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In this paper we consider a scheme for probabilistic remote state preparation of a general qubit by using W

states. The scheme consists of the sender, Alice, and two remote receivers Bob and Carol. Alice performs a projective

measurement on her qubit in the basis spanned by the state she wants to prepare and its orthocomplement. This allows

either Bob or Carol to reconstruct the state with finite success probability. It is shown that for some special ensembles

of qubits, the remote state preparation scheme requires only two classical bits, unlike the case in the scheme of quantum

teleportation where three classical bits are needed.
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One of the striking phenomena in quantum in-
formation theory is quantum teleportation, originally
proposed by Bennett et al,[!l which allows the trans-
mission of an unknown quantum state from a sender
(Alice) to a receiver (Bob) by a maximally entan-
gled quantum channel and two classical bit commu-
nication. Recently, Lo,[?! Pati,l3] and Bennett et all*]
have presented an interesting new topic, remote state
preparation (RSP), which is very similar to teleporta-
tion. RSP has the same task as quantum teleporta-
tion, i.e. Alice helps Bob in his laboratory to prepare
a quantum state by means of a previously shared en-
tanglement and some classical information. The main
difference between RSP and teleportation is that in
the former Alice is assumed to have complete clas-
sical knowledge of the state to be prepared by Bob,
while in the latter neither Alice nor Bob has any clas-
sical knowledge of the teleported state. In RSP, the
central issue is to investigate whether the required en-
tanglement and the classical communication cost can
be reduced with Alice’s knowledge of the teleported

state.

As is pointed out by Lo and Pati,[® for some
special ensemble of qubits, the classical communica-
tion cost in RSP is less than that in standard tele-
portation. However, for general states, Lo 2l con-

jectured that RSP requires as much classical com-

munication cost as quantum teleportation. Further-
more, Bennett et all¥! have considered the trade-
off between the required entanglement and classical
communication, and have shown that the asymptotic
classical communication cost of RSP of any qubits
is one bit per qubit if a large amount of prior en-
tanglement exists. Since then, there are a num-
ber of theoretical protocols for generalization of RSP,
such as RSP in the higher-dimension case,! oblivious
RSP,[6] RSP for two parties,[” optimal RSP, low-
entanglement RSP, and continuous variable RSP in
phase space.['®) What is more, Peng et all'!! have re-
ported an experimental implementation of RSP by
In ad-

dition, Shi and Tomita ['?] have considered a scheme

the method of nuclear magnetic resonance.

for preparing remotely a qubit using a three-particle
Greenberge—Horne—Zeilinger (GHZ) state. As we
know, for tripartite entanglement, there are two non-
equivalent classes of tripartite entangled states,!'3 the
GHZ class and the W class, even under stochastic lo-
cal operation and classical communication. Partic-
ularly, an interesting property of W state is that it
remains bipartite entanglement when any one of the
three qubits is traced out. Therefore, is it possible to
remotely prepare a general quantum state by using W
states as the quantum channel? How many classical

communication bits are needed in the process of RSP?
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The goal of this paper is to give a scheme for prob-
abilistic remote state preparation of a general qubit
based on shared W states. We find that for some
specially chosen qubits from either an equatorial or a
polar great circle on Bloch sphere, the receiver Bob
(Carol) needs only two classical bits in the protocol of
RSP, one bit from Alice, the other from Carol (Bob),
which is one bit less than that in the teleportation
scheme of Ref.[14], and the successful probability of
the two tasks would be equal. However, for general
states, the probability of successful RSP is only half
of that in the scheme of quantum teleportation.

Suppose that sender Alice and two receivers Bob
and Carol share a three-particle entangled W state
W) asc = %(uoo)wc +1010) apc +001) a5c) (to
avoid confusion, we call it the special W state in this
paper), where particles A, B and C belong to Alice,
Bob and Carol respectively. Now Alice wishes to help
Bob or Carol prepare remotely an arbitrary single
qubit state |¢) = «|0) + B|1), which is known to Alice
but unknown to Bob and Carol. We also assume that
the parameter « is real and § is a complex number,
|a|? 4+ |B]? = 1. In order to help Bob or Carol pre-
pare the qubit |¢), since Alice knows the parameters
«a and [ exactly, she can perform a projective measure-
ment on the particle A in the qubit basis {|¢), [¢¥1)},
which is related to the computation basis {|0),|1)}.
The relation between the qubit basis {|¢),|¢.1)} and
the computation basis {|0),|1)} is given by

|¥)a = a|0) 4+ B|1) 4,
[¥1)a = all)a— B7(0)a. (1)

Then, the special W state can be rewritten as

1
W) aBc :_3(|100>ABC + |010) aBc + |001) aBC)
1

[(B%|¢) 4 + altp1)4)|00) Bo

S

3

+ (al$)a — Bl¥1)a)10)pc
+ (a|$)a — BlY1)a)|01)Bc]
=—=[1)a(el10)50 + al0l) 5o

+ £%100)Bc) + %) a(al00) e
— Bl10)pc — B101) 5o)]. (2)
Now a selective measurement is performed on par-
ticle A, and the outcome |¢, ) reduces particles B and

© ar 00 B0 Al10) 50 ~4l01)5c]. On the

one hand, if Bob wants to prepare the original state

|¢), he can ask Carol to make the projection measure-

ment on particle C in the basis {|0),|1)}, then we have
1
V1+|(8P

1
=———=(2|0)5 — B[1)B)[0)c — B|01)Bc]. (3)
V1+18P
If the result of Carol’s measurement is |0)¢, the par-
ticle B will be projected to the state a|0)p — (1) 5.

After having received the classical information about

[@[00) B — B|10) e — B|01) Bc]

the measurement result from Carol, Bob performs a
unitary operation o, on particle B, (in this paper o,
0y, 0, stand for Pauli matrices), thus he can con-
struct the original state |¢) since o.(a|0)p —B|1)B) =
a|0)p+B|1) . Therefore, the successful probability for

remote preparation of general qubits corresponding to
1+]8* 1
3 1+ 152

1/3. In this case, Bob needs two classical bits to pre-

the outcome |1 ) on particle 4 is

pare the state |¢) successfully, one bit from Alice and
the other from Carol, which is one bit less than that
in the scheme for teleportation using the entangled W
state.14:1%] Tn contrast, if Carol obtains the state |1)¢,
the particle B will have collapsed to |0) 5, and clearly
the scheme has failed. On the other hand, suppose
that Carol hopes to construct the state |¢), what Bob
needs to do is to make the projection measurement on
particle B in the basis {|0),|1)}, then

1
—————=a|00)sc — B|10)Bc — B|01) BC
1+|ﬂ|2[|> |10) 01) Bc]
1
= OBQOC—IBIC —,61030. 4
1+|ﬂ|2”>(|> [1)e) — B110)Bcl- (4)
Similarly, if the result measured by Bob is |0) 5, Carol
can prepare the state |¢) by making the operation o,
on particle C. The probability of success is also 1/3,
which does not depend on the parameters o and 8 of
the single qubit state.
In addition, from Eq.(2), if Alice finds the state

|} 4 in a single-particle projective measurement, the

1
ﬁ[aﬂo)}sc +
a|01)gc + B*|00)pc], which can be reexpressed

as \/ﬁ[ﬂ“‘%c + [0)s(all)e + B*(0)0)] or

1
ﬁ[(d“)B + ﬂ*|O>B)|O>C ‘|— a|01>BC]. When the
outcome of Bob’s (Carol’s) measurement result is

|0)5 (|0)c), Carol (Bob) can only get the orthogonal-
complement qubit «|1); —5*|0); of the single state |¢)

special W state will collapse to

up to a corresponding rotation operator o,, and she

(he) cannot convert the complement qubit unitarily
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into the single state since it involves an antiunitary
operation.311] If the single state |¢) is a real qubit
chosen from the polar line or a qubit chosen from the
equatorial line on Bloch sphere,[®l then Carol (Bob)
can remotely construct the specially chosen qubits
with the prior shared entanglement and the classical
information about the measurement result from Alice

and Bob (Carol). In this case, the successful proba-

1 2 1
bility for RSP is 12 . =1/3. Thus the
3 14 |af?
total probability of successful remote state prepara-
tion of the special ensemble of qubits is 1/3+1/3=2/3,

which is the same as the probability of the scheme of

teleportation.[14:15]

Of course, we can achieve the probabilistic RSP
scheme in another way: from the W state |W)apc,
one can obtain with probability 2/3 a maximally en-
tangled state shared between parties A and C by
means of a measurement in the eigenbasis of o, of par-
ticle B and keeping the result corresponding to |0) (or
alternatively a maximally entangled state between A
and B by measuring the particle C). This maximally
entangled state can then be used for RSP based on
the standard bipartite protocol.l? So the total success
probability is 2/3, which is independent of the original
state |¢) that Alice wishes to prepare remotely.

As we know, the general W state can be written

as

|W’>ABC :a|1OO>ABC + b|010>ABC
+¢|001) apc + d|000) aBc,  (5)

where the parameters a,b,c > 0, d > 0 and a? + b +
c? +d? = 1. Now Alice wishes to use the general W
state for the remote preparation of the state |¢). The
projection measurement made by Alice on particle A

is also given by Eq.(1), and then

W) aBo =[1) 4(aB*|00) 5 + ba|10) 5o
+ cal01) e + da|00) go)
+ |91 ) a(ac]00) e — b3|10) e
—¢f]01) e — dB|00) Bo)- (6)

In virtue of the theoretical analysis on Eq.(6), we
find that if the coefficient d # 0, the standard re-
mote state preparation via the general W entangled
state as quantum channel cannot be realized. Thus,
in the following, we will only discuss the special case
of d = 0. Furthermore, without loss of generality, we
assume that the parameters satisfy a > b > c. Firstly,

we consider the case that Alice, together with Carol,

helps, Bob prepare remotely the original state |¢). If
the result of Alice’s measurement on particle Ais|¢ ),

the general W state will have collapsed into

1
VIBI2 + a2(a? — [B]?)
X [aa|00>Bc — bﬂ|10>BC — Cﬂ|01>BC]- (7)

The probability that Alice measures an outcome |} )

1S
p1 =A@ W ) agcl® = B + a*(a® - |B).

Since Eq.(7) can be rewritten as

1
VIB% + a*(e? — | B]?)
x [(aa]0) B — b6|1))|0)c — ¢B|01)BC],

if Carol’s measurement outcome on parti-
cle C is |0)¢, the measurement probability is
a2 O£2 + b2| /8|2

B2 + (a2 — |31 and particle B will be projected
1

0 —(aa|0)p — bf|1)p), which can be
05~ bAIDs)

transformed into the state a|0)p — 8|1) g according to
the following procedure. Bob introduces an auxiliary
particle F' with the original state |0)r, and makes a
collective unitary transformation (18171 U/; under the

basis {|00), |01), |10), |11)}BF,

b b2
- —/1-= 0 0
a a

U, = 1 L b 0 0 8
1= a? a (8)
0 0 1 0
0 0 0 1

Then the joint state of Bob and the auxiliary particle

will be transformed into
1

Uv—
1 a2a2+b2|16|2

(ac|0) — bB[1)B)|0)F

b
2 _ 22
e e ©)

Next a measurement on the auxiliary particle is per-
formed. If |1)F is obtained, the transformation fails.
But if the measurement outcome is |0), the trans-
formation will succeed since Bob can turn the state
(a|0) — B]1))p into («|0) + B|1))p by making a o,

operation. Thus the probability of successful state



150 Liu Jin-Ming et al

Vol. 13

preparation corresponding to the measurement re-
sult |¢,) on particle A is [|B]? + a?(a? — |B[?)]
a2a2 +b2|,5|2 b2
X = b%. Besid
1812 + a2(c? — |8]?) a2a? + b2|3]2 esidaes,
from Eq.(6), if Alice finds the state |1) 4 in the projec-

tive measurement, the state of particles B and C be-

NG =8 s b0+

ca|01)pe]. Usmg the above methods and introduc-

comes

ing the same unitary transformation U;, Bob can get
the state 3*|0)p + «|1)p, which cannot be converted
into the single state |¢) since it is unknown to him.
Thus, for general arbitrary qubits, the process of RSP

fails. However, if a and (3 are real numbers or the
1 .

state |¢p) = E(|O> + €'?|1)), Bob can construct the

In this

case, the successful probablhty is [a? + a%(|8|? — a?)]

2|,6|2+b2 2
= b%. Theref
o + a(|B ~ a?) a?|B* + bPa e

for the specially chosen qubits, the total successful

original single state with the help of Carol.

probability of remote state preparation on Bob’s side
is 2b2, which is the same as the probability of quantum
teleportation.['¥l Clearly, in the scheme of remotely
preparing the specially chosen qubits, Bob requires
only two classical communication bits, one bit from
Alice, the other from Carol, which is one bit less than

that in the teleportation case.!'4

Secondly, with the help of Bob, Carol can also
prepare the state |¢) remotely. In the case of Alice’s
measurement outcome |¢ ), since Eq.(7) can be given

l0)B(aal0)c — cB1)o) —

VIBI2 + a(a® — [B]?)
bB|10) pc], if the state |1)p is obtained by Bob, the

scheme fails. Furthermore, if the measurement result

on particle B by Bob is |0)p, the state of particle
1
Cis ———(aa|0)¢ — ¢B|1)¢). By introduc-

/a2q? + C2|ﬂ|2

ing an auxiliary qubit with the state |0)r and con-
structing a collective transformation Us on the basis

{l00), |01), [10), [11)}cF,

2
C C
¢ —/1-% 0 0
a a?

U 1= < < 0 0 10
2 — a2 a ’ ( )
0 0 1 0
0 0 0 1

Carol can transform the combined state of particle C

and the auxiliary particle F' into

1

U—aaO
e eelo

2 2\ 2
o Al ()

c —cB1)c)|0)F

If the result of measurement on the auxiliary qubit
is |0) g, Carol can prepare the original state |¢) suc-
cessfully by making a o, operation on the particle
C. In this case, the successful probability of RSP

18]

= ¢2. Moreover,

for Carol as the receiver is [|8]2 + a%(a? —
a2a2 +62|ﬂ|2 02

18> + a?(a? — |B]?) a?a® + ¢*| B|?

based on Eq.(6), if Alice finds [¢) 4 in the projective

measurement, the state of particles B and C will be-
me s s 0n(a"0)c + call)o) +

ba|10) o). In similar ways and by introducing the

same unitary transformation U,;, Carol can get the
state 8*|0)¢ + @|1)¢, which cannot be converted into
the original state |¢) since it is unknown to her. Thus,
for general arbitrary qubits, the process of RSP fails.

However, if a and ( are real numbers or the state
1 .
l¢) = E(|O> + e'¥?|1)), Carol can construct the orig-

inal single state with the help of Bob. In this re-
gard, the successful probability for RSP correspond-
ing to the measurement result |¢) 4 is [@? + a?(|3|% —
\ a?|B)? + c2a? 2
Wy ([ — a2) [t + 2
for the specially chosen qubits, the scheme of remote

= ¢%. Therefore,

state preparation needs only two classical bits and
the total successful probability of RSP for the re-
ceiver Carol is 2¢2, which is the same as the quantum
teleportation.'4] Thus we have proved that the gen-
eral W state can also be used to achieve probabilistic
remote state preparation.

In fact, we can also apply the technique of gen-

eralized measurement to deal with the transforma-

! 10y — bB|1)5)

tion from the state —=——=(aax

/a?a® + b2 |32
1
or ——————(aa|0)¢ — ¢B]1
( e ele sinjc) )
1
Bl1), and from ————
[ |B% + b2a?
1
or ————(af*|0)¢ + cal to B*|0) +
( e e)) to 5710)
a|1). For instance, Bob now introduces an auxiliary

qubit |0)F, and makes a controlled-not (CNOT) uni-

tary operation between particles B and F, where the

to a|0) +

(aB7(0)5 + ball)p)
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particle B is the controller and the particle F' the tar-
get, then

1 CNOT

\/WW(WMB —b8/1)B)0)F —

1

a2qa? + b2|16|2

1 2407
=5\ s @100 + AD5) @0k — wlD)r)

+ (a]0) — BI1)B)(21]0) r + v1|1)F)], (12)

a b
Vo N

To realize remote preparation of the state |@) on

(aa|00)pr — bB|11)BF)

where we assume ; = and y; =

Bob’s side, we need to discriminate between the two
nonorthogonal states z1|0)p + y1|1)r and z;|0)p —
y1|1)p. It is clear that the two nonorthogonal quan-
tum states cannot be distinguished with certainty,
since the scalar product of the two states is |27 — 2.
As we know, optimal state discrimination between
two nonorthogonal states can be made by means
of generalized measurement, also known as positive
operator-valued measurement (POVM), which has re-
cently been demonstrated experimentally using free-
space interferometry.['8] The optimal POVM opera-
tion [19:20]

2110) + 31[1)r and @1]0)r — ys[1)r is given by

corresponding to the two quantum states

1 i T
Al = 5.2 9 3
2z7 T1Y1 T
1 vi —Z1Y1
A2 = 2—2 9 )
Z7 —T1Y1 ¥
¥,
As = 3 . (13)
0 0

Since we have known z; > y;, the probability of
the optimal identification of the two states from such
a generalized measurement is 1 — (22 — y?) = 2y%.
Based on the results of the state discrimination, Bob
can construct the qubit state |¢) with certain prob-
ability. If Bob confirms that after the POVM mea-
surement, the state of the auxiliary particle F' is
z1|0YF—y1|1) F (21]0) p+y1|1) F); of course, he can also
confirm that particle B is in the state a|0)p + (|1)B
(a|0)p — B|1)5). When the state of the particle B is
a|0) g+ 6|1) B, the scheme of remote state preparation
is successfully achieved. For the state a|0)p — B|1) 5,
Bob performs a o, unitary operation on particle B,
then transforms it into «|0)p + B|1)pB, which is the

desirable state for Bob.

ity of successful remote state preparation for the re-

2.2 | 12172
: : + %8|
ceiver Bob is [|8]% + a%(a? — | 8|2 aa
[| | ( | | )]|ﬂ|2 +a2(a2 — |ﬂ|2)
1 a’ + b?

XZ . m -2 2y§ = b2. LikeWise, usulg the
POVM operation Eq.(13), Bob can also transform the

— (af*|0)g+ball into the state
e 0 bell)s)

3*|0)+a|1) with the same probability of state discrim-

ination 2y?.

In this case, the probabil-

state

Similarly, in the case of the state
1

/a2 a2 + C2|ﬂ|2

Carol can also prepare the single qubit |¢) probabilis-

(aa|0)c — cfl1)c),

tically by introducing an auxiliary qubit in a state |0) g
and using the following generalized measurement for
discrimination between the two nonorthogonal states

29|0)F + y2|1)F and z2|0)p — ya| 1) F :

1 Y3 Taye
Bl — 5 9 2 9 3
225 \ oy, 3
1 y% —Z2Y2
B2 — 2 9
223 \ —zoys 5
2
Y
B; = 3 ; (14)
0 0

where zo = . In this way, the

c
T Y2 T =
£/ (12 + C2 (12 + C2
optimal probability of the state identification is 2y2
and the successful probability of RSP for Carol is c2.

With the same state discrimination probability 2y2,
1 *
(aB*|0)c+eall)c)

/a2|ﬂ|2 + c2a2

into #*|0) + a|1) by using the matrices (14).

In conclusion, we have presented a scheme for

Carol can also turn

probabilistic remote state preparation of a general
qubit by W states. It has been shown that in the
protocol of successful RSP, the receiver Bob (Carol)
requires only two classical bits, one bit from Alice,
the other from Carol (Bob), which is one bit less than

[14] In

that in the corresponding teleportation scheme.
addition, for some specially chosen qubits from either
an equatorial or a polar great circle on Bloch sphere,
the successful probabilities of the two tasks would be
equal. However, in the case of general states, regard-

less of the special W state or the general W being
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used as the quantum channel of RSP, the success-
ful probability is only half of that in the teleporta-
tion scheme.!' Tt should be mentioned that for some
special ensembles of qubits, the remote state prepa-
ration scheme not only reduces the cost of classical
communication bits, but does not require Bell-state

measurement which is difficult to perform experimen-

tally. Our results about RSP may be helpful to con-
sider more carefully the classical communication cost
in quantum information processing, and may be use-
ful in studying quantum communication complexity.
Note that the W state can be generated via cavity
quantum electrodynamics, !l thus our scheme may be

realized with current experimental technology.
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