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The Maxwell-Chern—Simons gauge theory coupled to a complex scalar field is quantized in the Becchi-Rouet—

Stora—Tyutin path integral formalism. Based on the symmetries of a constrained canonical (Hamiltonian) system, we

obtain the quantal conserved angular momentum of the system under the global symmetry transformation. It is shown

that fractional spin also appears at the quantum level. The canonical Ward identities for this system are derived under

local gauge transformation.
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1. Introduction

Fractional spin and statistics have attracted much
attention due to their possible relevance to condensed
matter phenomena, especially to the fractional quan-
tum Hall effect™ and high-T. superconductivity.[?!
Fractional spin may appear in gauge theories with the
Chern-Simons (CS) term.[! Theoretical understand-
ing of them has been gained in the context of both
quantum mechanics (4 and quantum field theory.?! So
far, development in the direction of field theory has
not progressed as far as that of quantum mechanics.!!
In the study at the field-theoretical level, the Abelian
CS theory minimally coupled to the matter fields is
usually considered as the base system. Recently, some
models of gauge-invariant theory have been suggested
and investigated based on the Maxwell CS theory in
a canonical approach.l®l The angular momentum for
anions based on the canonical approach are always ob-
tained through the symmetric energy-momentum ten-
sor, not Noether’s law. Some authors have put for-
ward that the expressions obtained by these two pre-
scriptions may not be identical, although both gener-
ate appropriate transformations.l%7 Secondly, in the
canonical approach the operator ordering problem be-

comes quite severe if the analysis is carried out in the

gauge fixed scheme, rather than in the gauge indepen-
dent scheme.[®] Thirdly, other symmetry properties of
CS theory also need further study.

The system considered here is the Maxwell CS
theory coupled to a complex scalar field. This paper is
organized as follows. In Section 2, the Becchi—-Rouet—
Stora—Tyutin (BRST) path integral scheme is formu-
lated since the system has BRST symmetry. Thus,
there is no operator ordering problem in the study
of the angular momentum. In Section 3, it is shown
that fractional spin also appears through the quan-
tum Noether prescription for this system. Finally, the
gauge generator for this system is constructed and the

canonical Ward identities are deduced.
2.BRST path integral quantiza-
tion
The Lagrangian density of the (241)-dimensional
Abelian CS term coupled to the complex scalar field
is given by [
1 pny K HUA
L=— ZF#UF + ZE Fl“’A)‘
+ (Dup)* (D*p) + m*¢*p, (1)
where D,, = 0, —i4,, F,, = 0,A, — 0,A,. The

canonical momenta conjugate to the fields A,, ¢ and
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p* are
i BE 7 K 7
Tt = —aAz =F 0 + 55 JA]', (2&)
0Ag
oL . w_ 0L
T = % = (DOSO) T = 680* = DOSO’ (20)

respectively. The primary constraint of the system is
given by
A’ =7 ~0, (3)

where the symbol “~” means weak equality in Dirac

sense. The canonical Hamiltonian density H. is
He :W”AH +mep+ MLt — L
:HO + AO |:J0 — <8Z-7ri -|— ZEUFZ']'>:| s (4&)
with
Ho =mpmy, — (Dig)* (D'p) — m?¢*p
1, K i K° i 1 ij
—571' 7ri+§ej7r,-Aj—§A A2—|—Z z'jFJ
(4b)

and Jo = i(mep — ¢*m’). The total Hamiltonian is
given by

HT :/d2$(HC + /\0/10)

:/d2${H0 + AO [JO — (Eim’
K _ij 0
+ ZE Fij>:| + XA } (5)

The consistency of the primary constraint, {A°,

Hrt} =0, leads to the secondary constraint
AN =Jo— (0 + SeF; ) ~ 0 6
= Jo — 3T + ZE ij ~ U. ( )

The consistency of the secondary constraint gives no

new constraints. It is easy to see that the constraints

0A; ={A;, 2} = 8,C,
omt = {r%, 2} =0,

op = {p, 2} =iCo,

on, = {mn,, 2} = —iCm,,
iC={C,2}=0,

P={P, 2} =~Jo + <3z'7fi + gEijFij):

(A°, A1) are first class. The extended Hamiltonian can

be written as
Hg :/d%(%o + 204° + AgAY)
= / d2$(7{0 —I— A(]/IO + /\1/11), (7)

where Ag and \; are Lagrange multipliers.

In the BRST quantization!®! scheme, the La-
grangian multipliers are treated as the dynamical vari-
ables of the system, hence the associated canonical
momenta must be equal to zero in order that the
physical content of the system is unchanged. From
Eq.(7) it is clear that A; = A, and one has 7! =

0 1

70 =~ 0, where 7~ is a canonical momentum conju-

gate to the Lagrange multiplier field A;. The orig-
inal phase space uA(A,-,go,go*;'rri,mp,W:;) is replaced
by ua (ua,A\; = Ag,m! = 7°) after the Lagrangian
multiplier A; is treated as the dynamical variable of
the system. Now, the constraints of the system can
be denoted by G, = (G1,Gs) = (4%, A). We asso-
ciate with each constraint G, a canonically conjugate
pair of anti-commuting ghosts 7, P,, which can be

denoted by

n=(-iP,C), P = (iC,P). (8a)

The Poisson brackets of the ghosts 1, P, satisfy

{P(2),C(y)} = —b(x - v),

{P(x),C(y)} = —d(z — ), (8b)

The extended phase
space is denoted by u(ua,n,P). Using Eq.(8a), the

and others are equal to zero.

generator of the BRST transformation for Abelian

theories can be written as [°]

0 :/d%(c/ﬂ —ip4A°)

Jorela- (o 30m)] )

From Eq.(9), one obtains the following BRST trans-

formation of the system:

Ao = {Ao, 2} = —iP,
om? = {=% 2} =0,

dp* ={p*, 2} = —iCy",
omy = {m}, 2} =iCn,
0P ={P,2} =0,

5C ={C, n} = in". (10)



No. 2

The symmetries in the Maxwell-Chern—Simons theory coupled to matter fields 155

In order to obtain the BRST invariant Hamiltonian H

in the extended phase space u, we have to calculate

{Ho(z),Gu(2')} = V2Gy ~ 0, (11)
{Gu(z),Go(2')} = C5,G. = 0. (12)

From Egs.(11) and (12), one obtains [°]
H= /d2mH0. (13)

The effective Hamiltonian H.g in the BRST scheme

is given by

Hyg=H—{4,02} = /d%%eﬁ. (14)

Choosing ¢ as ¢ = /d%:(i@x +PA) with x = 9; A%,

from Eq.(9) one obtains [l

(9.2} = [ Pa(-aa! —nx +iC{x, 4'}C - iPP)
= / d®z{-\ A — 1'8;A* —1C;0°C — iPP}.

(15)

Substituting Eq.(15) into Eq.(14), the effective action

can be written as

Ig :/d33:(7rkAk + T + Q" + mA 4+ CP + PC — Heg)

:/d%(kak + Mop + " — Ho + CP — CP — iPP — iC8;0'C — M A — w19, AM). (16)

The path integral of the system in BRST formulation is given by [

Z[0] = / DA; Dr*DA\ Dr' Dy D, Do* D DCDPDCDP

X exp {i/d%[vr’“Ak + 7o+ gt — Ho+ CP — CP — iPP — iC8;0°C — A\ A — wlaﬂAﬂ]}. (17a)

Using the following results [19]:

to
/ DPDPDCDC exp{i / dt(~PC + CP — ifP)}
t1

ta

:/DEDCexp{/dtﬁc"} = —(ty — t)

1

and integrating over the ghost fields C, P, C and P,

one obtains

2(0] = [ DADR' DA D Dy D, D" D
X exp{i/d3m[wk/ik + T + 7r;¢*
—Ho — A AL — wlauA“]}. (17b)

Integrating over the Lagrange multiplier field A\; = Ag
and 7m; = 7y in Eq.(17b), one obtains

Z[0] = / DAy Dr* DD, Dp* Dr6(A1)8(8; AY)

X exp{i/d?’m(ﬂ'k/ik + T + Pt — ’HO)}.
(17¢)

The result (17c) agrees with the conclusion obtained
by using the Faddeev—Senjanovic path-integral quanti-

zation scheme.['!] The generating functional of Green

functions for this system is given by 12
Z[J#, J, J*] :/DAﬂDﬂ“DQDDmngo*DW;
X exp{ifgf + i/d%[J"AM
+Jg0+J*g0*]}, (18)
where
L = / dBa[rt Ay+mop+me"—Ho— Ao A =08, A).

We denote ¢ = (Au,p,¢%), m = (7#, 7y, m;) and
J = (J*,J,J*), thus the generating functional (18)

can be rewritten as

Z[J] = / D¢Dr exp [ifgf +i / d%Jqﬁ} (19)

3. Fractional spin and statistics

To study fractional spin, we first derive the angu-
lar momentum at the quantum level. If the effective
action If; in Eq.(18) is invariant under the transfor-

mation
7
zt =zt 4+ Azt = ot 4+ e, (z; ¢, ),

¢' (') = ¢(z) + Ad(z) = ¢(z) + €,£7 (z; 8, ),
m'(2') = 7(z) + An(z) = 7(z) + e,n7 (z; ¢, ), (20)
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where e,(c = 1,2 ,---, r) are infinitesimal pa-
rameters, and the Jacobian of corresponding trans-
formation is equal to unity, then one can obtain
the following canonical Noether theorem in quantum

formalism:[13:14]
Q° = / dPz[n (€7 — ¢ ) — Herr7*%] = const. (21)
Vv

Obviously, the effective canonical action Igf in
Eq.(18) is invariant under the spatial rotation trans-
formation in the (z1, z2) plane, and the Jacobian of
the transformation of the vector A,(xz), scalar fields
¢(z) and ¢*(z) and their canonical momenta under
the spatial rotation are equal to unity, and 707 = 0
in the spatial rotation. According to Eq.(21), we ob-
tain the quantal conserved angular momentum for this

system,

L :/d2msij[7rka]-lAl + mmkajAk
+ zi(mp0jp + m;0;0")], (22)

where S,chl = 5};6{ — 6;'6%. This quantum conserved an-
gular momentum under the rotation in (z,z2) plane
coincides with the result derived from the classical
Noether theorem. In the following we show that how
the fractional spin appears. Substituting Eq.(2a) into
Eq.(22), one has

L = / d2.’L‘[Ei‘7‘Fk05flel + Eij.’L‘z'FkoajAk
+ eija:,-(7r<p8jg0 + ﬂ;(?jgo*)]
+ / d%z [EU gekj,Af’(sflel + 2;0;A%)|.(23)

Using the relations e/*¢;; = 6{5{“ — 5{5f [15] Eq.(23) is
simplified to

L= / d*z[e Fyo S Al + €9, F*°0; Ay,

+ei(m 050 + m,00")]
K ..
- 5 /d2IEZJIiAj(ElkalAk). (24)

We will see that the second part of the right-hand side
in Eq.(24) implies the existence of the fractional spin
for this system.

Since the system is invariant under the BRST
transformation, it is required that the physical state
must also be invariant under such a transformation.

This requirement may be represented as

Qsrst|phys) =0, (25a)

which is the condition that the physical state must be
satisfied. The BRST charge (9) can be written as

f28RsT Z/d%{C[JO - <62-7r2' + geijpij)] }
+/d2m(—i’P7r0),

The physical state condition (25a) can be reduced
to [16]

/ 2z [JO - (aﬂr" + gefipij)] Iphys) ® (C|0)g) = O,
(25b)

where |0)gn is the ghost vacuum state. By the inde-
pendence of C for other fields, we obtain
[Jo — V2A° — 9; At — Hsijc?,-Aijhys) =0. (25¢)

According to the gauge condition 9;A* ~ 0, one has

d; A¥|phys) = 0, (26a)
le.
o;mt + V2A° — geijaiAj |phys) = 0. (26b)
From Eqgs.(25¢) and (26), one obtains
[Jo — ke“8;A;]|phys) = 0. (27)

If we solve Eq.(27), we obtain [16]

Ai(w) = eyl / PyG(z— )y, (28)

From Egs.(24), (27) and (28), one can obtain ['¢]

L= / Azl FroSi Al + e
X (FkoajAk + 7,050 + ﬂ;(?jgo*)]
L [ ueiiz. A J
—5 reE-X; jJ0
= / d*z[e¥ FroSE AL + eV,

2
X (F‘Z 08]-A,-/ + 71'908]'(,0 + 71':;8](,0*)] + %, (29)

where Q = /dQIJO, the first term on the right-hand

side of Eq.(29) is the canonical angular momentum

operator and the second is the anomalous one which

[16]

is interpreted as a spin operator.*® Therefore, anions
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still survive in the Maxwell CS theories with relativis-
2
However, the fractional spin i of the
K
2
system is different from the result —— in which the
[16]

tic matter.

Maxwell kinetic term is absent.

4. Canonical Ward identities

Let us now construct the gauge transformation
for a system with Lagrangian Eq.(1). Dirac in his
work on the generalized canonical formalism conjec-
tured that all the first-class constraints are generators
of the gauge transformation. In spite of the lack of a
proof of this conjecture, we do not know any physically

important system for which Dirac’s conjecture leads

§p ={p(z), G} = ip(z)e(z),

to the wrong result. The Ref.[17] has shown that for
a system with both primary first-class and secondary
first-class constraints the generator of gauge transfor-
mation can be constructed by using all first-class con-
straints. For a system with Lagrangian Eq.(1), the
first-class constraints are Egs.(3) and (6). The gauge

generator for this system can be written as (17]
¢ :/ d*yle(y) A1 — £(y), 04o]
:/de[i(er — ' )e(y)
— geisz-js(y) + m0,e(y)|. (30)

This generator produces the following transformation:

51y = {m,(2), G} = —im, (2)e(),

5" = {p"(2), G} = —ip"(2)e(z), &m" = {mi(2), G} = ing(2)e(2),

54, = {Au(z), G} = 8,e(x),

Under this transformation the Lagrangian is changed
only by a divergence term, hence the canonical action
is invariant under Eqs.(31). The Jacobian of the trans-
formation (31) is equal to unity. Thus, the generating
functional (18) is invariant under the transformation
(31); this yields the following Ward identity:[13:18]

{6”3H7l'0 — 0", — J% + J* 5; }Z[J] =0. (32)

Let Z[J] = exp{iW[J]} and use the definition of the
generating functional of proper vertices I'[¢], which is
given by performing a functional Legendre transfor-
mation on W[J]:

rig = wis) - [ ass, (33)
W
S = 4o)
or
53y = 7@ (34)

Then the Ward identity (32) becomes

un, 0 __ au = 75
00" o) GAE 3 3 —p

*=0.  (35)

Functionally differentiating Eq.(35) with respect to
o(z2) and p(z3), and setting all fields equal to zero,

sk = {nk(z),G} = ge“iﬂis(a:). (31)
we obtain
., 52T(0) BT g
“5AR(21)0p(72)00(ws)  Sp(z1)dp(za)
#re) oo
~ Sote e ) =0 (36)

Similarly, differentiating Eq.(35) many times with re-
spect to field variables and setting all fields equal to
zero, one can obtain various Ward identities for proper

vertices.
5. Conclusion

In the BRST path integral framework, we have
quantized the CS theory with Maxwell term. Based
on the symmetries of constrained canonical (Hamil-
tonian) systems, we have derived a generalized spin-
statistics relation at the quantum level by computing
the angular momentum through quantum Noether’s
law. However, the quantity of the fractional spin of the
system is different from the results without inclusion
of the Maxwell kinetic term. Finally, the gauge gener-
ator is constructed, and the associated Ward identities
for this system are given, from which some relation-
ships of the proper vertices can be obtained. This
formulation for deriving Ward identities of proper ver-
tices has a significant advantage in that one does not
need to carry out explicit integration over canonical

momenta as one usually did.
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