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Using the first-integral method, we obtain a series of new explicit exact solutions such as exponential function
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1. Introduction

Searching for new exact solutions of nonlinear
partial differential equations is always an interesting
and important topic, especially for those which ap-
pear in many branches of nonlinear science. Many
new methods have been developed by mathematicians
and physicists to find analytical solutions of nonlin-
ear partial differential equations. Some of the most
important new methods are the homogeneous balance
method, 2] tanh function expansion method, 34 vari-
able separation method,[%¢l exploratory method,!”]
and Jacobi elliptic function expansion method,8! etc.

In this letter, we consider a nonlinear dispersive—

dissipative equation

Ug + WUy + DUy — a(uy + muuy), =0, (1)

where a,b, m are real constants with abm # 0. Equa-
tion (1) describes weak nonlinear ion-acoustic waves in
plasma. It has been derived by Kakutani and Kawa-
hara[® by analysing a two-fluid plasma model, con-
sisting of cold ions and warm electrons. Solving this
equation is some how difficult, because the equation is
nonintegrable. Up to now, Malfliet ' has derived a
travelling wave solution of Eq.(1) for m = 0 with the

tanh method. Isidore 'l has given an exact solution of

Eq.(1) by using invariant formalism of Painlevé anal-
ysis. The purpose of this letter is to seek some new
travelling wave solutions of Eq.(1). To this end one as-
sumes that Eq.(1) has travelling wave solution in the
form u(z,t) = u(€), £ = z — vt, where v is the velocity
of the travelling wave. Substituting into Eq.(1) and

performing one integration yields

uge = byuug + boug + bsu? + byu + bs, (2)

am av 1 v
here by = —, by = ——, b3 = ——, by = -+
where 1C b,2 b;3 2654 b;
and by = 5 is an arbitrary integration constant. Let
T = u,y = ug, then Eq.(2) is equivalent to
T =y,
Z) = b].’L‘y + bgy + b3.’L‘2 + b4CE + b5. (3)

It is easily seen that Eq.(3) cannot be integrated
directly. This indicates that the usual direct inte-
gral method cannot be used to solve this equation.
If we can find two first integrals to Eq.(3) under
the same conditions, then the general solutions to
Eq.(3) can be solved directly. However, in general,
it is difficult to realize this even for one first inte-
gral. Recently, applying the theory of commutative
algebra, Feng 1214 proposed a very concise and ef-

fective new method—the first-integral method. The
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key idea of this method is applying the division the- ay(z) + byay (z)z + byay (z)

orem in commutative algebra to obtain the first inte- + 2b3as(z)2? + 2bsas(z)z + 2bsaz(z)

gral to Eq.(3), then using the direct integral method —a(z)ar () + B(z)ac(x), (8)

to derive the exact solutions of Eq.(1). In this pa-
per, using the new method, we comprehensively study
the exact solutions to the Eq.(1), and obtain a se-
ries of new explicit exact solutions such as expo-
nential function solutions, triangular function solu-
tions, singular solitary wave solution and kink solitary
wave solution of a nonlinear dispersive—dissipative
equation. In Section 2, using the first-integral
method, we study the exact solutions of the nonlinear
dispersive—dissipative equation. Section 3 gives a brief

conclusion.
2.Exact solutions to the nonlin-
ear dispersive—dissipative equ-

ation
According to the first-integral method, we sup-
pose that z = z(£) and y = y(£) are the nontrivial
Zai(m)yi is an

i=0
irreducible polynomial in C|z, y] such that

solutions to Eq.(3), and p(z,y) =

n

=Y ai(@)y =0, (4)

=0

p[z(£), y(&)]

where a;(z)(i = 0,1,2,---,n) are polynomials of z and
an(z) # 0. Expression (4) is also called the first inte-
gral to Eq.(3). We start our study by assuming n = 2
in Eq.(4). Note that dp/d¢ is a polynomial in z and
y, and p[z(£),y(€)] = O implies dp/d¢ = 0. Accord-
ing to the division theorem, there exists a polynomial

h(z,y) = a(z) + B(z)y in C[z,y] such that

dp 8p oz
dé 8ac 8

8p 8y
Ay BE

— S e+ Y (e

(blmy + b2y + b3.’E2 —|— b4I —|— b5)
[Zaz ] (5)

On equating the coefficients of y*(i = 3,2, 1,0) on both

=la(z) + Bz

sides of Eq.(5), we have

a;(z) = B(z)ax(z), (6)
a(z) + 2bjas(z)z + 2bsaz(x)
=a(z)az(z) + B(z)ar(z), (7)

b3a1(1')1'2 + bsai(z)z + bsai(z) = a(z)ag(z). (9)

Since a;(z)(i = 0,1, 2) and () are polynomials,
from Eq.(6), we deduce that as(z) is a constant and
B(z) = 0. For simplification, taking as(z) = 1, then
Eas.(7)—(9) becomes

ai(z) + 2byz + 2by = a(z),
ay(z) + brai(z)z + baas (z)
+ 2b3z? 4 2bgx + 2bs = a(z)a;(z),

(10)

(11)

bsaq (1');1:2 + bsai(z)z + bsai(z) = a(z)ag(z). (12)

Balancing the degrees of a;(z) and a(z), we con-
clude that when dega;(z) = 1, then dega(z) = 1;
when dega;(z) = 2, then deg a(z)=0 or 1. Next we

discuss the three following cases.

2.1. In case 1

In the case degai(z) = 1 and dega(z) =

assume a1(z) = mz + 19 (r1 # 0) and a(z )

ag + a;z (a7 # 0). From Egs.(10) and (11), we

deduce that 71 = ag — 2ba, @1 = 2b; and ap(z) =
d+ 1§(a0b1 — 2b1by — 2b3)x + %(a% — 3agby + rob1 +
202 — 2by)x? + (grg — robg — 2bs )z, where d is an arbi-
trary integration constant. Substituting a;(z), ao(z)
and a(z) into Eq.(12) and setting all coefficients of
z'(i = 4,3,2,1,0) to zero then yields

202y + 2b1bs — b = 0, (13)

6b1b§ - Gblb4 + 37"0b% - 11(10b1b2

— 2a0b3 + 4a(2)b1 + 6b2b3 - 3a0b3 = 0, (14)

8b1b5 + 47‘0b1b2 - 2(]0[)3 + 2a0b4 - 5&07‘01)1

+ 3(1062 - O[O 4b2b4 + 2Tob3 + 2b40£0 = O (15)

2dbl - 2(1065 - a0r062 + 7"0(1(2)

+ 2b2b5 - 7"0b4 - a0b5 = O, (16)

Tob5 - dO[O =0. (17)
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Solving these algebraic equations, we obtain
_ bibobs + b§ bfb5
a b? biby + b3’
2b
Qg = 2b2 + _35
by
_ 2bybs
 byby + b3’

2
T,
d= 7 (biby+b3 #0) (18)

bs

To

and

2b
oy = 2by + b_3’
1

bs = 0. (19)
In the case of Eq.(18), from Eq.(4) we obtain

bybs bs

=15 _ =3 20
Y= ity + b (20)

B z.
Expression (20) is the first integral of Eq.(3). Com-
bining Eq.(3) with Eq.(20), we easily obtain the exact
solution to Eq.(2) as follows:

eXP< - Z—j(ﬁ + fo)) — b3bs

= 21
where £j is an arbitrary integration constant. Noting
am av 1 c
that by = —, by = ——, b3 = ——, by = - and
a 1 b’ 2 b’ 3 %’ 5 b a1

& = z — vt, the explicit and exact solution to Eq.(1)

can be written as
1
4b3exp <—(1‘ — vt + {0)) — 4a’m?c
2am

u(z,t) = b+ 2a2mo

(22)
where velocity
_ b1 —m) £ mvb? + 8atm?c — 16a*m3c
2a2m(2m — 1)

and ¢, & are arbitrary integration constants. Ex-
ponential function solution (22) is a new solution to
Eq.(1) obtained by using the present method. This
solution develops singularity at a finite point, i.e. for
any fixed t = tg, there exists g at which this solution
blows up. There is much current interest in the for-
mation of so-called “blow ups” or “hot spots” of the
solution.[1%]
As for the case of Eq.(19), from Eq.(4) we obtain
by + bsz

Y= by

(23)

So, the exact solution to Eq.(1) is

u(z,t) = 2v — 2bexp <ﬁ(m — vt + fo)), (24)

where velocity

b
2a’*m
and &y is an arbitrary integration constant. This is

v =

also a new solution to Eq.(1) for integration constant
c=0.

2.2. In case 11
In the case degai(z) = 2 and dega(z) = 0, as-
sume a;(z) = roz? + 112+ 7 (rg # 0) and a(z) = ap.

From Eqs.(10) and (11), we deduce that ro = —by,r; =
ag — 2by, and

1 1
ao(m) Zd—|— Zb?mli + §(3b1b2 - 2a0b1 - 2b3)$3

1
+ 5(01(2] - 30[0(72 - ’r‘(]bl + 2b§ - 264)1132
+ (ao’l'() — 7‘0b2 — 2b5).’13,

where d is an arbitrary integration constant. Substi-
tuting a;(z), ap(z) and a(z) into Eq.(12) and setting

all coefficients of (i = 4,3,2,1,0) to zero yields
b1a0 + 4b3 = 0, (25)
3b1b2a0 - 2b3a0 - 2b1a(2] + 6b2b3 + 3b1b4 - 3b3a0 == 0,
(26)

2bga0 - 2b4a0 - bl’r‘oao - 3b2(1(2)

+ ozg + 4b2b4 + 2b1b5 - 2b37‘0 - 2b4a0 = 0, (27)
2b5(10 + bgT’()O[O - 7"00[(2] - 2b2b5 +b4r0 + b5(10 = 0, (28)
7‘0b5 - dao =0. (29)

Solving algebraic equations (25)—(29), we obtain

2bs(b1bs + 2b3)
by = RN T T3)

b? ’
_ 4bs
Qg = bl 3
b1bs
ro = — L9
0 b3 )
2
T
d=—. 30
4 (30)
In the case of Eq.(30), from Eq.(4) we obtain
b1b5 2b3 bl 2
=A% (g4 2B A2, 31
Y 2b3+<2+b1 m—|—2ﬂc (31)

Expression (31) is the first-integral to Eq.(3). Com-
bining Eq.(3) with Eq.(31), we can integrate Eq.(31)
directly and obtain the exact solutions to Eq.(1) as

follows:
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A /2 2
u(z,t) = v — v/2c + v2 tanh [%(m — vt + fo)} (if v* > —2¢), (32)

u(z,t) = v+ v/ —(2¢ + v?) tan [

or

2b

u(z,t) = v — v/2¢ + v? coth [M(x —vt+ 50)}

u(z,t) = v — /—(2¢c + v?) cot [am——

where velocity

b
v a’m(m —1)
and ¢, &y are arbitrary integration constants. Expres-
sion (32) is a kink solitary wave solution, which is
substantially the same as that given in Ref.[3]. But
we should notice the condition v? > —2¢ given here,
which is the existent condition of kink solitary wave.
The solutions (33) and (35) are triangular function
solutions, and Eq.(34) is a singular solitary wave solu-
tion. Such solutions are, in fact, diverging shock-typed

solutions, which represent a collapsible state.®]

2.3. In case 111

In the case dega;(z) = 2 and dega(z) = 1, as-
sume a;(z) = r9z® + 1z + 79 (r2 # 0) and a(z) =
arz+ap (a1 #0). From Egs.(10) and (11), we deduce

aq
that T9 = 7 — bla T1T = Qg — 2b2, o) = bl and

1
ao(m) :d—|— g(blb2 — a0b1 - 4b3)$3

1
+ 5(&3 - 3a0b2 + 2b§ - 2b4).’172
+ (aoTO — 7‘0b2 — 2b5).’17,

where d is an arbitrary integration constant. Substi-
tuting a1 (z), ao(z) and a(z) into Eq.(12) and setting
all coefficients of z*(i = 4,3,2,1,0) to zero yields

b%bg - 4b1b3 - b%ao + 3b1b3 = O, (36)

3b1 bg - 3blb4 - 4b11)20£0 - 2b30£0 + b] a(z)
3
+ 6b2b3 + §b1b4 — 3b3a0 = 0, (37)

3
2b1b5 + blb2T0 - bgao + b4a0 - b]T()O[O + Ebza%

1 1
- Eag - 2b2b4 - §b1b5 + b3r0 + b4a0 = 0, (38)

bld— 2b5a0 — b2r0a0 +r0a(2) + 2b2b5 - b47‘0 - b5a0 == 0,
(39)

amy/~Q@e+v?) -|-§0)] (if v* < —20), (33)

(if v* > —2¢), (34)
et ) st 50)} (if v? < —2¢), (35)
7‘0b5 - dao =0. (40)

Solving the above algebraic equations, we obtain

_ 2bg(byb + 2b3)

b4 b% ’
. _ Dib3bs + dbibab} — 53
5 — blli )
b3
= b _ —
(&%) 2 b] ’
. —b2b2 — 2b,bybs + 15b3
0 — 2b:1; ’
o —bibibs — THIZLE + Sbibob + 756
- = - ()
and
5. 2ba(bibs + 2bs)
4 — T;
. _ Dib3ba + bibabf + 363
5 — bil ’
b3
= by — 2
Qo 2 bl )
| _ 363 — 2bboby + 33
0 — 2b? 3
L bbby + TBIBZHE + 15bibob] + O3 (42)
258

In the case of Eq.(41), from Eq.(4) we obtain

1
153

+ 1/ (bub + 5bs + b2) (biby — 3bs + biz) | (43)

" (bybs + 5bs + b2z) [(b1b2 — 3bs + b2z)

1
” :@(b1b2 + 5by + b2z) [(b1b2 — 3by + b2z)

— /(Buba + 5bs + b3) (byby — 3bs + B2)].(49)

Integrating Eqs.(43) and (44), we obtain some expo-

nential function solutions to Eq.(1) as follows:
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For Eq.(43), we have
5b 4b

1

v
uy(z,t) = +

2,2 2,2 1 1
2a*m arm exp(——(m—vt+§0))—2exp<——(ac—vt—|—§0)>
am 2am

; (45)

- L 4b 1 46)
YR = o T 2a2m2 T a2m2 1 1 '
exp| — —(z—vt+&) | +2exp| — —(z —vt+ &)
am 2am
For Eq.(44), we have
v 5b b 1
t) = — 4
uy(z,t) m + 202m2 + 2a21m2 1 1 ’ (47
2exp| — —(z—vt+&) ) —bexp| — ——(z — vt + &)
am 2am
v 5b b3 1
u2(.’L', t) = E + 2a2m2 ) (48)

where velocity

b
V= ——————
a’?m(m —1)
and &g is an arbitrary integration constant. These so-
lutions are all new solutions obtained by us.
As for the case of Eq.(42), from Eq.(4) we obtain
b
y1 = — b—g(ble + 3b3 + b%.’l)), (49)
1
_ b3 2bobs | 3b3
- 2b b? 203

2b b
+ <b2 + —3>.1: + —z2. (50)
by 2

It is easily found that the first-integral Egs.(49) and
(50) are a special case of Egs.(20) and (31) for the
integration constant

_ bib3bs + 4b1byb3 + 3b3

= b )

Y2

bs

2,2 1 1
2a*m 2exp<— —(m—vt—i—{o)) —|—bexp<— —(m—vt—i—fo))
am 2am

So we will omit detailed calculation of this case.
3. Conclusion

In summary, we have found various kinds of new
exact solutions such as exponential function solutions,
triangular function solutions, singular solitary wave
solution and kink solitary wave solution of the non-
linear dispersive—dissipative equation, which describes
weak nonlinear ion-acoustic waves in plasma consist-
ing of cold ions and warm electrons, by using the first-
integral method. We verified each solution by putting
them back into the original equation using Mathemat-
ica. Through the discussion of this paper, we also see
that the first-integral method is one of the most ef-
fective methods to get some exact solutions especially
for nonintegrable models. It has the merit of being

widely applicable.
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