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A scheme is proposed for measuring the Wigner characteristic function of a cavity field. In the scheme an atom is

sent through a slightly detuned cavity and driven by a strong resonant classical field. Then the population of the atom

in the ground state directly yields the Wigner characteristic function of the cavity field.
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In recent years, there has been considerable inter-
est in the preparation and reconstruction of quantum
states. In cavity quantum electrodynamics (QED),
schemes have been proposed for the generation of
nonclassical states.' =4 Lutterbach and Davidovich [%]
have presented a scheme for direct measurement of the
Wigner function in both cavity QED and ion traps, us-
ing the dispersive interaction. Following the scheme of
Ref.[5], Bertet et all®! have reported the measurement
of the Wigner function of a cavity field.

On the other hand, a scheme for direct observa-
tion of the Wigner characteristic function of a cavity
field was proposed by Wilkens and Meystre.[”] In the
scheme the atom interacts with both the cavity field
and a reference driving field. After the interaction the
inversion of the atom is directly related to the Wigner
characteristic function of the initial state of the cavity
field. In a recent paper, Kim et all8] have made a sim-
ilar proposal for measuring the Wigner characteristic
function of a cavity field, in which the cavity mode
needed to be displaced by a larger magnitude before
the atom—field interaction.

The scheme of Ref.[7] requires that the cavity
field and the classical field be at exact resonance and
thus the classical field may couple to the cavity mode,
which may cause the scheme invalid. In this paper

we propose an alternative scheme for the measure-

ment of the Wigner characteristic function of a cavity
field. In our scheme the atom interacts with a slightly
off-resonant cavity field and a strong resonant clas-
sical field. As the cavity field and the classical field
are not at exact resonance the drawback of Ref.[7] is
overcome. In contrast with the scheme of Ref.[8], our
scheme does not require the displacement of the cavity

field before the atom—field interaction.

We consider a two-level atom interacting with a
single-mode cavity field and being driven by a classical
field simultaneously. In the rotating-wave approxima-

tion, the Hamiltonian is (assuming = 1) [:10]

H =wyS, +waata+ g(ajLS* +aS™)

+ 5(S+e—1wt—1¢ + S—elwt+1¢), (1)

where St = |e){g], S~ = |g){e|, S, = %(|e) (e =

lg) (g]), with |e) and |g) being the excited and ground
states of the atom, at and a the creation and anni-
hilation operators for the cavity mode, g the atom—
cavity coupling strength, wg the atomic transition fre-
quency, w, the cavity frequency, and w, £2, and ¢ the
frequency, Rabi frequency, and phase of the classical
field, respectively. Assume that wg = w. Then the

interaction Hamiltonian, in the interaction picture, is
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written as
Hi _g( —idt +S +e]5ta5+)
+ = (SJr —i* 1 57el?), (2)

The free Hamiltonian wyS, +

wgaTa is used for the transformation to the interac-

where § = wg — wq.

tion picture. Define a new atomic basis

+) = —(Ig)+e ?le)),

-5 =

=) = E(Ig) —e7?]e)). 3)

Then we can rewrite H; as

H; = I|eidt g+ 0.+ -0t — 20 e
2 2 2
ist 1 1 4\
+e%a oz—|—§a — 50" Je + R0, 3, (4)

1
where o = S(|+) (+] = [=) (=[), " = |+) ([, and
o =|-) <+|
The time evolution of this system is decided by

the Schrédinger equation

@)

) o). )

Perform the unitary transformation

(1)) = e 7ot (1)), (6)
with
H(] = .QO'Z. (7)
Then we obtain
Al@)
0y (), 0

where

. 1 . 1 . .
H! :g [e“‘”a"’ (az + 50"’&3‘m — Ea_e_‘m> e i¢

1 . .
§a+e‘m) e"’s} . (9)

Assuming that 2 > §, g, we can neglect the terms

. 1 .
+ eléta <0_z + Ea,feflﬂt _

oscillating fast. Then H] reduces to
9, _ist— i+ iSt+igp
H! = ! e o
=2 + e ieg)g

:%(e*mt*i"ﬁa*L + ei5t+i¢a)5z, (10)

where

1 - .
Sy = 5(s+eﬂ¢ + S e'?). (11)

The evolution operator for Hamiltonian H] can be

written in the form [11]

7iA(t)S:efiB(t)SmaefiC(t)Sma"'_ (12)

Ut)=e
Using the Schrodinger equation

dU'(¢)
4

= HU'(¢), (13)

we obtain
_ o0t git gy — I _id(oidt _
B(t) = / 2 dt 2156 (e 1), (14)

t
C(t) :/ ge_isye_i¢dt/
0 2

_ 9 g, —ist _
=53¢ (e 1), (15)
0= [ Bty
—idt
46[t+16( 1)] (16)

The evolution operator of the system is given by

U(t) =e—Hot'(¢)
—o 25, efiA(t)Si efiB(t)SmaefiC(t)Sma‘*'
:efiA(t)Si ef2|a(t)|255 o 102t5: e2(aa+fa*a)5m’
(17)
where
a= —ié%e_i‘i’e_i&/2 sin(4t/2). (18)

Assume that the initial density operator of the

whole system is

A(0) = 1g) (gl A5, (19)

where p¢ is the unknown density operator for the cav-
ity field. Then after an interaction time 7, the density

operator for the whole system is

5(r) = 1{1g) €7/ D(ct) + 72 D(~a))
+ ¢ ¢) (/2 D(a) - ¢1/2D(~a)
x psl(@?/2D* (a) + e /2D* (~a)) (g|
+ (2D * (@) — e T2 DH(—a))e T (e]),
(20)
where D(a) is the displacement operator,

D(a) = e(~@"ataa®) (21)

We now detect the atomic state. The probability of

measuring the atom in the ground state |g) is

Py(ay9) = 5 + STr{e “D(B)ps),  (22)



No. 2

Scheme for directly measuring the Wigner characteristic function via ... 189

where 3 = 2a and ¢ = 2t/2. The modulus of § is con-
trolled by ¢, and the phase by ¢. The parameter ¢ is

controllable by the Rabi frequency 2. We can rewrite
Eq.(22) as

1 1 :
Pya,¢) = 5 + SRe[e™x(B)], (23)
where x(8) is the Wigner characteristic function,
X(8) = Tr{psD(5)}. (24)

From Eq.(23) we obtain
X(B)=2P,(B, 2nm)—1+i [2Pg <ﬂ, 2n7r—|—g> _1] . (25)

Thus a measurement of Py(3,¢) for two phases ¢ =
i
2n, 2nm + 3 directly yields the Wigner characteristic

function of the initial field state at point .

In conclusion, we have proposed a scheme for di-
rectly measuring the Wigner characteristic function of
a cavity field via the driven Jaynes—Cummings model.
In our scheme the atom is resonantly driven by a
strong classical field, which is slightly detuned from
the cavity. Therefore, the coupling between the clas-
sical field and the cavity mode can be avoided and
the drawback of Ref.[7] is overcome. In contrast with
the scheme of Ref.[8], our scheme does not require
the displacement of the cavity field before the atom—
field interaction and thus our scheme might be more

feasible.

References

[1] Brune M, Haroche S, Raimond J M, Davidovich L and
Zagury N 1992 Phys. Rev. A 45 1992

[2] Law C K and Eberly J H 1996 Phys. Rev. Lett. 76 1055

[3] Zhou L, Song H S, Li C and Guo Y Q 2003 Chin. Phys.
12 45

[4] Liu X, Fang M F and Liu A L 2000 Acta Phys. Sin. 49
1707 (in Chinese)

[5] Lutterbach L G and Davidovich L 1997 Phys. Rev. Lett.
78 2547

[6] Bertet P, Auffeves A, Maioli P, Osnaghi S, Meunier T,
Brune M, Raimond J M and Haroche S 2002 Phys. Rewv.
Lett. 89 200402

[7] Wilkens M and Meystre P 1991 Phys. Rev. A 43 3832

[8] Kim M S, Antesberger G, Bodendorf C T and Walther H
1998 Phys. Rev. A 58 R65

[9] Alsing P, Guo D S and Carmichael H J 1992 Phys. Rewv.
A 45 5135

[10] Solano E, Agarwal G S and Walther H 2003 Phys. Rev.
Lett. 90 27903

[11] S¢rensen A and Mglmer K 2000 Phys. Rev. A 62 22311



