D
FO(R) =5 {<w>+ <vv><wn>
+ <vx ><wx> —Ts}, (37)

where the statistical average can be written out by
using Egs.(11)—(15), such as

<vg>=z KV >,
<o >=<LVn >,
<vx >=<Vx >, (38)

where <« ---

ages of molecules 7 and j.

> represents twice the statistical aver-
Now we use the order-parameter tensor Quv to
express <wpy > and <wx >. From Eq.(2), we have

1

SN B 2~ .
“Q(Z)#“Q(Z)V = gQMV(Z) + g‘suua

we denote £2; (the orientation of molecule i) as £2(:)
(as in the following), and take into account < wy >

and <wx > respectively. For <wpy >, we have
B[R() - () Z 2(1),207) . 20), 235).
=3 Z Q(8)uw Q) -
pr

From the above equations and Eq.(14), we obtain

Z ZQ ) Q(J) (39)

R,,()

For <wx >, we have
02(i) - Q(5)[Raz - 2() x 2(5)]
4 . ~
=3 Z €apyRij,aQ(1) upQ(J) uy:

I
aBy
where
1,  when (afy) = (123),(231), (312),
€apy = —1, when (afy) = (132),(213),(321),
0, otherwise,
so

. 4 ~ . =~
wz(R, 'QZ) = 5 E :I E :Eaﬁ‘yRij,aQ(z)uﬁQ(J);w'
J »
afy

(40)

Here Q(j)uw is the function of R;, which can be ex-
panded in the Taylor series about R; (hereafter, we
use the symbol R),

Q.
Qi) =R+ 3 G2 e

RoRg+- (41)

We substitute Eq.(41) into Eqs.(39), (40

that the distribution of cell 7 is centrosymmetrical to

), and assume

cell 4, and that the distance between the centres of the

two cells is a (a is small), then, to O(a?), we obtain

<o >= 2200w QW + 520°Quu () VHQu (1),
(12)

4
<wx >= 5202 Zeaﬁ'yQ( ),uﬁ 3R Qu‘y( ) (43)

P
apBy

hence, we can express < wy > and < wx > in F©

with the order-parameter tensor.

The last term in Eq.(37) is T's(®). One can prove
that s(©) is unrelated to Qv (see Appendix A). This
means that if the coupling between the degrees of free-
dom of translation and rotation is considered insuffi-
ciently, there would be only one term F(© in the free
energy density, and the latent heat of phase transitions
among the BPI, BPII, BPIII and cholesteric phases
would be zero. Experiments proved that these phase
transitions are first-order, in other words, the latent
heat does exist, therefore F' must be taken into con-
sideration.

According to Eq.(37), using Egs.(38)—(43), we ob-

tain

1 2
f(O) :ED{Z << VO >> +§Z << VN >> ZQHVQI“’

)37
1
+ gza <L V> ;Quuv Qp.u
TR P
o7t X
0
x ZeaﬁwQuﬁﬁqu} - Ts, (44)

afy

F'(R), the revised term of the free energy density,
can be calculated using Eq.(36). When calculating
< I'? >, the items < wi >, < w% > and < wywx >
should be calculated respectively (see Eq.(33)). Using

Eaqs.(39) and (40), we obtain

F(R) = %D{HTr[Cf] + JTr[Q%] + KTr[Q?]?}, (45)
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where where ?}u is the molecular orientation and < --- >
9 represents the statistical average. We should use the
2 2 2
H=— 157 (KVy>» - <V >7) distribution function P(X) to calculate the statistical
4 9 2 average in Eq.(47). However, since
- — V. 9%
135 (€ Vx> — < Vx>, )
8 ~ o~ ~
Je- Sk« Vi - <> / (2,2,) T Py(X)dpd® =0,
8 o 2 2 .
~ g9 %@ (K Vx> — < Vx >»7), (see Egs.(28) and (29)) one can use Py(X), whose vari-
4, ) ) ables can be separated and denoted as in Eq.(18). So
K ~9” (KVy > - <Vy>7). (46) the actual distribution function is g(R, ./(\2), however,

The free energy density F(©) + F' obtained is con-
sistent with that adopted in the phenomenology the-
ory of Ginzberg-Landau.l"=19 The only difference is
that the parameters are statistical averages obtained
by using the molecular theory, and they are relevant
to temperature in principle, such as <« Vy > and
< Vx > etc. Yet the changes are very small in the
temperature range of 1 K. Thus, using the molecular

theory, we deduce the free energy of the blue phase.

5. Order-parameter tensor and

self-consistent for

BPI and BPII

Now we calculate the parameters of the order-

equations

parameter tensor according to the interaction poten-
tial among molecules, i.e. figure out €(200), €(110);
€(211) and g for BPI and €(10¢), £(110) and ¢ for BPIL
The method (the basic principle) for calculating the
above parameters is similar to the one used in nematic
phase theory, in which the scalar order-parameter S
(S =< Py(cos@) >) is figured out. We call it the
self-consistent method and explain it as follows.
From Eq.(2)

Eq.(20) shows that g(R, f)) is relevant to @, thus
Eq.(47) can determine the self-consistent equations of
Quv- We know that @, is a function of R, and & (500)
and £(110) are constants and unrelated to R. As a
result, it is reasonable to choose a special R without

affecting the result. The self-consistent equation of

Quv is

3~ ~ 1 ~
Ql“’ = / <§~ngu — §6ﬂu)g(Ri, .Qz)dﬂz, (48)
where R, the local self-consistent equations, has a spe-
cial value.

The local self-consistent equations of the order-
parameter tensors for BPI and BPII are as follows.

For convenience, we discuss BPII first.
5.1. The order-parameter tensor for BPII

From Eq.(5), we know that the values of £(1¢p),
€110y and g determine the order-parameter tensor.
As these parameters are independent of R (just as
we have discussed above), some special point can be
selected to deduce the relationship between these pa-
rameters and molecular interaction potential. For sim-

plicity, we choose point A where R 4 satisfies the equa-

T
tion qR 4 = 2 0, O) . The order-parameter tensor at

3 A - 1
Q;LV = 5 < .QH.QV > _56;“/7 (47) point A iS
2e(110) 0 0
QBPH M = 0 —6(110) — 6(100) 0 . (49)
0 0 €(100) — €(110)

Similarly, the distribution functions f(Ra4, p) and g(Ra, f)) at point A are obtained. Substituting Eq.(5) into
Eqgs.(42), (43) and letting R = R4, we obtain the expressions of < wy > and < wx > at point A. Then

substituting them into Eq.(19), we have

1 2
f(Ra,p) =7 exp{—ﬂ [2’ <V >+<Vn> <§Z(45?100) + 65?110))

1 4
_§za2(5107eefwo) + 1532305?110))> - <Vx> <_7za2q(45§100) + 6\/5€f110))>] } (50)

2
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and

~ 1 2 ~ 3~ ~ o~
9(Ra, ) :Z_g exp{—ﬂ [<< VN >><§Z<3€(110) 93 - 593(5(100) + €(110)) — 3€(100) 12y £2-

3 1 N ~
+§.(222(5(100) — 5(110))) + §za2(—76614s(110) 27 4 19154(2e (110) + €(100)) 2,

+38307e(100) 12, 12 + 19154(2(110) — 5(100))@§)>

4 3~ ~ ~ o~
+ <<VX >> —za q<2 y(E(IOO +\/_5(110 ) 3\/55(110) .Qj + 35(100) .Qy.Qz

27

3 .
+ 5(\/55(110) - 5(100))-@2)} }

In addition, ¢ can be obtained from minimizing the
free energy. Supposing g can minimize F (©) (the same
method as in the phenomenology theory of Ginzberg—
Landau [8), we substitute Eq.(5) into Eq.(44) and ob-
tain
2 (5(100) + 2\/_5(110 ) < Vx>
98P = —3 (elio0) T 4€110) <V>
Using Egs.(2) and (49) (the expression for BPII at
point A), we obtain

— €(100) — €(110) = / [( 92 - —> RA7 f))} df)a
3~ 1 ~
€(100) — €(110) = / [(5922 - §)Q(RA, 9)]
4m

(52)

~

4. (53)

4
—€&(110) — g\/gf(zn)
QBPI‘ = 0
" 4
—5(110)(\/5 -1)- 55(211)

4
—2¢€(200) — £(110) T g\/6€(211) 0

(51)

We have deduced three self-consistent equations in-
cluding €(100), €(110) and q (see Eqgs.(52) and (53)),
which determine the order-parameter tensor’s param-
eters for BPIL.

5.2. The order-parameter tensor for BPI

From Eq.(4), we can find that the order-
parameter tensor is determined by four parameters
€(200)> £(110); €(211) and q. Using the same method as

the above, and selecting a special point B where Rp
satisfies equation ¢Rp = g, 0,0 ) (as g for BPI may

be different from g for BPII, we name it point B), we

obtain

4
0 —ei0)(vV2—1) — 3€@1)
, (54)

0 2e(200) + 2¢(110)

1 2
f(Rz, p) = exp{ -3 [z <Vo>+<Vy> <§z(24.9e§211) + 6.344€; 10y + 8ela00)

1
+ 12€(200)(110) — 13.064€ (200)€ (211) + 2.2082(110)€ (211)) + §,za2(40860855200)

— 161991e7; 19y —

19068006%211) + 834067.58736(200)5(211) — 4596845(200)6(110)

4
— 11284058325(110)5(211))) + <Vx> 2_72(12(1(_1-65695%110) + 8.70925%211)

— 7.67515(110)5(211))] }’

(55)
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g(RB, .Q) :Z_Q exp{ — ﬂ |: < VN>> <§Z((—3\/§E(110) .Qy — 3\/56(110) ‘Qz + 45(211).(2:,!

~ ~ o~ ~ o~ 1
+ 45(211)92).995 - 3\/55(110) 2,02, + 46(211)ﬂyﬂz) + §za2((383075(110)

+ 153228V/6e (211)) 22 + (38307 (110) — 15322862 (211 + 1532282750)) 25
— (1532285(200) + 766145(110))?222 + (—766145(110) + 3064565(211)

27

~ ~ 4 3 ~
+ 76614\/55(110))-@-%))'*’ <Vx> —202(]((5\@5(110) + 125(211)) 2

3 ~ —~
+ <3€(200) + 5\/55(110) - 125(211)) 2 — (62(200) + 3V2e(110)) §22

+ (4\/65(211) + (6 — 3\/5)5(110))?%:@ + 5(200))} }a (56)

70
1 <105%200) + 11‘/55%110) + 3\/65%211)>

<Vx>

gBPI = — 5

4
—2€(200) — €(110) T g\/éf(zn) Z/
2 (200) t+ 2¢(110) :/

4
—5(110)(\/5— 1) - 55(211) :/

3 (1067 + 116,49y + 72603;7))

, 57
<K VN> (57)

)

< N

4 L

|
N = N =
N—— —
2

w

=)}

o,

)

4 L

)

(58)

N|W MW N w

TN T NN

N—
2
!
2

(oW
)

4w L

Four self-consistent equations determine four parameters €(200), £(110), €(211) and ggp1 (see Eqs.(57) and (58)).

6. Calculated results

When we use numerical methods to solve the self-
consistent Egs.(52), (53) for BPII and Egs.(57), (58)
for BPI, the interaction potential between molecules
(see Eq.(6)) adopted is conmsistent with that in
Refs.[21] and [26-30]:

wea=nl(2)"- ()] o

Wtrs) = (=) (60)
Vatr) =~ 2 (2 (61)

where o, po, uny and px are all constants, called
potential parameters. When we find the param-
eters of the order-parameter tensor using the self-
consistent equations, the first statistical average
<V.> (r =0,N, X) should be calculated first. In the
cell model of an ordinary liquid, the Lennard-Jones
and Devonshire (LJD) theory 3!l is a good approxi-

mation. We use the smearing-average method of LJD

liquid theory,[*!] and obtain
12 2 6 2
v (3) () - (2) (2)]
a a a a
o\ 2
S—e!
a a

0.7 2
<Vx>:—,UzXEn<p_>; (62)

a2
where the expressions of I(z), n(z) and m(z) are

I(z) =(1+ 12z + 25.22% + 122% + 2 (1 — 2)" 10 — 1,
(1+z)1—2)* -1,

m(z) =
10 2 —6

n(m):(l—{—?m—{—m)(l—m) -1 (63)

As soon as < V; > is figured out, the mass cen-
tre distribution functions for BPII f(Ra, p) and for
BPI f(Rp,p) are obtained. Using f(Ra,p) and
f(RB, p), we calculate the second average < V, >
(the first average is <V, > (r =0, N, X)), and obtain
the orientation distribution functions g(Ra, ?Z) and
9(RB, f)), which are functions of €(100), €(110), gBPT
for BPII and of €(200), €(110), €(211), gBP1 for BPL
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. . 0.06
As we solve the self-consistent equations (see i €(100)¢ __ €(100)b
Egs.(52), (53) and (57), (58)), for 2 we adopt the 0.051L €(100)@
spherical coordinates -
0.04
© L
£2, =sin @ cos p, 0-03: €(110)°_—¢y10)b
.Qy =sin fsin ¢, 0.02[ //110)(1
2, =cosf r
j ’ 0.01 . . . . . . . .
d =sin6dé d(,o. (64) 0.16 0.20 0.24 028
T

We define a reduced temperature 7 as

1 kgT
T=—=—. 65
Buo Ho ( )

The results are obtained as follows.

1) The numerical values of parameters for the

order-parameter tensor for BPII

From Figs.1 and 2, it can be seen that €(;09) and
€(110), the two parameters of Qppi1, increase with the
increase of 7, and that €(110) has a rapid increase as
compared with €(109). In order to find the relation-
ship between £(110), £(100) and the potential parame-
ters pun/po, ux/un, we have tried different values of
un /o and px/pn and found that the figures are little
sensitive to pux/pun. Thus, we select different ppn/po
values while keeping px/pn invariant. As seen from
Fig.2, with the decrease of pn /0, the values of £(190)
and £(110) increase at a certain 7. However, we do
not find these potential parameters have much effect
on the whole figures of the curves €199y and €(11¢)-
It seems that these figures have just a little excursion

towards the left when pun/po decreases.

0.06

0.05} /'//’6(—100)

0.04
w

0.03

0.02} /110)

0.01 n 1 I 1 I 1 I 1 I 1

0.20 0.22 0.24 0.26 0.28 0.30
T

Fig.1. Numerical values of the parameters &(;qq)

and &(110) for Qppir versus the reduced temperature
7. The values of potential parameters adopted are:

uN/10=0.5, px /un=0.63, o/a = 1.0.

Fig.2. Numerical values of the parameters (1qq) and

£(110) for Qppr1r versus the reduced temperature .

The values of potential parameters adopted are: curve

a: pn/po = 0.5, ux /uny = 0.63,0/a = 1.0; curve b:

un/po = 033, ux/pun = 0.63,0/a = 1.0; curve c:

un/po =029, px /pun = 0.63,0/a = 1.0.

2) The numerical values of parameters for the
order-parameter tensor for BPI

The numerical values of g, £(110), €(200) and &(211)
versus 7 for @Qppr can be seen from Figs.3, 4 and 5.
One can see that the curves of €200y, €(110) and €(211)
are almost horizontal lines for lower reduced tempera-
tures 7, i.e. there are minor changes with the increase
of lower 7. Moreover, the value of g(;1,9) is very close
to the value of €(200). However, for larger values of 7
and beyond a certain value 7., the values of g(390) and
€(211) become smaller and change rapidly; therefore,
the lines of €300y and g(21;) drop beyond a certain
point. These results mentioned above are relevant to
the values of molecular-potential parameters.

As examples, we adopt the values of un/po in
Figs.3, 4 and 5 as 0.5, 0.33 and 0.29 respectively, and
the calculated values of 7, are 0.75, 0.60 and 0.55 in
Figs.3, 4 and 5 respectively. So the value of molecular-
potential parameter py/po decreases when the value

of 7. decreases.

- €(110)
0.012} €(200)
0.008|
© L
0.004
0.000}
I €(211
AL e r———
0.4 0.5 0.6 0.7 0.8
T
Fig.3. Numerical values of the parameters £(11¢),

€(200) and £(211) for Qpp1 versus the reduced temper-
ature 7. The values of potential parameters adopted

are: un/po =0.5,ux/un = 0.63,0/a = 1.0.
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[ ) N and
0.012 \ |E(110)| : |E(200)| : |E(211)| ~1:1: 0337 fOI‘ BPI
r €(200)
r One can find from Figs.1-5 that our calculated
0-006 ¢ results are in agreement with these experimental re-
© sults.
[ 2
0.000 | b) The crystal constant ’
[ The experimental values of parameter g for BPII
0.006 L N and BPI, i.e. ¢ggp1r and ggpr, have the relations [33,34]
o o3 v o7 o8 gBPIT ¢ gBPI ~ 1.13 : 1.3 aft lower temperatures and
T gBPII : gBPI =~ 1.2 : 1.4 at higher temperatures.
Fig.4. Numerical values of the parameters (11, One can see also from Fig.5 that our calculated

€(200) and &(211) for Qpp1 versus the reduced temper-
ature 7. The values of potential parameters adopted
are: pun/po = 0.33, ux /un =0.63,0/a = 1.0.

0.015} c(110)
o.010t ——_—_\
€(200)
w 0.005f
0.000F
-0.005| N
0.4 0.5 0.6 0.7 0.8
T
Fig.5. Numerical values of the parameters (110,

€(200) and &(211) for Qpp1 versus the reduced temper-

ature 7. The values of potential parameters adopted

are: pun/po =0.29, ux /un = 0.63,0/a = 1.0.

3) The values of g for BPII and BPI

In Fig.6, the curve of ggpir increases slowly at
first and looks like a horizontal line, however, when
T > 0.55, it increases sharply, and when 7 > 0.65,
it again becomes horizontal. Curve ggpr increases
slowly at first, but it begins to increase steadily when
T > 0.65.

Note that all the calculated results described in
1), 2) and 3) are not sensitive to a variance of the
value of potential parameter px/pn, so we adopt
px/pn = 0.63 for all calculations.

Now we compare our calculated results with the
experimental data.

a) The parameters for the order-parameter tensor

For a number of mixtures of cholesteryl nonanoate
and cholesteryl chloride, experimental results [32:33]
give the ratios of parameters of order-parameter ten-

sors are on the average

|E(100)| : |E(110)| ~2.5: ]., for BPII,

results are close to the experimental data.

134} J
1.28¢
o L
1.22¢
r 2pBII
1.16
1.10¢ . . . . . . . . .
0.4 0.5 0.6 0.7 0.8
T
Fig.6. Values ggpir and gppr versus the reduced

temperature 7, The values of potential parameters
adopted are: pun/po = 0.5, px/pun = 0.63,0/a =1.0.

7. Discussion

Now, we discuss two problems as follows:

1) In this paper, we have calculated the param-
eters for the order-parameter tensors for BPI and
BPII based on the expression Q (see Egs.(4) and (5)).
Equations (4) and (5) are reliable as in the following
statements:

i) Their validity have been testified by experi-
ments.

ii) @ can be obtained according to the expression
of the free energy in phenomenology theory,8! and the
expression of the free energy has been obtained by us-
ing the microscopic theory in this paper. However, it
is necessary to prove this form of @ theoretically.

2) As for the three subphases (BPI, BPII and
BPIII), we have only discussed BPI and BPII, and
BPIII is not concerned.

The above question is to be discussed in subse-
quent papers. We hope that the space group symme-
tries of BPI and BPII can be obtained by using the
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first principle, and that the structure of BPIII and the

mechanism of its formation can be clarified.
Appendix A: Entropy S© inde-
pendent of ),

The entropy expression S is
SO = / s(OdR,
14

A
s(O(R) = —Dkg / PyInPydpdR2.  (A2)

(A1)

Using Egs.(9), (19) and (20

), we obtain

S(O)(R) = — DkB{—ﬂ[<I/0> +2 <vny ><wy>

where

/ dp; exp{—Blvo (i) + vny <wn > +tvx <wx>|},
(A4)

Zg:/ d5; exp{—B[<vn > wn+ <vx > wx]}. (A5)
4

Equations (A1), (A2) show that S() is a function of
Quv(R). In order to prove that 5 is independent
of Q.. (R), we need first to prove that the variation
of SO with Q.. (R) is zero, i.e. SO)(R) satisfies the

Lagrange—FEuler equation.

5s(0)

Considering W7 we compute the derivative of
v

+2<vx><wx>]-InZ,—InZg},(A3) Qu in Eq.(A3),
ds(0) { [8<u0> 9 <vn> d<wny>  _0<vx>
= — Dkp< —0 +2 <wny>+2<vN> +2 <wx>
OQuu ° Qs Qu N 0Qu Qu
0 < wx >] 1 982, 1 8Zg }
12 <py> ToWXZ ) 2 - , A6
X an.u Z'r' an.u Z.Q an.u ( )
From Egs.(A4), (A5), we have Equations (39) and (40) are used to express wy and
wx when Eq.(A5) is obtained. We expand Q(j),. at
1 0z, _ - B [6 <% > 9<vy > <wn > R; using Taylor expansion, and substitute Egs.(A7)
20 0Quy Qv Qv and (A8) into Eq.(A6), and obtain
4 <y >6<wN> 0 <vx> x>
N TQu T QT 9s® _
d <wx > Qs
+<vx > %} (A7) "
Quv Using the same process, we obtain
s 0
1 870 4 <un> —~Zs0. N =%
——:—ﬂ[— <wn> Quv
Zq 0Qu Qv 9 OR,
1< S 0 <wpy> d<vx > < >
YN 0Q v 0Q wx thus, s(®)(R) satisfies the Lagrange-Euler equation,
8 <wx > and we finally prove that entropy S(® is independent
+ <vx> ———|. (A8)
Q. of Quu.
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