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We generalize the definition of the fractional Fourier transform (FRFT) by extending the new definition proposed by
Shih. The generalized FRFT, called the high order generalized permutational fractional Fourier transform (HGPFRFT),
is a generalized permutational transform. It is shown to have arbitrary natural number M periodic eigenvalues not only
with respect to the order of Hermite—Gaussian functions but also to the order of the transform. This HGPFRFT will
be reduced to the original FRFT proposed by Namias and Liu’s generalized FRFT and Shih’s FRFT at the three limits
with M = +o0o, M = 4k (k is a natural number), and M = 4, respectively. Therefore the HGPFRFT introduces a
comprehensive approach to Shih’s FRFT and the original definition. Some important properties of HGPFRFT are

discussed. Lastly the results of computer simulations and symbolic representations of the transform are provided.
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1. Introduction

The fractional Fourier transform (FRFT) em-
erged 2] as an extension of the Fourier transform,
which, here, is referred to as the ordinary Fourier
transform and is one of the most commonly used tools
in signal processing. It has recently been demon-
strated to be useful in quantum mechanics >4 and
has also been introduced in bulk optics,®~7 as well
as in fibre optics,[®9 as a fundamental tool for opti-
cal information processing. The FRFT has extended
the conventional Fourier transform to a more general
time-frequency (or space-frequency) joint representa-
tion [1% by allowing the concept of the fractional in-
tegral to be applied in the Fourier integrals. Along
with their challenging applications, their mathemati-
cal properties still attract much attention. Recently,
Shih '] reinvented a technique to fractionalize the
Fourier transform with only the weighted composition
of four basic functions, i.e. the original function, its
first, second and third Fourier transforms, according
to the three postulates that the FRFTs should obey.
The relationship of Shih’s FRFT with the original def-

inition has been discussed in Ref.[12]. In addition,
some generalized fractionalization of the conventional

Fourier transform can be found in Refs.[13-19].

In this paper, we first discuss the relationship of
Shih’s FRFT with the conventional Fourier transform.
We are amazed to see that Shih’s FRFT is the same
permutational transform as the conventional Fourier
transform, but with different permutation matrices
which have an order of 4. We then extend Shih’s
fractionalization procedure by allowing the order of
permutation matrix to be arbitrary natural number
M > 3 and demonstrate that Shih’s FRFT, Liu’s
generalized FRFT (GFRFT) and the original FRFT
are three especial cases of high order generalized per-
mutational fractional Fourier transforms (HGPFRFT)
proposed in this paper which correspond to M = 4,
M = 4k (k is a natural number) and M = oo, respec-

tively.

This paper is arranged as follows. In Section 2,
we briefly introduce Shih’s definition of the FRFT for
the reason that we will frequently refer to it in the fol-

lowing sections. We will also find the permutational
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characterization of Shih’s FRFT in this section. In
Section 3, we introduce our HGPFRFT by extending
the conventional Fourier transform based on the com-
plete orthonormal basis of Fourier transform eigen-
functions, i.e. the normalized Hermite—Gaussian func-
tions. Computer simulations are given to compare sev-
eral definitions with the original FRFT. Some proper-
ties of HGPFRFT are briefly discussed in Section 4;
there is an application concerning the concept of self-
fractional Fourier function.?°~2?! Finally, we present

our conclusions.
2.Permutational characteriza-

tion of Shih’s FRFT
Shih’s definition of the FRFT [11] takes an alterna-

tive continuous approach to fractionalize the Fourier
transform. He assumed that any transient state of the
Fourier transform could be expressed by its first four
integer-order states which are analogous to quantum
states,[1213] because the integer-order Fourier trans-
form is a 4-periodic operation. Mathematically, the
conventional Fourier transform F' can be described by

the integral

1 .
(FIw) = == / f(@)exp(—iwz)dz,

where (F'f)(w) is the Fourier transform of the function
f(z). For the integer-order Fourier transform, there

are only four different functions,

fi(z) =(Ff)(z),

fa(z) =(F*f)(z) = f(-=),
f3(z) =(F*f)(z) = fi(-x),
fa(z) =(F*f)(z) = f(z),

Po(a+ B) = Po(a) Po(B) (
Pi(a+ B) = Py(a)Pi(B) + Pyi(
Py + B) = Po(a) P2(B) + Pi(

( ) () P3(B) (

The coefficient P;(a) is solved to be

B 11— exp(—27l’(a - l)l)
PU) = 1T exp(—an(a ~ Di/1)’

1=0,1,2,3. (4)

B) + Pi(a)Ps(8) + P2(a)P2(B) + Ps(a)Pi(B),
a)PO
a)Pl

(
(
(
B) + Pi(a)P2(B) + P2(a)P1(B) + Ps(a) Po(B). (3)

farri(z) = (FAEFf)(2) = fi(z), where L is any inte-
ger and [ = 0,1,2,3. One can construct the a-order
fractional Fourier transform as a weighted composi-

tion of these four functions as follows:

3

Fo =3 P(a)F, (1)

where Pj(a) is the coefficient, ! = 0,1,2,3. The so-
defined fractional Fourier transform operators obey
the following axioms:

(1) Continuity axiom: Py(a), Pi(a), Pa(e), Ps(c)
should all be continuous for all real number a.

1, m=1

(2) Boundary axiom: P;(m) = {

0, m %1
(0<m,l<3).

(3) Periodicity axiom: Pj(a) = P(a+4),1 =
0,1,2,3, for all a.

(4) Additive axiom: F@FFP = FPF® = F**P for
any «a and .

It is easy to see that (1) means that F* is a contin-
uous operator; (2) means that F® reduces to F! when
a is an integer I; in addition, because F4L+! = F!
thus P;(k) = Pi(k + 4), where | = 0,1,2,3, L and k
are any integers, i.e. when « is an integer, P;(e) is pe-
riodic with period 4 for o; (3) means that this is also
true for any a. By using these properties, one can
obtain a set of coupled equations for the coefficients

as follows:

Pla+8)= ),

0<m,n<3
m+n=lmod(4)

P () Po(B),

1=0,1,2,3. (2)

In detail, it can be written as follows:

ﬂ)-i—Pz
B)+ P>

a)P3
a)PO

ﬂ)+P3
ﬂ)+P3

a)P2
a)P3

B
B

)

(@) Py( () 1 (B)
(@) Ps( (@) P2(B)
(@) Po( (@) P3(B),
(@) Pr( (@) Po(B)

The geometrical locus of these coefficients has been il-
lustrated in Fig.1. They are the same closed curve in
the complex plane, but when « increases from 0 to 4,
their jumping-off points are different from each other

as shown therewith.
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Fig.1.
0,1,2,3 in the complex plane.

Geometrical locus of coefficients Pj(a), I =

Symbolically, the fractional Fourier transform op-

erator F'* can be more compactly written as

o 1 1 — exp(—27(a — 1)i)
= 4 g 1 — exp(—27m(a — 1)i/4) E (5)

We define a 4 by 4 matrix P(a) with parameter « as

follows:
Py(a) Ps(a) Py(a) Pi(a)
Py = | (@ Bl@) Ps(e) Pola) | o
P, (a) P (a) P(](Ot) P3(a)
Pi(a) Py(a) Pi(a) Pola)

It is called a 4 by 4 generalized permutation
In addition,
for any «, the notation p(®) denotes the vector
(Py(a) Pi(a) Py(a) Ps())T, which is the first col-

umn of the matrix P(a).

matrix with the parameter a.

In fact, it is easy to see that, for « = 0,1,2, 3,

100 0

PO\ 0oy |
000 1
fo(z) = (F°fo)(z) =1 fo(z)
fi(z) = (F*fo)(z) = 0" fo(z)
fa(z) = (F?fo)(z) = 0 fo(z)
fa(z) = (F*fo)(z) = 0 fo(z)

Vol. 13

0 0 0 1

1 0 0 O
P(1) = ;

01 0 O

0 0 1 0

0 0 1 0

0 0 0 1
P(Z) = ’

1 0 0 O

01 0 O

01 0 O

0 0 1 0
P(3) = ’

0 0 0 1

1 0 0 O

are the O-step, 1-step, 2-step and 3-step standard per-
(1000)T,
(000 1)T.

(0), thus for any integer m,

mutation matrices, respectively, and p(O)
pM=(0100)7, p(2) =(0010)7, pB® =
Moreover, P(4) = P
P(m+4) = P(m).
By using the matrix symbol, Eqgs.(2) and (3) can
be more compactly written as
P(a)P(8) = P(a+ ) = P(8)P(a).  (7)
By observing the first column on both sides of the

second equal sign in Eq.(7), we have

pet?) = P(B)p'*). (8)

Furthermore, for any function f(z), the fractional

Fourier transform of f(z) can be rewritten as

fala) = (F*f)(@) = (fo(x) fi(z) fa(z) fa(z))p'.
Therefore F'* could be determined uniquely by a vec-
tor p(® for any fraction a. In detail, for & = 0,1, 2, 3,

we could rewrite (F*f)(z) as follows:

+0- fi(z) +0- fo(z) + 0 f3(z),
+1- fi(z) +0- fo(z) + 0 fa(z),
+0- fi(z) +1- fo(z) +0- f3(z),
+0- fi(z)+0- fa(z) + 1 f3(z).
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Thus fi(z) = (Ffi_1)(z) = (F'fo)(z), I = 0,1,2,3.
Note that if we are given the original signal fo(z), the

four signals on the left side of the above equations,

fol@) = (Ff) @) —[F|= fi(2) = (Ffo)(=)

1) 4

=

T 4
fs@) = (Ff)(z) «[Fle  fol2) = (Ffi)(@)
Namely, in this case, the order-1 FRFT F,

i.e. the conventional Fourier transform, is equiv-
alent to the standard 1-step permutation matrix
P(1). In addition, for any «, because of Fotl =
FOpatt FeF', and plet) = P(1)p®
(Ps(a) Py(a) Pi(a) Py(a))T, one may see that, in
general, the classical Fourier transform F' is also equiv-
alent to the standard 1-step permutation matrix P(1)
that permutes vector (Py(a) Pi(a) Py(a) Ps(a))T to
(Ps(a) Py(a) Py(a) Py())T. Therefore, F is a per-
mutational transform in nature. Similarly, it is easy
to see that, the order-l FRFT F! is equivalent to ma-
trix P(l) and P(l) = [P(1)]!, 1 = 0,1,2,3,4, where
P(0) = P(4) = I is the identity matrix.

Therefore, the conventional Fourier transform
and its successive application are all standard permu-

tational transforms with integral steps.

Generally, by observing the first column on both
sides of the first equal sign in Eq.(7), we can ob-
tain p(etf) = P(a)p®. Let § = 0, it becomes
Pl = P(a)p®, here the additive axiom becomes
Fo = Fot0 — FefF0  So from the original sig-
nal fo(z) = (F°fy)(z) which has coefficient vector
p(® = (100 0)7T, in order to implement its fraction-a
FRFT f,(z) = (F*fo)(z) which has coefficient vec-
tor p(®) = (Py(a) Pi(a) Pa(a) P3(a))T, it is enough
to apply F® to F°. In other words, we could apply
the generalized permutation matrix P(«) to the vec-
tor p(®. Thus, the fractional Fourier transform F
is equal to the generalized permutation matrix P(a).
Based on the comparability of the additive axiom with
Eq.(7), we have discovered that successive application
of F® on F? is equivalent to the multiplication of P(c)
and P(f). Therefore, the fractional Fourier transform
is a permutational transform not only from intuitive
point of view, but it is also true from mathematical
operation’s point of view. Actually, it is easy to vali-

date that the following theorem is true.

@D =@1000)T

ie. fo(z), fi(z), fo(z), f3(z), could be uniquely de-
termined by the vectors (100 0), (01 00), (001 0),
(0 0 0 1), respectively. Visually, this can be viewed as

- —> oM = P(1)p® =(@©0100)7T

) {
P(1) P(1)
t 1

p®) =P1)p@ =0001)T « « o@D =P1)pM =@0o010)7T

Theorem 1 The set of the FRFTs
F={F%laeR}={F*0<a<4}
and the set of the generalized permutation matrices
P = {P(a)la € R} = {P()|0 < a < 4)

are two equivalent multiplicative groups. The latter is
called a generalized permutation matrix group. They

are also equivalent to the quotient group
R/Z(4) ={a|0 < a < 4},

where R = {z| — 0o < < 400} is the set of all real
numbers, Z(4) = {4m|m € Z} is the set of all integers
divisible by 4, Z is the set of all integers, R/Z(4) is
the additive group with modulus 4.

Therefore the successive application of F® on F8
is equivalent to its power addition and is also equiva-
lent to the index addition, and the Fourier transform
and the FRFT are the same permutational transform
with different permutation matrix, but the former is
the standard integer-step one and the latter is the

fraction-step one.
3.HGPFRFT

It is well known that the conventional Fourier
transform has an eigenvalue A, = exp(—mmi/2) cor-
responding to the standard eigenfunction ¢,,(z) =
1/y/2mmly/rH,p (z)exp(—2?/2),

Gaussian function, where H,,(z) is the mth or-

i.e. the Hermite—

der Hermite polynomial having the recursive relation
H,.11(z) = 2zH,,(z) — 2mH,,,—1(z), and Hy(z) = 1,
H,(z) = 2z. By using this notation, the conventional
Fourier transform F' can then expressed by the super-
position of Hermite—Gaussian functions, (F*f)(z) =
Y dmAgdm(x), where f(z) = Y dmtm(x), dm =
m=0 m=0

/ f(2)$m(z)dz. For any natural number M > 3, we
R
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define intentionally “the basic transform” R as fol-

Z v (M

where v,,(M) = exp(—2rim/M) is the R eigenvalue

lows:

(Rf)(z) = )Pm(T), 9)

corresponding to the eigenfunction ¢.,(z), m is a
nonnegative integer. By recalling the definition of
the original FRFT, it is easy to see that the “basic
transform” R is FRFT F° with a = 4/M which
will be referenced in the following Eq.(13). Since
vo(M)=1, (M) = exp(—27i/M), -, vp—1(M) =

exp(—2mi(M — 1)/M) and vy (M) = vo(M) = 1,
therefore “basic transform” R is the mathematical
operation with a periodicity of M, ie. fo(z)

(R°f)(2) = f(x), fiz) = (Rf)(z), -+, fu-1(z) =
(RM1f) (@), fu(z) (RMf)(z) = fo(z) and
furi(z) = (RMEFf)(z) = fi(z), where f(z) is a
function, L is an integer and I = 0,1,2,---,(M —1).

The rest of the mathematics is straightforward as men-
tioned by Shih in Ref.[12].

‘We can construct the a-order fractional transform
as a weighted composition of these M functions as fol-

lows:
(M-1)

Y P(a)(R'f)(@). (10)

=0

(R*f)(z) =

The so-defined fractional transform is called the
HGPFRFT. It should obey the following axioms:

1) Continuity axiom: Py(a), Pi(e),- -, Py—1(cx)
should all be continuous for all real a.
) 1, m=1
2) Boundary axiom: P;(m) = 0<
0, m#l

m,l < (M —1)).
3) Periodicity axiom: Pj(a) = P(a+ M), | =

0,1,--,(M —1), for all a.
4) Additive axiom: RRP = RPR* = R*tP for
any « and (.

Being similar to the previous section, we define
an M by M matrix P(a) as follows:

P()(a) PM,;[(OI) Pl(a)
P («a Py(a - Py«

pw-| TR
Pyo1(a) Pys(a) Py(e)

where P(a) is called the high order generalized
permutation matrix and the notation p(®) denotes
the vector (Py(a) Pi(a) -++ Pp1())T, which is
the first column of the matrix P(a). Postulate
2 means that P(0), P(1), ---, P(M —1) are the

standard O-step, 1-step, ---, (M — 1)-step permuta-
tion matrices, respectively. Postulate 3 means that
P(a+ M) = P(a). The meaning of postulate 4
is P(a)P(8) = P(§)P(a) = Pla+ ).

to simplify the equations of coefficients Pj(a), we

In order

choose the M-point discrete Fourier transform pu(® =
(no(@), pa(a), -+, pm-1(a)™ = T(M)pl®), where
T(M) = (tmmn), tm,n = exp(—27i(m — 1)(n —1)/M),
1 < mn < M. In this way, postulates 2—4 be-
come pu(m) = exp(—2mmli/M), (M + a) = u(a)
and pi(a+ B) = w(a)w(B), respectively, where 0 <
m,l < (M — 1), a and § are any real numbers. So
mi(a) = exp(—2nali/M) for any real fraction « dis-
tinctly. Accordingly, the analytical representation of

Py(a) is shown as follows:

(M-1)
P(a) :% Z exp(—2mn(a — 1)i/M)
:i 1 — exp(—27(a —1)i)
M 1 - exp(—2n(a—1)i/M)’

1=0,1,---, (M —1).

Then HGPFRFT R® can be more compactly written

as

(R*f)(=)

1 M=) (M=)

> exp(—2mn(a — 1)i/M)(R' f)(z), (11)

=0 n=0

and it is easy to compute that the HGPFRFT R® can
also be written as the superposition of the Hermite—

Gaussian functions

(Rf)(z) = Y dmvim(M,0)pm(z),  (12)

m=0

where v,,,(M,a) = exp(—2raimod(m, M)/M) is the
R*’s eigenvalue corresponding to the eigenfunction

bm (@),

ative integer. Incidentally, the eigenvalues vy, (M, @)

d,, is defined as above, and m is a nonneg-

are M-periodic not only with respect to the order of
the transform «a but also to the order of the Hermite—

Gaussian functions m.

From Eq.(12) one can easily recognize that Shih’s
FRFT and Liu’s GFRFT are just two extreme cases
of HGPFRFT with M = 4 and M = 4k (k is a natu-

ral number), respectively. In addition, when M — oo,
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because
(RMe/11)(2) — (F*f)(2)]

< Z |y (exp(—mod(m, M)rai/2)
m=M

—exp(—mmai/2))d.,(z)]|

<23 ()],
m=M

thus (RMe/4f)(x) — (F*f)(z), for any real number
fraction o and any original function f(z), where

(Ff)(z) = > dmexp(—mmai/2)¢m()

m=0

(13)

is the representation of the original fractional Fourier
transform F< by the superposition of Hermite—
Gaussian functions ¢,,(z), which is the eigenfunction
according to the eigenvalue A, (a) = exp(—mmai/2)
of F*. Therefore the original fractional Fourier trans-
form F° is the extreme case of HGPFRFT with
M = oo. Accordingly, CGPFRFT introduces a com-
plete generalization and extension of Shih’s FRFT and
the original definition, which is not just the incomplete

one proposed in Ref.[13].

1.8
— period=4 (Shih’s
1.6 (a) ... period=3 ( ) '
- - period=5
1.4 1
1.2
1.0
%
2 08
<3
< 06
N
0 04
B
o
o 0.2
= PN
o 0.0&AA
5 -6 6
H
518
& 16} (b)
<
P 1.4 - - period=25
g 1.2 — period=Inf.
°
=]
.'?‘D 1.0 a=0.45
g 08
=
0.6
0.4
0.2
0.0

-6 -4 -2 0 2 4 6
Transverse coordinate

Fig.2. HGPFRFTs of a rectangular function, a = 0.45, at in-

creasing periods (it is the M in the definition of HGPFRFT)

with (a) the periods 3, 4,5,8, and infinity, respectively, (b)

finite large period 25 and infinite period.

Here we have made computer simulations of some
HGPFRFTs on a rectangular function and compared
the results with the plots generated by the original
FRFT. Figure 2 gives the simulation results of several
HGPFRFTs and comparison with the original FRFT
(its period is infinity) and the Shih’s FRFT (its pe-
riod is 4). Figure 2(a) demonstrates the differences
between several HGPFRFTs while Fig.2(b) indicates
the effect of approximating the conventional FRFT by
the HGPFRFT with enough large period of 25. The

two plots in Fig.2(b) are almost the same.
4. Properties of HGPFRFT

In this section, we discuss the generalized permu-
tational characteristics of HGPFRFT and the proper-
ties of the coefficients in the definition of HGPFRFT.

4.1. Generalized permutational characteriza-
tion of HGPFRFT

Being similar to the above Section 2, for any in-
teger M > 3, one can easily validate the following

theorem.
Theorem 2 The set of the HGPFRFTs

R={R%aeR}={R0< a< M}
and the set of the generalized permutation matrices
P={P(a)lae R} ={P(a)l0<a< M}

are two equivalent multiplicative groups. The latter
is called a high order generalized permutation ma-
trix group. This is why the new FRFT is called the
complete generalized permutational fractional Fourier
transform. They are also equivalent to the quotient
group

R/Z(M) = {al0 < a < M),

where R = {z| — 0o < < 400} is the set of all real
numbers, Z(M) = {Mm|m € Z} is the set of all in-
tegers divisible by M, Z is the set of all integers, and
R/Z(M) is the additive group with modulus M.

4.2. Properties of coefficients

There are several significant properties associated
with the coefficients in the definition of HGPFRFT.

Firstly the sum of all coefficients is always one,
(M-1)

ie. Z Pi(a) = 1, for any real fraction a and any
1=0
order M of the generalized permutation matrix P(«).

One ordinary application of this property is to affirm
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that the average position of all coefficients which are
M points in the complex plane is Qu = (1/M,0).
The other is applied to the problem of self-fractional
Fourier functions, which is more difficult than the first
one.

Similar to the meanings of self-Fourier func-
tion and self-fractional-Fourier function introduced in
Refs.[13, 20-22], a function is called a self-high-order
generalized permutational Fourier function if it trans-
forms to itself after undergoing a high order general-

ized permutational fractional Fourier transform. From
(M-1)

Z Pi(a)) = 1, one can conclude that, for any given

1=0
function f(z), it is a self-high-order generalized per-

mutational fractional Fourier function under the “ba-
sic transform” R if and only if it is the self-transform
function under the HGPFRFT RY/YN, where N > 2 is
a natural number. Naturally, if the function f(z) is
a self-high-order generalized permutational fractional
Fourier function under R, then for any real fractional
order a, the f(z) is also the self-transform function
under R<.

Secondly, the Euclidian norm of the complex
vector p(® = (Py(a) Pi(a) --- Py_1(a))T is al-
ways one, i.e. for any real fraction a and any

order M of the generalized permutation matrix
(M-1)

P(a), Z |Pi(@)]* = 1. This means that, in the
1=0

M-dimensional complex linear space, the vector p(®)

stands on the M-dimensional complex unit hyper-

spherical surface. Therefore the vector p(® stands

on the common part of the M-dimensional complex

hyper-plane and the unit hyper-sphere.

Thirdly, to understand the geometrical property
of the coefficients Pj(a), 0 < I < 4, one can illus-
trate the geometrical locus of these coefficients in the
complex plane and three-dimensional real space. For
the coefficients associated with the HGPFRFT pro-
posed in this paper, an interesting property discovered
is that all the coefficients, as the complex functions
for the fraction a, are the same closed curve in the
complex plane, for any given integer M > 3, which
crosses the real unit (1,0) one time and the origin
(0,0) (M — 1) times and the average position (1/.M,0)
(M — 2) times, but when the fraction a increases from
0 to M, their jumping-off points are different from

each other. Figure 3 shows the curve of the five coef-

ficients of HGPFRFT with M =5and 0 < a <1 in
the complex plane. In fact, the closed curve consisting
of the five curves is the complete geometrical locus of
the coefficient Py(a) with 0 < a < 5, it crosses the
real unit (1,0) one time and the origin (0,0) four times

and the average position (0.2,0) three times. For the

coefficients P;(a), - - -, Ps(c), this result is true too.
06— F T R
‘ 1% Pi(a)
=P (a)
. -‘-Pa a
0.4 a-P4 5(!; 1

©
)

e
=)

0<a<1,1=01,234

Imaginary part

-0.6f ) ‘ .
0.0 0.2 04 0.6 0.8 1.0
Real part

Fig.8. The curve of the coefficients of HGPFRFT
with M =5and 0 < a<1.

Figure 4 demonstrates the three-dimensional lo-
cus of these coefficients in the three-dimensional real
space whose vertical axis is the fractional order «. In
the three-dimensional space, these five curves do not
synchronously intersect, but four curves intersect at
the points (0,0,1),1=0,1,2,3,4,5.

e Py (a)
% Py (o)
-#-P3(a

‘[-0- Py (c

Fractional power a

Fig.4. Three-dimensional locus of the coefficients of

HGPFRFT with M =5 and 0 < a < 5.
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Imaginary part

0.0 0.2 0.4 0.6 0.8 1.0
Real part

Fig.5. The geometrical symmetry of the coefficient
curve of HGPFRFT with M = 25 and 0 < a < 25.

Im;(a)

—sin(m(M — 1)(a — I) /M) sin(m(a — 1))

Figure 5 illustrates the geometrical symmetry of
the coefficient curve in the definition of HGPFRFT.
The plot in Fig.5 is the curve of the coefficient Py(c)
of HGPFRFT with M = 25 and 0 < a < 25; it has
geometrical symmetry with respect to the real axis.

Fourthly, it is ingenious that for any integer M >
3 and any fractional order a, these coefficients, in the
definition of HGPFRFT, lie on a line. In fact, because

P(a) :exp< _ M _;}(a - l)i)
X sin(m(a — 1))
M sin((a —1)/M)
=Re;(a) + iImy(a)

and the average position of these coefficients is Qpr =
(1/M,0), by computing the slope of the line which
passes through the two points P;(c) and Qas, one can
obtain

h(a) =

thus the (M +1) points, ie. P(a), =01, ---
(M — 1), and Qs lie on line which passes through the
point Qs and forms an angle am with the real axis in
a clockwise direction. Figures 1, 3 and 4 demonstrate
this property. Therefore, the coefficients associated
with the definition of HGPFRFT have the rotational
characteristics. These results may find many appli-
cations in, for example, improving the image qual-
ity or signal processing with additional real space

information.
5. Conclusions

We have generalized the definition of FRFT to
HGPFRFT by taking an M-periodic “basic trans-

form”.  The several representative properties of

Rey(a) = 1/M - cos(m(M — 1)(a — 1) /M) sin(n(a — 1)) — sin(m(a — 1) /M)

= tan(—amn),

HGPFRFT are that, (1) its eigenvalue is M-periodic
not only with respect to the fractional order of the
transform but also to the order of the Hermite—
Gaussian function basis which is the eigenfunction of
the transform, (2) its structure is the simple general-
ized permutation matrix, the coefficients in the defi-
nition of HGPFRFT have some important properties,
for example, one may associate with the concept of the
self-transform function, and especially, the rotational
one which may improve the multichannel optimal fil-
ter. HGPFRFT is extensive and generalized enough
to include Shih’s FRFT, GFRFT and the original
FRFT as the three especial cases which correspond to
M =4, M = 4k (k is a natural number) and M = oo,

respectively.
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